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COMPUTING STATISTICAL MOMENTS VIA TENSORIZATION OF
POLYNOMIAL CHAOS EXPANSIONS

RAFAEL BALLESTER-RIPOLL*

Abstract. We present an algorithm for estimating higher-order statistical moments of mul-
tidimensional functions expressed as polynomial chaos expansions (PCE). The algorithm starts by
decomposing the PCE into a low-rank tensor network using a combination of tensor-train and Tucker
decompositions. It then efficiently calculates the desired moments in the compressed tensor domain,
leveraging the highly linear structure of the network. Using three benchmark engineering functions,
we demonstrate that our approach offers substantial speed improvements over alternative algorithms
while maintaining a minimal and adjustable approximation error. Additionally, our method can cal-
culate moments even when the input variable distribution is altered, incurring only a small additional
computational cost and without requiring retraining of the regressor.

Key words. polynomial chaos expansions, statistical moments, tensor networks, surrogate
modeling, tensor train decomposition, Tucker decomposition
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1. Introduction. Polynomial chaos expansions (PCE) constitute one of the
most successful techniques for surrogate modeling in engineering, risk assessment,
analysis of dynamical systems, and more. PCE interpolators are often better than
Gaussian processes at capturing the global structure of a multidimensional function,
especially at higher numbers of dimensions. They typically outperform neural net-
works when the available training data is scarce, as is often the case in expensive
experimental or simulation processes. In contrast to support vector regressors or ran-
dom forests, PCEs are exceptionally well suited for many sensitivity analysis tasks
that can be accomplished efficiently by direct manipulation of the expansion’s coef-
ficients. Last, since they are simply a combination of sums and products of input
variables, PCEs largely behave like white-box models and hence are amenable to
interpretation.

Despite these attractive features, PCE expansions suffer from the curse of dimen-
sionality: the amount of degrees of freedom (number of expansion weights) depends
exponentially on the number of input variables considered. This is typically countered
via sparsity constraints, which limit the number of non-zero weights without compro-
mising the regressor’s predictive power. As a bonus, since polynomial bases can be
chosen to be orthogonal, sparsity also allows for efficient computation of dot prod-
ucts and L? norms of learned regressors, which is useful to obtain statistics, perform
uncertainty propagation, dimensionality reduction, etc.

Still, this framework comes with several limitations. PCE orthogonality allows
for the mean and variance to be efficiently obtained, but this convenience does not
extend to higher-order moments (which are useful in sensitivity analysis, for example
for generalizing the method of Sobol and investigating function extremes [20]). In
all but special cases (e.g. a Hermite basis), computing the skewness and kurtosis
requires evaluating the expectation of products between all triplets and quadruplets
of basis elements, respectively [26]. There are other post-processing operations, such
as multidimensional convolution, for which no efficient algorithm (i.e. free of the curse
of dimensionality) is available when using a PCE representation. Last, orthogonality
is tightly coupled with basis choice. Certain transformations on a fitted PCE model,
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2 R. BALLESTER-RIPOLL

such as updating its domain or input variables’ distribution, will destroy its basis
orthogonality.

In order to mitigate those limitations, we propose to convert a learned PCE regres-
sor into a low-rank tensor decomposition and, thus, gain access to a complementary
family of numerical methods. Such decompositions generalize matrix decompositions
and offer flexible ways to store and handle multidimensional functions using a mod-
erate number of coefficients. Tensor decompositions are increasingly connected to
many diverse areas of computer science and applied mathematics including certain
neural network architectures [15, 6], probabilistic graphical models [22], or polynomial
regression [8]. Having only emerged in the last few years, these kinds of symbiotic
interdisciplinary bridges are still far from maturity.

More specifically, we learn PCE regression coefficients via a state-of-the-art ro-
bust fitting method, namely least angle regression (LARS) [9] combined with hyper-
bolic truncation [27], and to compress the resulting weights into a tensor network
(TN), more specifically a tensor train decomposition (or TT, for short). The key
enabling idea for our compression approach is that, after hyperbolic truncation, the
surviving PCE coefficients form a well-structured region in a hypercube that can
be captured compactly by a low-rank tensor. By casting a sparse robust model in
such a tensor form, one opens the door to a suite of metamodel post-processing algo-
rithms: sensitivity analysis, computation of statistical moments, global optimization,
etc. [8, 4, 2]. TNs transform these tasks into multilinear algebra problems, which can
be then solved via Kronecker products, tensor contractions, QR factorizations, eigen-
or singular value decompositions, etc.

