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ABSTRACT

In this paper, we prove that the trajectories of unreduced ¢-simple Chaplygin kinetic systems are reparameterizations of horizontal

geodesics with respect to a modified Riemannian metric. Furthermore, our proof is constructive and these Riemannian metrics,

which are not unique, are obtained explicitly in interesting examples. We also extend these results to ¢-simple Chaplygin

mechanical systems (not necessarily kinetic).
MSC (2020) 37J60, 53C22, 70F25, 70G45

1 | Introduction

1.1 | Hamiltonization, Our Problem, and
Invariant Volume Forms of Reduced ¢-Simple
Chaplygin Systems

A classical theory in nonholonomic mechanics is the so-called
Hamiltonization problem (cf. [1-4]). This problem, which has
received a lot of attention in recent years (see [5] and the
references therein; see also [6]), consists in arguing when a
symmetric nonholonomic mechanical system admits a Hamil-
tonian formulation, up to reparameterization, after reduction
by symmetries.

Now, suppose that a nonholonomic mechanical system with sym-
metry is Hamiltonizable. Then, a natural question arises: does the
unreduced system also admit a Hamiltonian formulation? Since
we deal exclusively with nonholonomic mechanical systems, the
previous question may be even more specialized: are there a

(modified) Riemannian metric and a (modified) potential energy
such that the trajectories of the new unconstrained mechanical
system, with initial velocity in the constraint distribution, are repa-
rameterizations of the nonholonomic trajectories of the unreduced
nonholonomic mechanical system?

This question is a particular case of a more general problem,
which was posed in [7]: the kinetic Lagrangianization of kinetic
nonholonomic systems or, more generally, the formulation
of a nonholonomic mechanical system as an unconstrained
Lagrangian mechanical system (see items 3 and 7 of Section 6
in [7]). We will provide an answer to this question for a class
of nonholonomic systems, called ¢-simple Chaplygin systems,
introduced in a geometric way in [6] (see also [8] for a local
discussion).

¢-Simple Chaplygin systems are Hamiltonizable after reduction
by symmetries. We recall that a Chaplygin system is a non-
holonomic mechanical system whose constraint distribution is
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the horizontal subbundle associated with a principal connection
in a principal G-bundle and, in addition, the Lie group G is a
symmetry for the system (see [9]; see also [10, 11]). A tensor field 7
of type (1,2) on the base space Q = Q/G of the principal bundle,
called the gyroscopic tensor, plays an important role in the
description of the geometry of the reduced nonholonomic system.
T measures the interplay between the kinetic Riemannian metric
and the nonintegrability of the constraint distribution. In fact,
using 7, one may construct an almost symplectic structure Q,,,
on the reduced phase space T*(Q/G) such that the reduced
nonholonomic dynamics is Hamiltonian with respect to Q,,;,. If
the gyroscopic tensor 7 satisfies

T=Id®dp-dp®Id @

with ¢ € C*(Q), the Chaplygin system is ¢-simple [6].

A local characterization of ¢-simple Chaplygin systems and
nontrivial examples of such systems were obtained in [8] (see
also [6, 12]). Moreover, in [6], it was proved that a Chaplygin
system is ¢-simple if and only if the almost symplectic structure
Q,;, is conformally symplectic (we stress that the proof of the
direct implication of this statement is a consequence of a result
by Stanchenko [13]). So, as we mentioned before, ¢-simple
Chaplygin systems are Hamiltonizable after reduction. In fact,
the conformal factor for Q,,, is related with the invariant volume
form for the reduction of the Chaplygin system (for more details,
see [6]). Thus, a necessary condition for a Chaplygin system to
be ¢-simple is the existence of an invariant volume form for the
reduced system. In this direction, we remark that this technique
originated in Chaplygin’s work [1] (see also [14]) on integrability
of nonholonomic systems and relies on the presence of an integral
invariant, which is not always the case. Also, invariant volume
forms for the reduction of Chaplygin systems were discussed
n [15], for general nonholonomic mechanical systems in [16]
(see also [17]) and for nonholonomic systems on Lie groups in
[18]. In addition, very recently, ¢-simple Chaplygin systems with
gyroscopic terms were considered in [19].

1.2 | Purpose of the Paper, Related Previous
Contributions, and Our Strategy

The contribution of our paper is to give a positive answer to the
questions in the beginning of the previous section for ¢-simple
Chaplygin systems.

We remark that, comparatively speaking, the Hamiltonization
of unreduced nonholonomic mechanical systems has received
much less attention than the Hamiltonization problem for the
reduction of symmetric nonholonomic mechanical systems. In
fact, to our knowledge, only a few papers (see [20, 21] and also
[22]) have discussed this problem.

In these papers, and particularly in [21], the idea is to use
the inverse problem of variational calculus to provide a set of
conditions for the existence of a Riemannian metric, the geodesic
extension in the terminology of [21], whose geodesics with initial
velocity in the constraint distribution are the trajectories of the
kinetic nonholonomic system.

Our approach to the problem is different. In fact, we will use
the symmetries of the ¢-simple Chaplygin kinetic system and the
Riemannian submersion theory ([23-25]) to obtain a modified
Riemannian metric such that the nonholonomic trajectories are
reparameterizations of geodesics of the new metric. Our method
is constructive and we can give an explicit expression of the new
metric. Moreover, using the previous construction for ¢-simple
Chaplygin kinetic systems, we obtain the corresponding results
for the more general case of a ¢-simple Chaplygin mechanical
system (adding a potential energy).

In the particular case of a ¢-simple Chaplygin kinetic system,
the Riemannian submersion theory is used as follows. For a
Riemannian submersion, the horizontal distribution Hor in the
total space is just the orthogonal subbundle of the vertical
subbundle. Hor is, in general, nonintegrable and moreover, the
restriction of the geodesic flow to Hor is tangent. This means
that if the initial velocity of a geodesic is horizontal then its
velocity curve will be entirely contained in Hor. In addition,
the projection of a horizontal geodesic is a geodesic in the base
space for the reduced metric and the horizontal lift of a geodesic
in the base space is a horizontal geodesic in the total space
(for more details, see [23-25]). Based on this fact, and for a ¢-
simple Chaplygin kinetic system, our goal in the paper will be
to reproduce this picture by constructing a new metric with
respect to which the vertical space is orthogonal to the constraint
distribution. In this scenario, the horizontal geodesics coincide
with the nonholonomic trajectories. The relevant mechanism is
the existence of a projection mapping nonholonomic trajectories
to geodesics or, at least, onto reparameterizations of geodesics.
In this case, we are able to tweak the original metric in order to
make the horizontal space orthogonal to the vertical space and
still preserve the Riemannian submersion structure.

1.3 | Results of the Paper

For a Chaplygin mechanical system, we will use the following
notation:

Q.8,V,G,D),

where Q is the configuration space, g is a G-invariant Riemannian
metric on Q, V : Q » R € C*(Q) is the G-invariant potential
energy, G is the symmetry Lie group, and D C TQ is the constraint
distribution. When V' = 0, the system is kinetic. The base space of
the principal G-bundle is Q = Q/G and the Riemannian metric g
on Q is characterized by the condition

§(T7n(X), Tn(Y)) = g(X,Y), for X,Y € D,
with 7 : Q — Q the principal bundle projection.