Our contribution is two-fold:

e To the best of our knowledge, our method is the first to cast a sparse PCE
expansion into a TN of any kind. The compression algorithm to convert the
former into the latter has bounded L? error.

e We give a new algorithm for computation of higher-order moments in the
extended T'T format, and we show that the proposed format is still usable
if the distribution of input parameters is updated, with no need to learn it
anew.

Remark. Some authors use sparse PCE to simply mean they truncate the set of
PCE coefficients instead of considering the full product grid set (which grows expo-
nentially with the number of dimensions N). By sparse we adhere to the usual linear
algebra sense that the number C' of non-zero expansion coefficients does not depend
on N; see e.g. [27].

Notation. Throughout the paper, we use:

e Capital letters to denote integer constants: IV is the number of features, also
known as number of tensor dimensions; S is the size of the polynomial basis,
C is the amount of non-zero PCE coefficients learned, etc.

Lowercase letters for integer or real variables.

Bold lowercase letters for vectors (e.g. x).

Bold uppercase letters for matrices (e.g. U).

Calligraphic letters for tensors and sets (e.g. X or H).

Element-wise operations on tensors, denoted for example as A + B and AB

for the sum and product, respectively.

e One-based indexing for tensors. For instance, X[:,:, 1] is the first slice of a
3D tensor X along its third dimension.

e When slicing a TT core G, for brevity we will use G[i] to represent G[:, 1, :].
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COMPUTING MOMENTS VIA PCE TENSORIZATION 3

e Quantities like I,,, R,, or S, to denote tensor sizes, where n is the dimension
number. When giving asymptotic complexities, we sometimes omit the sub-
script to indicate we take the largest over all n, for example I := max,{I,}
and R :=max,{R,}.

e Our main accuracy metric is the relative error, defined as e(u,u) = ||u —
w||/||u||.- This metric also applies to general tensors, not just vectors.

e For any integer n, [n] denotes {1,...,n}.

2. Related Work. This work is part of an ongoing trend in tensor network
research that aims to exploit informed priors such as smoothness or sparsity for high-
dimensional regression and, in particular, to do so via predefined sets of bases, in this
case polynomials.

2.1. Polynomial Chaos Expansions. Let f : RY — R be an LZ-integrable
function that we wish to approximate, and let 9, ... ™) be families of orthog-
onal (in a sense discussed below) polynomials. A t¢runcated PCE of f is a linear
combination of multivariate polynomial-term products:

(2.1) f@) = f(z) = Yoo wa (@) 9l (@)

aef{0,...S—1}V

The wq, are the expansion weights and are usually fitted via some available training
data set (X,y) so that ||f(X) — y||2 is minimized. They can be learned by solving
the (usually overdetermined) linear system M(X) - w =y for w, where M(X) is the
so-called design matriz of the input feature matrix X. See Fig. 1 for two examples of
polynomial bases in N = 2 dimensions, where the product terms of Eq. 2.1 take the
form of S? bivariate dictionary patches.

The main challenge with Eq. 2.1 is related to the number of coefficients to be
learned, which grows exponentially as S~. This is not only a computational problem:
similarly to the so-called Runge phenomenon in 1D polynomial interpolation, PCE
expansions can suffer from overfitting if too many non-zero coefficients are chosen.

Fortunately, coefficient sparsity can be imposed in order to prevent such an expo-
nential blow-up of the number of degrees of freedom. For example, one may restrict
the coefficient search to subregions of the hypercube {0,...,S — 1}V, This is often
done in the form of total degree truncation, which bounds the sum of degrees of each
term « by a threshold: |||l < p. For instance, linear regression fixes p = 2. This
technique decreases the number of degrees of freedom, namely to (N ;‘f’ n 1) when p is
an integer. When this reduction is not enough, the more general hyperbolic truncation
enforces |la||, < p for ¢ in [0, 1]. Good values for hyperparameters p and ¢ that make
the model generalize best can be chosen via k-fold or cross-validation strategies. One
can also pursue sparsity in other ways, including LASSO, ridge regression, etc.