We will first consider in detail the characterization of trajectories
of ¢-simple kinetic Chaplygin systems as reparameterizations of
geodesics with respect to a modified metric & (Theorem 3.4),
which is not unique but may be chosen as follows:

1. h(X,Y)=exp(R¢pom)g(X,Y),VX,Y € I'(D);

2. h(Z,W)=g(Z,W),VZ,W e T(Vr);

3. h(X,Z)=0,VX € T(D), Z e T(Vr).
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Here, V7 is the vertical bundle associated to 7. Such metric will be
called the principal Riemannian metric. However, the main result
of the paper concerns the general case of ¢-simple Chaplygin
systems where one has a G-invariant potential function in
addition to the kinetic energy.

Theorem 4.3. Let (Q,g,V,G,D) be a Chaplygin system with
G-invariant potential V. If the system is ¢-simple, there exists
a Riemannian metric h on Q such that all the mechanical
trajectories associated with h and V with initial velocity in D are
reparameterizations of the nonholonomic trajectories associated
with the Chaplygin system. In fact, h may be chosen as the principal
Riemannian metric.

Note that our result is constructive, since it provides an explicit
construction of the principal Riemannian metric, despite the fact
that this is not the only possible choice of Riemannian metric A.

An immediate consequence of our main theorem is an interesting
result. Namely, the nonholonomic trajectories for a kinetic ¢-
simple Chaplygin system become locally minimizing curves with
respect to the new metric, as the following corollary states.

Corollary 3.7. Let (Q, g, G, D) be a kinetic Chaplygin system. Sup-
pose that the system is ¢-simple and h is the principal Riemannian
metric. If ¢ : [0,T] — Q is a nonholonomic trajectory there exists
0 <ty < T suchthatforallt < t, the length of the curvec : [0,t] -
Q is just the Riemannian distance associated with h between c(0)
and c(t).

As a demonstration of the applicability in practical examples, we
have constructed explicit examples of Riemannian metrics whose
geodesics with initial velocity satisfying the nonholonomic con-
straints coincide, up to reparameterization, with the trajectories
of the initial nonholonomic system.

For instance, in the classical example of the vertical rolling disk,
the principal Riemannian metric is

h = mdx? + mdy?* + (I + 2mR*)d6? + Jdp?

— mR cos ¢ dxdf — mR sin ¢ dyd®.

Here, (x,y,06,9) are standard coordinates in the configuration
space Q = R? x S! x S?, m and R are the mass and radius of the
disk, and I, J are the inertia.

In fact, in Example 1 of Section 5, we compute the geodesic
equations for h and deduce that the geodesics with initial velocity
in the constraint distribution coincide with the nonholonomic
trajectories, without the need for a reparameterization.

In the nonholonomic particle (see Example 2 in Section 5), the
configuration space is R?, (x,y, z) are the standard coordinates
on R® and our method allows us to construct the principal
Riemannian metric

2

h=1+y»)dx*+

T+ +dz? — ydxdz,

whose geodesics with initial velocity satisfying z = yx are pre-
cisely the nonholonomic trajectories, up to a reparameterization.

Another interesting example is the case of the Veselova problem
where we also provide (see Example 3 in Section 5) the principal
Riemannian metric describing the nonholonomic trajectories,
which in right-trivialized coordinates reads h((R,w),(R,w)) =
(Hw, w), with

1 T
H = g s (1= ) RIR (I = ese]) + (e8]

"RIR (esel).

Here, Q = SO(3) is the configuration space of the system, R €
SO(3), I is the inertia tensor, {e;, e,, e;} is the canonical basis of
R3,y = RTe; € $? = SO(3)/SO(2), and I is the identity matrix.

In all three cases, we can observe that the reparameterization
is related to the function ¢, determining the ¢-simple nature of
the system. The vertical rolling disk is a special case where ¢ = 0
forcing the associated reparameterization to be the identity.

We remark that the method has been applied to the three previous
examples but, since it is constructive, it may be applied to more
complex cases (see Remark 5.2).

1.4 | Organization of the Paper

The paper is organized as follows. In Section 2, we first briefly
review kinetic nonholonomic systems, the notion of a principal
connection on a principal G-bundle, Riemannian submersions,
and Chaplygin systems. This section is intended to make the
paper self-contained and settle the notation that we use through-
out the paper. In Section 3, we prove a first important result
(Theorem 3.4): unreduced ¢-simple Chaplygin kinetic systems
are Hamiltonizable, up to reparameterization, by geodesics. In
Section 4, we show that the previous results are not essentially
changed by including a G-invariant potential function in the
picture. This is the main result of the paper (Theorem 4.3). In
Section 5, we present examples of typical ¢-simple Chaplygin
mechanical systems (the vertical rolling disk, the nonholonomic
particle, and the Veselova system) where we construct the
principal Riemannian metric Hamiltonizing the nonholonomic
trajectories. Finally, in Section 6, we present some lines of
research for future work.

2 | Preliminaries

2.1 | Nonholonomic Systems

Throughout this section, suppose that (Q,g) is a Riemannian
manifold, D is a nonintegrable distribution on Q and consider the

kinetic nonholonomic system defined by the Lagrangian function
L, : TQ — R given by

1
Lg(vq) = Eg(vqa Uq) ) Uq € TqQ
and also by the nonintegrable distribution D. We may define
two projections resulting from the decomposition of the tangent

bundle induced by the metric g

TQ =D ® D',
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that is, the projection to D and to D* given by P : TQ — D and
Q : TQ — D*, respectively.

The trajectories of the nonholonomic system can be described as
geodesics but relative to a nonsymmetric connection (see [26])

VY = VY +(VxQ)Y, X,Y € X(Q),

where V8 is the Levi-Civita connection. Therefore, a curve c :
[0,h] — Q is a trajectory of the kinetic nonholonomic system
(Lg, D) if and only if it satisfies the equations

h —
VI 6(t) = 0,

¢(0) € D. )
Remark 2.1. Equation (2) is equivalent to the Lagrange-
d’Alembert equations associated with the Lagrangian function L,
([10, 27, 28]). These equations are given by

d aLg> oL,
Z(E) - = = 2%
dt<6ql ag Ml 3)

K (@)g' =0,

where (g') are local coordinates on Q, (q', ¢') are the correspond-
ing local coordinates on TQ, u* = ,ulf‘dqi are local 1-forms on Q
such that D = {v, € T,Q | u*(v,) = 0)}, and 4, are Lagrange mul-
tipliers that can be determined considering the total derivative of
the constraint equations u(q)g" = 0.

Throughout the paper, we will denote by T, the geodesic
vector field, that is, the vector field on TQ whose trajectories
are the geodesics of g; and by T, the vector field on D
whose trajectories are nonholonomic trajectories, that is, satisfy
Equation (2).

2.2 | Principal Fiber Bundles

We include here a basic treatment of principal fiber bundles to
make the paper more self-contained and fix some notation. The
interested reader can read more about the subject in [29-31],
for instance.

Let ® : GXQ — Q be a left action of a Lie group G on a
smooth manifold Q, denoted by ®(g,q) = g+ q = @,(q) = P4(g).
The orbit of the action through a point g € Q is the set Orb(q) =
{g - q | g € G}. Denote by g the Lie algebra of the group G. For
each element £ in the Lie algebra there is a vector field on Q
called the infinitesimal generator of the group action denoted by
&, and defined by §4(q) = T,®,(§) where e is the identity element
of G. If we assume that the action @ is free and proper we can
endow the quotient space Q = Q/G with a manifold structure
under which the natural projection 7 : Q — Q is a surjective
submersion. Therefore, associated to the left action ® we have a
fiber bundle 7 satisfying the following properties:

1. each z-fiber, denoted by Q,; = 77'([q]), is an orbit of the
action;

2. the standard fiber is G;

3. the local trivialization {U,} of the fiber bundle is equiv-
ariant, that is, given U C Q, an open subset of Q, the
trivialization

Y (U)->UXG
q — (7(q), %-(q))

satisfies ¥,(g - q) = g - ¥,(q), where we are considering the
group multiplication on the right-hand side.

The above properties define the principal G-bundle (Q,Q,G, ),
where Q is the bundle space, Q is the base space, G is the structure
group, and 7 is the projection. The vertical space at points q € Q,
denoted by V7, form a distribution V7 on Q and defined as the
kernel of 7, = Tz : TQ — TQ. The vectors contained in V7 are
called vertical vectors. Notice that vertical vectors are just tangent
vectors to the orbits of G. Explicitly,

V7 = T,(01b()) = {£o(9) | £ € g}.

A principal connection on the principal G-bundle is a smooth
distribution H on Q satisfying the following properties:

1. T,Q=V,m&® H,, foreveryq € Q;
2. The distribution is G-invariant, that is, H,., = (®,).(H,).

H is called the horizontal distribution determined by the con-
nection and the vectors contained in H are called horizontal
vectors. Many authors give an alternative equivalent definition of
a principal connection as a g-valued one-form w : TQ — g such
that

L. w(éy(q)) =& forevery & € g;
2. o((T,@,)(X)) = Ad,(w(X)) for every X € T,Q.

Recall that the adjoint map Ad, : g — g is the push-forward at
the identity of the conjugationmap C, : G — G,h - ghg™'.Such
amap w : TQ — g is called the connection form determined by
the principal connection. Here, we may recover the previous
properties by defining the horizontal subspace at q as H, =
ker co|TqQ. Conversely, given a horizontal distribution H, we may
prove that a g-valued one-form w satisfying w(X) = 0 for every
X € H and w(§,) = £ for every £ € g is a connection form. The
only nonobvious fact needed to prove this is the equality

(Ty®)(Eo(@) = [Adg(§)]o(g - D)

Given a principal connection, every vector X € T,Q can be
uniquely written as

X = hor(X) + ver(X),

where hor : TQ — H and ver : TQ — V1 are, respectively, the
horizontal and the vertical projectors associated to the decompo-
sition of the tangent space determined by the connection.

The horizontal lift of a vector field X € %(Q) on the base space is
the unique horizontal vector field X € X¥(Q) on the bundle space
that projects onto X, that is, (T,m)(X ") = X(7(q)).
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Avector field X € X(Q) on the bundle space is G-invariant if X (g -
q) = (Ty®,)(X(q)). For each G-invariant vector field X on Q, there
exists a unique reduced vector field X € 2(Q) on the base space
such that the following diagram is commutative:

TQ — 2 TQ
XT X
Q ———Q

Moreover, integral curves of X project to integral curves of X. On
the other hand, in the setting of Marsden-Weinstein symplectic
reduction, a theoretical reconstruction process has been proposed
to obtain the integral curves of the unreduced Hamiltonian vector
field X from the integral curves of the reduced Hamiltonian vector
field X. In the particular case when the symmetry Lie group G
is abelian this is easy. But when G is not abelian, the explicit
integration of X may be a hard task (see [29, 32]).

Definition 2.2. A horizontal lift of a curve ¢ : I - Q on Q
is a curve ¢ : I - Q on Q such that z(c(t)) =¢(¢t) for all t €1
and such that ¢(¢) € H,,, for all t € I, where H is the horizontal
distribution associated to a given principal connection.

In fact, if g, € Q and ¢(t,) = m(q,) then there exists a unique
horizontal lift¢ : I — Q of ¢ : I — Q such that c(¢,) = q,.

Lemma 2.3. Ifa curve ¢, in Q is a reparameterization of a curve
¢, in Q, then the horizontal lift of ¢, to Q is a reparameterization of
the horizontal lift of the curve c, to Q.

Proof. Let ¢, :I—Q, ¢ :J— I a reparameterization and
¢, : J — Q defined by c,(t) = (c,op)(t) with I =[sy,s,] and
J = [t,,t;]. Denote by c{‘(t) the horizontal lift of the curve
¢, satistying ci‘(so) =q € Q. The curve a(t) = (c{‘ogo)(t) sat-
isfies a(ty) = (cop)(ty) = c}(sp) = g, m(a(t)) = (c;09)(t) = c,(t)
and

a(t) = p(OE (P(1)) € My,

since ¢!(¢(t)) € H,. Therefore, a(t) is the horizontal lift ¢} of
¢, 1 J = Q that passes through the point q. O

2.3 | Riemannian Submersions

Let (Q,g) and (Q,&) be Riemannian manifolds and the map
7 : Q — Q asurjective submersion. Let Vzr :=kerTw and D :=
V17 denote the vertical and horizontal distributions, respectively.
Then, the map 7 is said to be a Riemannian submersion if

g(Tr(X),Tn(Y)) = g(X,Y)

for X,Y € D (see [23-25] for more details). Since 7 is a
submersion, T 7 : (D, (@) pxp) = (T,r(q)Q',_g(n(q))) is a linear
isometry for all g € Q. So, for each X € X(Q) there is a unique
horizontal vector field X" € I'(D) such that T#(X") = X. The
vector field X" is the horizontal lift of X by the Riemannian
submersion 7.

Lemma 2.4. IfX,Y € X(Q), then

1 g(X",Y") = g(X,Y)om.

2. P(X",Y"]) = (X, Y])", where P : TQ — Dis the orthogonal
projection.

s h i
3. P(VE,Y") = (V{Y), where V& and VZ are the Levi-Civita
connections of (Q, g) and (Q, £), respectively.

Proof. See Lemma 45, Ch. 7 in [25]. O

A simple corollary of the previous lemma is that geodesicsc : I —
Q satisfying ¢(t) € D, project under 7 to geodesics in Q.

Moreover, the tangent lift of geodesics in Q with initial velocity
in D always remains in D. We include a proof of this fact for
completeness. We will use the orthogonal projections P : TQ —
Dand Q : TQ — Vr in the proof of the following result.

Proposition 2.5. Let 7 : Q — Q be a Riemannian submersion
with D = V' and Vr = ker T the horizontal and vertical distri-
butions. If ¢ is a geodesic of Q which is horizontal at one point, then
it is always horizontal. In fact, the horizontal lift of a geodesic in
(Q, §) is a geodesic for the Riemannian manifold (Q, g).