Parameter Distribution. The joint distribution p(z) of the input parameters
is another fundamental aspect of PCE modeling. In many settings, the N input vari-
ables are independent, i.e. their PDF is separable with p(z) = p1(z1) - -+ - pn(N)-
This is the case in experimental design, where the experimentalist is free to tune the
input parameters at will within a prespecified domain, often a rectangle @ C RY.
Independent variables are also a common assumption in variance-based sensitivity
analysis, particularly in the so-called method of Sobol [24]. Under independence,
choosing polynomial bases that are orthogonal to the parameters’ marginal distri-
butions makes it simple to compute useful statistics (mean, variance, etc.) that are
important in uncertainty quantification, for example to compute Sobol indices [25] or
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4 R. BALLESTER-RIPOLL
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Fig. 1: For N = 2 variables, bounding the degree by S = 5 along each dimension
results in a dictionary of S = 25 2D patches. When N > 2, truncation schemes are
needed to prevent exponential growth. The polynomial families shown here, Legendre
and Hermite, are orthogonal with respect to the uniform and Gaussian distributed
measures, respectively.

derived quantities of interest such as the dimension distribution [21]. This simplicity
no longer holds under parameter dependence but, even then, PCEs often converge
well and are at least useful for regression purposes [27].

2.2. Tensor Networks: Tucker, Tensor Train, and Extended TT De-
compositions. Tensor networks (TN) generalize low-rank matrix factorizations to
higher-dimensional (N > 2) arrays, or tensors. Suppose X is an N-dimensional tensor
indexed by integers 0 < i, < I, — 1 forn =1,..., N. Two of the most important
TNs are:

e The Tucker decomposition [7] writes

R
(2.2) X[i] ~ Y GrUW iy, ] - UM iy, ry]

r=1
where R = (Ry,...,Ry) are the Tucker ranks, G is the Tucker core, and

U® . UM are the Tucker factors.
e The tensor-train decomposition (TT) [17] writes

R
(2.3) Xli] ~ Zg(l)[mail, i) G ry 1, in, TN
r=1

where R = (Ry,...,Ry_1) are the TT ranks (Ry = Ry = 1 by convention)
and the g(1>, cery G are the T'T cores.

In this paper we make use of a combination of the Tucker and TT formats known

as extended TT [19, 23] (ETT), whereby X is encoded as per the Tucker format,

but the resulting Tucker core G is in turn represented in the TT scheme as N cores
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COMPUTING MOMENTS VIA PCE TENSORIZATION 5

Tensor . Einstein’s summation
Tensor algebra notation
network formula
Tucker Cx1 UD 5, UP x3 U® ijk,ai,bj,ck->abc
TT 6", g™ g¥) iaj, jbk,kcl->abc
ETT (61 %2 UMW GP x, UP GO %, U] | ixj,ax, jyk,by,kzl,cz->abc

Table 1: Representations of a 3D tensor X, in three different tensor formats. The
ETT format (used in this paper) combines the best properties of both TT and Tucker
formats: (i) linear size growth w.r.t. N; and (ii) interpretation in terms of an expan-
sion using N function bases.

G, ..., We write this compactly as [ xo, UM ... GV x; UM)]], where
X9 denotes the tensor-times-matriz product [12] of each TT core along its second
dimension. In order to approximate a function f(z) over a rectangular domain 2 =
[a1,01] X - - X [an, by] using the ETT format, we start out by discretizing coordinates

z into a uniform tensor product grid indexed by i: if a,, < x, < b, forn=1,..., N,
then 4, := round (% (I, — 1)) + 1. This is a common choice in the literature;

see e.g. [17]. Thus, f ~ X =~ [[M) x,, UM ... ¢V x, UM, Viewed from another
angle, this is essentially a discrete version of the so-called functional tensor train
(FTT) format [10].