Proof. Let ¢ : [0,h] — Q be a geodesic of Q satisfying c¢(0) =
o, ¢(0) € D,,. Consider the projection ¢ : [0, h] — Q defined by
¢ = moc. In the following note that ¢ might be written as

¢ = P(©)+Q(©),

that is, the sum of the projection to the horizontal and vertical
spaces. The length of the curve c is the functional

h
f(c):/ ll¢]l dt,

and if h is sufficiently small it is the Riemannian distance between
qo :=c(0)and q, := c(h). Attending to the decomposition of ¢ we
have that

h h
£0) > / 1P dt = / ITroP(@)] dt,

where the second equality comes from the fact that the metric
preserves the inner product of horizontal tangent vectors. Since
vertical vectors are by definition in the kernel of T7, we have that
T(P(¢)) = Tn(¢). Therefore, we conclude that

h
0 > / Grocy || dt = £(C).
0

Denote by ¢" : [0, h] — Q the horizontal lift of the curve ¢ to the
point g,. Since " is a horizontal curve, we can easily deduce that
£(c") = €(¢). Therefore, ¢" is a curve on Q joining q, and g, and
satisfying

t(c) = (@M.

Since c is a geodesic we conclude that at least for sufficiently small
h,c=c" O
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Remark 2.6. The geodesic relation in Proposition 2.5 is also a
direct consequence of the following equation:

_ h 1
ViY== (V3Y) + SQIX", Y]

(see Lemmas 2 and 3 in [23]).

2.4 | Generalized Chaplygin System

A generalized Chaplygin system ([9-11, 33]) is a nonholonomic
system whose configuration manifold Q is a principal G-bundle
7 Q - Q/G, the constraint distribution D determines a prin-
cipal connection on the bundle with connection form w and
the Lagrangian function L : TQ — R is a G-invariant regular
function for the lifted action of G on TQ, that is,

L((qu)g)(v)) = L(U), Vve TqQ

The lifted action is the map ®7? : G x TQ — TQ, defined by
®(g,v) = (T,@,)(v). If the action is free and proper then the
lifted action also is so.

On the space Q = Q/G, one defines a connection (see [9]):
V.Y =Tx (vg; Yh) for X,Y € £(Q). (4)

Here, X", Y" are the horizontal lifts of the vector fields X, Y,
respectively, with respect to the principal connection w, that
is, w(X") = w(Y") = 0 and X", Y" are m-projectable over X, Y,
respectively.

Proposition 2.7. The geodesics of V" starting in D project onto
geodesics of V. Conversely, let ¢ be a geodesic of V and choose g € Q
such that (q) = &(0). Then, the geodesic of V™" starting in q is the
horizontal lift of ¢ with respect to the principal connection w.

The proof of Proposition 2.7 is a direct consequence that D is
geodesically invariant with respect to the nonholonomic affine
connection V™.

3 | Kinetic Hamiltonization of ¢-Simple Kinetic
Chaplygin Systems: The Modified Metric

Throughout this section, suppose that (Q,g) is a Riemannian
manifold, D is a distribution on Q, and consider the kinetic
nonholonomic system defined by the Lagrangian function L, and
also by the distribution D.

In addition, suppose that the nonholonomic system (L., D) is a
generalized Chaplygin system with respect to the free and proper
action of a Lie group G given by the map ® : G X Q — Q. This
means that the Riemannian metric g is G-invariant and D is the
horizontal subbundle associated with a principal connection w.

Denote by Q the reduced space Q/G and by 7 : Q — Q the
projection. Under this hypothesis, and following the discussion
in Section 2.4, the nonholonomic vector field reduces to a vector

field on TQ. We will consider on Q the Riemannian metric g
defined by

§(X,Y)orr = g(X", Y"), for X,Y € X2(Q).

Define the gyroscopic tensor T as a (1,2)-tensor field 7 : 2(Q) x
X(Q) - X(Q) given by

T(X,Y)(7(q) = T,x(PIX", Y"'1(q) — [X, Y](x(q)).
On the reduced space Q, take coordinates (q%).

The gyroscopic tensor is given in the previous coordinates by

o 0 d
T _— = ¢ J)—
(aqa’ aqb) Cab(q)aqc’
where C?, is given by

([()5)])-esol)

with P : TQ — D the orthogonal projection (see [6] and the
references therein). Suppose that I, ,) € X(D) is the vector field
on D whose trajectories are the nonholonomic trajectories of the
Chaplygin system associated with the Lagrangian function L,.
Denote by Q,,, the almost symplectic 2-form on T*Q given by

th = CUQ + QT,
where
Qr (@)U, V) = a(T (Tomg(U), Tamg(V))), fora € T*Q, U,V € T(T*Q),
7o : T*Q — Q is the canonical projection and w, denotes the
canonical symplectic form on T*Q. Denote also by X,,, € X(T*Q)
the vector field which is obtained as the projection of I'¢, 1, by the
smooth map

bgoTm : D= TQ - T*Q,

where bg : TQ — T*Q is the musical isomorphism associated
with the metric g. X,,;, is characterized by the following condition:

i, Qun = dH,,

with H, : T*Q — R being the kinetic energy induced by the
Riemannian metric g, that is,

H(@) = 28(8(@), (), ©®

where ff; : T*Q — TQ is the inverse musical isomorphism f; =
(bg)_l. This almost symplectic 2-form can be used to define in
a natural way an associated linear almost Poisson structure (for
more details see [6]).

Definition 3.1 [6]. A ¢-simple system, with ¢ € C*(Q), is a
nonholonomic Chaplygin system for which the gyroscopic tensor
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satisfies
T(Y.Z) = Z@)Y - Y($)Z, VY, Z € X(Q).
¢-Simple systems have the remarkable property that the 2-form
Q = exp(¢o)Q,
is a symplectic structure (see [6]).
Next, we present two known results in the literature (see, e.g.,
Theorem 3.5 in [2]) for which we provide an intrinsic proof
in order to make the paper as self-contained as possible. They
state that an appropriate rescaling of time and momenta puts
a Hamiltonizable nonholonomic Chaplygin system in standard
Hamiltonian form.
Proposition 3.2. If a Chaplygin system is ¢-simple then the
vector bundle isomorphism ¥ : T*Q — T*Q over the identity of Q
given by
Plag) = exp(p(rglag))ay, fora; € T;Q
satisfies
I,D*CUQ’ =Q

and

Hj = Hgop™, (6)
where h is the Riemannian metric defined by

h = exp(24)g, )

and Hj, is the kinetic energy on T*Q associated with h.

Proof. From Theorem 3.21 and Lemma 3.24 in [6], a system is
¢-simple if and only if

Qr =05 Ad(¢omg),
where 0 is the Liouville 1-form on T*Q. This implies that
Q = exp(¢omy)wg + exp(pomy)g A d(pory).
On the other hand, it is easy to show that
P05 = exp(¢omy);.
From here, it follows that
Prg = —d(*8;) = exp(pomglag + exp(pem)fg A d(¢omg) = Q.

In addition, a direct computation using the definitions of H; and
H, proves the equality in (6). O

Now, we can prove the following result.

Corollary 3.3. If X; € X(T*Q) is the geodesic vector field of h
in T*Q then the vector field exp(—(¢om))X,,, is the push-forward

of X by 9. So, the trajectories of X,;, are reparameterizations of
geodesics with respect to the metric h.

Proof. From Theorems 3.11 and 3.21 in [6], we have that the
dynamical system X, is Hamiltonizable up to reparameteriza-
tion. In fact, it satisfies

exp(—(gomg)x,y, & = dHg.

Using the previous proposition, we conclude that

exp(—(¢omgx,, ¥ @g = dHy,

which leads to

7 — -1
l(exp(—(q&on@))Tonnhoxp*l)wQ = d(HgW;b )

Thus, using again Proposition 3.2, it follows that the vector field
exp(—($omg))TPoX, 09" € E(T*Q) is just X;.

This implies that
Xjop = Ttpo(exp(—(¢om))X,un )

and the vector field exp(—(¢o7;))X,, is the push-forward of X
by 9. So, if 7 : I — T*Q is an integral curve of exp(—(¢o73))X
then ¢oy : I — T*Q is an integral curve of Xj;. Thus, using that
the trajectories of exp(—(¢om;))X,, and X are the 7r5-projections
of their integral curves and the fact that 7509 = 74, we conclude
that the trajectories of exp(—(¢o7;))X,,, are just the geodesics of
the metric &. Finally, since the trajectories of exp(—(pomz)) X,
are reparameterizations of the trajectories of X,,,, we deduce the
result. O

Next, we will prove that unreduced ¢-simple kinetic Chaplygin
systems admit kinetic Hamiltonization.

Theorem 3.4. Let (Q, g, G, D) be a kinetic Chaplygin system and
7 : Q — Q the projection onto the quotient space. If the system is
¢-simple, there exists a Riemannian metric h on Q such that all its
geodesics with initial velocity in D are reparameterizations of the
nonholonomic trajectories associated with (L,, D). In fact, h may
be chosen as follows:

1 h(X,Y)=exp¢om)g(X,Y),VX,Y € (D),

2. h(Z,W)=g(Z,W)YNZ,W e T(Vr);

3 hX,Z)=0,vX €eT(D), Z e (V).
Here, V1 is the vertical bundle associated to 7.
Proof. The proof has two parts. First, we will prove that
the projection 7 : (Q,h) — (Q, h) is a Riemannian submersion,
where £ is the Riemannian metric defined in Proposition 3.2.
The metric h is indeed a Riemannian metric, it is clearly a
symmetric (0,2)-type smooth tensor. It is positive definite since

ifgeQandZ € T,Q, Z, # 0, then

h(Zq7Zq) = h(PD(Zq) + PVn(Zq)’PD(Zq) +PV7[(Zq))7
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where P, : TQ —» D and Py, : TQ —» Vrr are the projections
associated with the decomposition TQ = D @ V. Hence,

h'(Zq’Zq) = FL(T”(PD(Zq)), T”(PD(Zq))) + g(PVﬂ(Zq)’PVﬂ(Zq)) >0

by positive definiteness of & and g (note that if Z, # 0 then
Tr(Pp(Z,)) # 0 or Py,(Z,) # 0). In addition, with respect to the
Riemannian metric h, D = V*7. Hence, 7 : (Q,h) = (Q,h)is a
Riemannian submersion since

hX,Y) = i(Tn(X), Tn(Y))
for X,Y € D.

Therefore, by Proposition 2.5, the tangent lift of all geodesics of
(Q, h) with initial velocity in D stay in D and such geodesics are
the horizontal lift of geodesics of (Q, k).

Moreover, by Corollary 3.3, reparameterizations of geodesics
with respect to the metric & are trajectories of X, and, using
Proposition 2.7, the horizontal lift of the latter with respect to
the nonholonomic principal connection w are the nonholonomic
trajectories. Note that the horizontal lift with respect to w
coincides with the horizontal lift with respect to the Rieman-
nian submersion 7 : (Q,h) — (Q, h). This fact, Proposition 2.5
and Lemma 2.3 imply that the nonholonomic trajectories must
be reparameterizations of geodesics of h with initial velocity
inD. O

Remark 3.5. The construction of a Riemannian metric & in
the conditions of the theorem above is by no means unique.
Any metric b’ rendering 7 : (Q,h’) » (Q,h) a Riemannian
submersion will have the same geodesics with initial velocity in
D. In particular, the restriction of k' to vertical vector fields may
be given by any bundle metric on the vertical bundle.

Definition 3.6. The Riemannian metric h in Theorem 3.4 is
called the principal Riemannian metric with respect to (Q, g) and

Q.h).

Denote the norm with respect to the Riemannian metric h by || -
||, andbyd : Q X Q — R the Riemannian distance induced by h,
that is,

d(p,q) = inf{£(c) | c € Q(q, p)},

where Q(q, p) is the set of all piecewise smooth curve segments
in Q from g to p and, for each ¢ : [0,T] — Q in Q(q, p) the length
¢ (c) of the segment c is given by

£(0) = / lell dt.

Then, the following corollary of Theorem 3.4 asserts that the
length of a nonholonomic trajectory between two nearby points
q and p is just the distance from g to p. In other words,
nonholonomic trajectories between two nearby points minimize
the Riemannian length. The proof of the corollary is an immediate
consequence of Theorem 3.4 together with the facts that geodesics
locally minimize the Riemannian distance and that the length of
a curve is invariant under time reparameterization.

Corollary 3.7. Let (Q,g,G, D) be a kinetic Chaplygin system.
Suppose that the system is ¢-simple and h is the principal Rieman-
nian metric. If ¢ : [0,T] — Q is a nonholonomic trajectory there
exists 0 < ty < T such that for all t < t, the length of the curve
¢ : [0,t] = Q is just the Riemannian distance associated with h
between c(0) and c(t).

Remark 3.8. Note that in a Chaplygin system the distributions
D and V7 are G-invariant, and, as a consequence, the principal
metric h is also G-invariant. Therefore, the momentum map J :
TQ — g* defined by

Te(vy) = (J(vy), §) = h(vy, §o(@)) VE E€g, Vv, €TQ,

renders J, constant along the tangent lifts of the geodesics of h
(which implies that J; is a first integral of the nonholonomic
dynamics for every £ € g). In particular, the level set J71(0) is
invariant. However, by construction of the metric h, we have
J71(0) = D. Thus, geodesics of h that are horizontal at one point
are horizontal at all points. This fact yields an alternative proof of
Proposition 2.5 for invariant metrics with orthogonal vertical and
horizontal spaces.

4 | Mechanical Hamiltonization of ¢-Simple
Chaplygin Mechanical Systems: The Main Result

In our final and main result, we will see that the inclusion of an
invariant potential function in the picture does not substantially
change the previous results. Consider a smooth G-invariant
potential function V on Q. By symmetry, this function is charac-
terized by the existence of a smooth potential function V on Q
such that V = Vor.

The trajectories of the Lagrangian system associated with a
Riemannian metric g and a potential function V, that is, the
trajectories of the Lagrangian system whose Lagrangian function
is given by

L(gyv) = Lg —Vor,

are commonly designated by trajectories of the mechanical
system associated with g and V.

We are interested in extending Theorem 3.4 to the case where
there exists a potential function and thus the trajectories of the
nonholonomic system (L, D) will no longer be reparameter-
izations of geodesics but of trajectories of a mechanical system
with respect to a different Riemannian metric. The proof makes
use of the previous results and adapts them to the presence of
the potential.

4.1 | Riemannian Submersions and Mechanical
Lagrangian Systems With Basic Potential

First of all, one is interested in obtaining an analogous result to
Proposition 2.5 for a mechanical system with Lagrangian function
Ly, and for a Riemannian submersion 7 : (Q,g) — (Q,8). On
one hand, it is well-known (see, e.g. [29]) thata curvec : [ — Q
is a trajectory of the mechanical system determined by L, ifand
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only if it satisfies
Vi = —grad,V(c(t)),

where grad, V' is the gradient vector field of V' with respect to the
metric g, that is,

g(grad,V(q),X) = dV(q)(X), for X € T,Q.

So, using Lemma 2.4 and the G-invariance of V, it is not difficult
to prove that

V§é = —grad,V(¢(1)),

where ¢ = woc and c is a horizontal trajectory, that is, ¢(t) €
Vcl([)ﬂ, Vt and V € C*(Q) is defined by V = Vox. Therefore,
horizontal trajectories of the mechanical system associated with
L,y project to trajectories of the mechanical system associated

with L(gy).

On the other hand, the vector field I',)y on TQ generating
the dynamics associated with L, ), is tangent to the horizontal
distribution D = V17 implying that if ¢ is a mechanical trajectory
which is horizontal at one point then it is horizontal at all points.
This can be seen by noting that this vector field can be written as

Ly =T, —(grad, V)",

where I, is the geodesic vector field of g and
v d
(grad,V) (vy) = x t_o(vq + tgrad,V(q)), for v, € T,Q.

Now, it is easy to see that grad,V is a horizontal vector field. In
fact,if X € V7 = ker(T,7) then, using that V = Vor,wededuce
that

g(grad,V(g),X) = X(V) = X(Vorr) = 0.

Thus, (grad, V)" |, € X(D). On the other hand, by Proposition 2.5,
we have that T, |, € X(D). Therefore, T, 1|p € (D).

In summary, we have proved the following result.

Proposition 4.1. Let Ly, : TQ - R be a mechanical
Lagrangian function and 7 : (Q,g) — (Q, §) a Riemannian sub-
mersion such that V € C*(Q) is a m-basic function, that is, there
exists V € C®(Q) and V = Vom. Denote by Vrr =kerTr and
D = V' the vertical and horizontal distributions, respectively,
associated with the Riemannian submersion 7.

1 Ifc : I — Qisahorizontal trajectory for the mechanical system
determined by g and V then ¢ = moc is a trajectory for the
mechanical system determined by g and V.

2. Ifc : I — Qisa trajectory for L, which is horizontal at one
point, then it is always horizontal. In fact, the horizontal lift of
a trajectory for L py is a trajectory for L .

4.2 | The Main Result of the Paper

Before presenting the main result of this section and the
paper, there are a few considerations about ¢-simple mechanical
systems that we must recall.

The notion of ¢-simplicity is independent of the potential
function. So, if (Q, g, G, D) is a ¢-simple kinetic nonholonomic
Chaplygin system, then the mechanical system continues to be
¢-simple under the addition of a G-invariant potential (see [6]).

Following [6], the framework described at the beginning of
Section 3, still holds under the addition of a G-invariant poten-
tial function.

Let (Q,g,V,G,D) be a ¢-simple Chaplygin mechanical system.
Consider the Hamiltonian function H,, : T*Q — R given by

Higan(@) = 3808,(a), () + V(@), for @, € T;0Q.

Next, we define the reduced Hamiltonian function Hyp, :
T*Q — R as follows:

Han (@) = %g—(ﬂg(%)’ﬁg(“q)) +V(Q), fora, € T;Q,

where g is the reduced Riemannian metricand V € C*(Q) is such
that V = Vorr.

Now, we can consider the symplectic vector bundle isomorphism
P (T*Q,wp) — (T*Q, Q) in Proposition 3.2 and, consequently,
we can define the Riemannian metric /2 on Q as in this propo-
sition. Therefore, we can introduce a new Hamiltonian function
Hgypy : T*Q - R given by

Higr(@g) = 3 ACEi(eg), ) + V(@),

which is the mechanical energy associated with the Riemannian
metric determined by /2 and the potential energy V € C*(Q).

Analogously to the case without potential, this Hamiltonian
function satisfies

H(}jl!‘;) = H(g—yy)o‘l,b_].

Since the system is ¢-simple, the reduced nonholonomic vector
field X,, is still Hamiltonizable with the addition of the G-
invariant potential function (see Theorems 3.11 and 3.21 in [6]).
Therefore, the proof of Corollary 3.3 holds by replacing the
Hamiltonian function H; with Hj ).

So, we deduce the following result.

Corollary 4.2. If X,y € X2(T*Q) is the dynamical vector field
associated with the mechanical Hamiltonian function H ), then
thevector field exp(—(¢po7m;))X ., is the push-forward of X, y, by .
So, the trajectories of the reduced nonholonomic vector field X, are
reparameterizations of trajectories of the Hamiltonian system with
mechanical Hamiltonian function H j, .
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Now, using Proposition 4.1, Corollary 4.2, and proceeding as in the
proof of Theorem 3.4, we can prove a version of this last theorem
for the more general case of a ¢-simple Chaplygin mechanical
system.

Theorem 4.3. Let (Q,g,V,G,D) be a Chaplygin system with
G-invariant potential V. If the system is ¢-simple, there exists a
Riemannian metric h on Q such that all the mechanical trajectories
associated with h and V with initial velocity in D are reparameteri-
zations of the nonholonomic trajectories associated with (L), D).
In fact, h may be chosen as the principal Riemannian metric.

Remark 4.4. Note that a more general version of Theorem 4.3
may be proved if we replace, in the statement of the theorem,
the hypothesis that the Chaplygin system is ¢-simple with the
following weaker condition: there exists a smooth function ¢ €
C*(Q) such that the trajectories of the reduced nonholonomic
vector field X, are reparameterizations of the trajectories of the
mechanical system with Lagrangian function Ly, where h=
exp(2¢)g. In particular, this condition holds if X, is just the
dynamics in the Hamiltonian side associated with the mechanical
system whose Lagrangian function is L ).

Remark 4.5. We have presented a proof of the main results,
Theorem 3.4 (in Section 3) and Theorem 4.3, in the Hamiltonian
side of the theory. But, using Corollary 4.2, these results may also
be proved in the Lagrangian side. In fact, if (Q, g,V,G, D) is a ¢-
simple Chaplygin system with G-invariant potential V, h is the
principal Riemannian metric constructed in Theorem 3.4, 7, :
TQ — Q is the canonical tangent projectionon Q and 7 : Q — Q
is the principal bundle projection, then the tangent map of the
transformation ¢ : D — D sending v, = exp(—¢((q))v, will
map the vector field exp(—(¢o7o(z)|p)L g v, p), Where T,y 1) is
the vector field determining the nonholonomic trajectories of this
system, into the mechanical vector field Iy, restricted to the
distribution D.

We will give a sketch of the proof of this result. Denote by ()|, :
D — TQ the restriction to D of the tangent map of 7 : Q — Q
and by T, € X(TQ) the (Tx)|p-projection of the vector field
Tv,p) (note th:{t [y p) is G-invariant and, thu_s, it is (Tn')_lD-
projectable). If h is the Riemannian metric on Q given by h =
exp(2¢)g, V € C*(Q) is such that V =Vorx and Iy, is the
dynamical vector field in TQ associated with the mechanical
Lagrangian system L ;, -, then, using Corollary 4.2, we deduce that
these vector fields are related by the vector bundle isomorphism

P = fiopob, : TQ - T*Q - T*Q - TQ.

Here, b, : TQ — T*Q, #f; : T*Q — TQ are the musical isomor-
phisms induced by the Riemannian metrics g and h, respectively,
andy : T*Q — T*Q is the isomorphism in Proposition 3.2. Now,
a direct computation proves that

ﬁ(vq) = exp(—¢(9))v,, for v; € T;0.

On the other hand, considering (7,)lp the restriction
of 7, to D, the trajectories in Q of the vector fields
exp(—(¢omo(zo)lp)l vy € X(D) and T ylp € X(D) are
the horizontal lifts, with respect to the Riemannian submersion
7 : (Q,h) = (Q,h), of the trajectories in Q of the vector fields

exp(—(¢oto))ly, € X(TQ) and Ty € X(TQ), respectively,
where 75 : TQ — Q is the canonical tangent projection on Q.
Therefore, using that the following diagram is commutative,

we conclude that the vector field exp(—(¢omo(zo)p) v n) €
X(D) is the push-forward of T'j, ;) € X(D) by 3.

5 | Examples

Example 1 (Vertical rolling disk). The vertical rolling disk or
the rolling penny is one of the most elementary examples of a
nonholonomic kinetic system. In the configuration manifold Q =
R? x S! x S!, we introduce the local coordinate system (x, y, 6, @)
and the kinetic Lagrangian function L, : TQ — R given by

. 1 1 . 1
Ly(x,9,6,0,%,9,6,0) = =m(x* + y*) + =16* + 5J¢?,
2 2 2
with
g = mdx? + mdy? + 1d6* + Jd¢?

and subjected to the distribution D C TQ determined by the local
expression

%=ROcosp, y=REsing,

where R is the radius of the disk, m is its mass, and I, J are
the inertia.

It is well-known that under the translation
®:R2xQ—Q

((a,b),(x,y,0,9)) = (X +a,y +b,6,9)

the kinetic nonholonomic system (L4, D) is a Chaplygin system
with principal bundle projection 7 : Q — Q :=S! x S! and the
gyroscopic tensor 7 vanishes identically (see [6]). So, the reduced
equations are geodesics with respect to the reduced metric g:

g = (I + mR?)d6? + Jd¢?

on Q. Therefore, we are in the conditions described in Remark 4.4
and we may define the principal Riemannian metric h on Q,
that is, the one such that h|pp = 8loxps Plvaxyz = 8lvexyr and
hlpyxyz = 0. Let {e;,e,,e5,e,} be the basis of vector fields on Q
defined by

3 4
—,e=—,e=—

& 39 ax> %~ 3y

3 0 .0
= %+Rcos¢a +RSIH¢5’ €=
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so that D = {{ey, e,}) and Vzr = ({e;, e,}). Therefore, in Vr x Vzr
we have

a o a o 0 o

In D x D, we must have
h(ey,e;) = gley,e)) =1+ mR?, h(ey,e,) = gley, e,) =J,
h(e,,e,) = gle,, ;) = 0.

So, using (8) we may write the following three equations:

a 9 g 9 . d 9
h<%,£>+2Rcosqoh<a,%)+2Rsmgoh<@,@>_I

9 9 9 3 . 3 9
(3 2)rmmen (. 2) e (3.2)
Finally, from the condition that D and V7 must be orthogonal
under h, we deduce

0 0 a o .
—,— ) =-mR —,— | =-mR
h<69’ax) mR cos ¢, h(@@’&y) mR sin ¢

d 9 d 4
’“(wa)‘“’ h(%ﬂ)‘"

Inserting the last four equations into the previous three, we

deduce
0 0 0 0
(2, 2 ) =142mr2, n(Z, )=
<as’ae> 2mk (ae’ago> 0

Therefore, the modified metric h is

h = mdx? + mdy? + (I + 2mR?)d6? + Jd¢?

— mRcos g dxd® — mRsin ¢ dydf.

The geodesic equations for the Riemannian metric h are

. mR? . . mR? . . ;.
X = D) sin(2p)x¢ + T+mR: cos*(@)ye — Rsin(p)0¢
. mR? .2 .. mR? . ., s .
y= TR sin”(@)x¢ + m sin(2¢)y¢ + R cos(p)0¢
=" sin(@)x¢ + _mR_ cos(p)y¢

T T mRe NPT g P

é= mTR sin(p)x6 — mTR cos(@)y8

and their solutions with initial velocity in D satisfy
% = —Rsin(p)0¢
¥ = Rcos(p)6¢
=0

$=0.

On the other hand, the equations of the nonholonomic tra-
jectories can be found using Equation (3), from where we
obtain

mx =1,

my =4,

I6 = —A,Rcosp — L,Rsing

J$=0

which after determination of the Lagrange multipliers give
precisely the previous set of equations.

Example 2 (The nonholonomic particle). Consider a non-
holonomic system with configuration space Q = R?, Lagrangian
function given by

1, . . .
Ly =50 +y*+2)

and subjected to the constraint Z = yx. This system, known as
the nonholonomic particle, is a Chaplygin system together with
the group action of R acting by translations on z. The reduced
configuration space is Q = R? with principal bundle projection
7 : Q- Qgivenby 7(x,y,z) = (x,¥).

Moreover, from [6], it is also a ¢-simple system with

$0x,y) = =3 In(1+ 7).

This system has the corresponding reduced Riemannian metric g
on Q given by

g =1 +yHdx*+dy.

Therefore, the conformal change i = e?#g gives the Riemannian
metric

2

dy

i — 2
h=dx +1+y2'

The principal Riemannian metric on Q figuring in Theorem 3.4
is

2

dy
1+y?

h=(+y»)dx*+ +dz? — ydxdz.

The geodesic equations with respect to h are

% = —yxy +yz

L O 2T+ DyxX® — (0 + 27 + DXZ 4y’
y= 1+y?

= —y’Xy + Xy + yyz.
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Their solutions with initial velocity in D satisfy

=0
LWy
= 9
¥ =11y ©
Z =Xxy.

On the other hand, using (3), we deduce that the nonholonomic
trajectories are solutions of the equations

f=—yY
BRETSE
y=0 10)
i= Y
1+y?

with Lagrange multiplier already determined.

Indeed, if we rewrite (10) as a first-order system of differential
equations, we obtain the equations

. vay
X=v =—

x x 1+ y?
y=v, U, =0
. . UxUy
Z=10, Uz=1+y25

whose solutions are trajectories of the vector field I, 7). Conse-
quently, the trajectories of the vector field y/1 + y2T', ;) satisfy

X =41+)y?v,

v, U

xTy

ity

sz_y

y=V1+y%, U, =0

z=11+y% U, = ——.
z 4 m

Considering the change of variables 0, =+/1+y%v,, U, =
v/1+y?v,,and 0, = /1 + y?v,, differentiating 0, 0,, and U, and
restricting to D, we may obtain the equations in terms of the new
variables

X =0, U,=0
=2
y=0 =20
4 Y142
Z=0, U, = 0,0,

This system of equations is equivalent to system (9). Hence, the
geodesics of h coincide with the trajectories of 1/1 + y2I'(, ;) and,
thus, they are a reparameterization of nonholonomic trajectories.

If a potential function V' independent of z is also present, then
the nonholonomic trajectories associated with L =L, -V are
reparameterizations of the mechanical trajectories associated
with the Lagrangian L, — V and initial velocity on D.

Remark 5.1. In this example, as we mentioned in Remark 4.5,
we have observed that the tangent map of the transformation
¥ : D - Dsendingv, — exp(—¢(7(q)))v, is mapping the vector
field exp(—¢(7(q)))T ' p), Where [', 1) is the vector field determin-
ing nonholonomic trajectories, into the geodesic vector field I,

restricted to the distribution D.

Example 3 (The Veselova problem). Consider a nonholo-
nomic kinetic system in the manifold of three-dimensional
rotation matrices Q = SO(3) modeling the rotational motion of
a rigid body subject to a constraint in the axis of rotation that we
will describe below.

Let us write

@ = RR7, O =R"R

for the right and left trivializations of the velocity vector R. Then
w, Q € R? give the spatial and body coordinates of the angular
velocity and are related by w = RQ. The vectors w and Q are
related to the matrices & and through the hat map (7) TR
30(3) defined by

0 -0 Q
=10, 0 -0
-Q, O 0

Denote also
a :=RTe;,, B :=RTe,, y :=RTe,

the so-called Poisson vectors which give the body coordinates of
the space frame axes. Then a, 3, y are the rows of the matrix R.

The Riemannian metric g is the left-invariant metric correspond-
ing to the inner product (Q,, Q,); = QT1Q, on 80(3), where Q,
are identified with vectors in R3 through the hat map and [ :
R* — R3 is the inertia tensor | = diag(l;, I,, I;). The constraint is
determined by a right-invariant distribution whose value at the
identity is the subspace

b ={w € 30(3) | (w,e5) =0},
where {e,, e,, e;} is the canonical basis of R>.

Nonholonomic systems on Lie groups where the Lagrangian
function is left-invariant and the constraint distribution is right-
invariant are usually called LR nonholonomic systems. Despite
the apparent asymmetry of the system, there is a symmetry under
the left action of the Lie group

SO(2) ={R € SO(3) | R 'e; = e;},

that is, the group of rotations around the axis e;. Under this
action, the system is a Chaplygin system whose reduced space
is Q = S$? with principal bundle projection 7 : Q — Q given by
(R) = RTe,. Here,

SP={r=(xy.2) R’ |x?+y*+2* =1}.
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The right-invariant distribution generated by the subspace b of
the Lie algebra happens to be invariant under the action of SO(2)
and thus it is a horizontal distribution for a principal connection
on 7. In addition, the vertical distribution V& = ker Tx is the
right-invariant distribution given by

Vet ={@R € TRSO(3) | R'd - e; = 0}, for R € SO(3).
It is better described by its value at the identity
V. ={w € R® | w X e; = 0} = spanfe,},
where I denotes the 3 X 3 identity matrix.

Note that, again following [6], this system is also a ¢-simple
system with ¢(y) = —i In((I-'y,y)) and (-, -) being the euclidean
inner product on R3.

To give an expression for the principal Riemannian metric A, it is
useful to use right-trivialized coordinates. The kinetic energy of
the rigid body determined by g is left-invariant and satisfies

8((R, D), (R, Q) = (1Q,Q),
in the left trivialization, and instead
g((R, w), (R, w)) = (RIRTw, w)
in the right trivialization. Note that

(la,a) (I, ) (la,y)
RIR" =|(la, ) (18,8) 18,7)].
(la,y) (B,y) (ly,y)

Considering that the constraint distribution D and the vertical

distribution V7 are right-invariant, it is more natural to express

the principal metric A in the right trivialization. Given that

corresponds to vectors having w; =0 and V;7 corresponds to

vectors having w, = w, = 0, it follows that the principal metric h
is determined in the right trivialization by the block matrix

(la,a) (e, B)

xP2por) ((ua,ﬁ) (W)) 0

0 (y.y)

Such a metric can be written as h((R, w), (R, w)) = (Hw, w), with

1

T T
H= m(I —esel) RIR™' (I —esel) + (esel) RIR™! (esel).
Using this expression, the Lagrangian L, : TQ — R correspond-
ing to the principal metric & is shown to be expressed in the left
trivialization as

1

LuR D = 475

(%(m, ) - 0, Q.7 + 50, Q)Z(Hy,y))

+ 30,0207,

The dependence of L, on y makes it clear that L, is not left-
invariant. On the other hand, the independence of L, on o and
B is due to the SO(2) invariance.

Now, according to Theorem 3.4, the geodesics of L, restricted
to (y,Q) =0, agree up to a time reparameterization with the
solutions of the Veselova system. This can be checked using the
Euler-Poincaré equations for L, that is,

d <6Lh>_6ﬁ a oL,

— (=) = p— y = Q.
i ga Mt < YEYX

oQ

Remark 5.2. A multidimensional version of the Veselova
problem with configuration space the Lie group SO(n) was
considered in [6]. This system is also ¢-simple Chaplygin. So,
their trajectories are reparameterizations of the trajectories of an
unconstrained mechanical Lagrangian system on SO(n).

6 | Future Work

The previous results give rise to several questions and open new
research avenues. On one hand, it would be interesting to extend
the results in this paper to more general Chaplygin systems
that are not necessarily ¢-simple (see Section 5 in [6]). On the
other hand, if the symmetries are not just of kinematic type
(as in Chaplygin systems) but they are, for example, horizontal,
a natural question is if we can still find a Riemannian metric
Hamiltonizing the unreduced system. In fact, there are examples
of nonholonomic systems in the literature that are not Chaplygin
but still their trajectories are geodesics with respect to a modified
metric or even with respect to the original metric (e.g., the
Chaplygin sphere [34]).

Finally, it would be interesting to take advantage of the modified
Riemannian metrics to produce numerical integrators for non-
holonomic systems (see [35] for a first approach and also [36, 37]
in a similar direction).
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