The way tensor networks factorize an array can be written best by means of
the Einstein summation convention, which uses subindices and implicitly sums over
the indices that appear repeated. For example, a matrix product A = B - C be-
comes Ay, = Bg;Ci,, while a singular value decomposition A = UEVT is Ay, =
Uy Vy;. The latter can be written even more compactly as ‘ai,ij,bj->ab’ in
many modern data analysis and learning packages (NumPy, TensorFlow, PyTorch,
etc.). See Tab. 1 for example Einstein-like forms of ETT and its ingredients (Tucker,
TT) in the 3D case. For a more in-depth discussion of TNs and their role in data
analysis, signal processing and machine learning, we refer the reader to the survey
by [5].

A method related to ours was proposed by [8], which also compresses the set
of PCE coefficients in the TT format. However, they assume an adaptive sampling
scenario where arbitrary coefficients can be acquired on demand, which is the case
in their target application: approximating the solution of a stochastic partial differ-
ential equation (PDE) via the Galerkin method (a so-called intrusive method). A
non-intrusive version that aims to approximate general black-box functions was con-
sidered by [4], but it still requires arbitrary sampling. Our approach, in contrast,
pursues general black-box regression of a fized, usually scarce set of points X and
their corresponding groundtruth values y. To cope with limited data availability, we
induce sparsity via robust sparse regression techniques (hyperbolic truncation and
LARS) before tensor compression.

3. Proposed Pipeline. We propose to estimate statistical moments using a
three-step procedure:
1. Choose polynomial bases ™), ... (V) that are orthogonal w.r.t. the mar-
ginal distributions of & and learn a sparse set of PCE weights w,, that regresses
values y using features X over these bases. See Sec. 3.1.
2. Cast the sparse tensor w, into a TT tensor representing the hypercube of
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6 R. BALLESTER-RIPOLL

PCE coefficients, discretize the axes of x1,...,xy, and sample the bases on
these points to form Tucker factors. Together, they form an ETT regressor
that approximates the target function f. See Sec. 3.2.

3. Compute the desired higher-order moments out of that T'T tensor by apply-
ing the necessary operations (sum, Hadamard product) in the compressed
domain. See Sec. 3.3.

3.1. Sparse PCE Fitting. Learning PCE weights is a standard and well-
studied problem in the literature. First, for each dimension n, we employ the Gram-
Schmidt orthogonalization process to find polynomials 9™ = (z/)én), cee g”_)l) that
are orthogonal w.r.t. the n-th marginal distribution p,(z,) [29]. Once all bases are
found, we assemble the column-truncated design matrix M(X)[:, H], where H := {a €
{0,...,Snv-1}]||laflg < p}, and we find a least-squares solution for M(X)[:,H] - w =y
using the LARS algorithm [27]. LARS efficiently generates a coefficient path that con-
tains the optimal solution for different regularization strengths. We pick the solution
that maximizes the model’s performance over a validation data set. See Alg. 3.1.

3.2. Sparse PCE to ETT Conversion. The Tucker decomposition (Eq. 2.2) is
a discretized analog of the PCE formula (Eq. 2.1) where the hypercube of SV weights
acts as Tucker core G while each polynomial basis ¥("), evaluated over I,, points in
the interval (a,,b,), becomes the factor matrix U™, By compressing the core G
into a low-rank TT, we produce an ETT tensor [[G1) x, UM ... GV x, UMW
that approximates function f over the grid. If S, is the number of polynomial basis
elements for dimension n and I,, is the tensor grid size along that dimension, factor
matrix U™ has shape I,, x S,, while core G(™ has shape R,,_1 x S,, X R,,. Therefore,
the format needs to store a total of O(NSR?) + O(NIS) coefficients only, down from
the initial IV of the original tensor. Fig. 2 shows an example ETT representation for
a (53)-sized input tensor using S,, = 3 basis functions per dimension n and TT ranks
R, =4.

Fig. 2: When compressed in the ETT format, a 3D tensor has three cores GV, G
and G, each of which is a 3D tensor, and three factor matrices UM, U®) and U®).
In this example, the tensor’s spatial dimensions are Iy = I = I3 = 5, its TT ranks
are Ry = Ry = 4, and its Tucker ranks are S; = Sy = S3 = 3. We use the cores to
encode sparse PCE weights, while the factors store discretized PCE basis functions.

Crucially, thanks to the hyperbolic sparsity constraints imposed on the PCE
weights (step 2), modest TT ranks R, are often enough to attain a high accuracy
in step 3. The set H of valid hypercube entries restricts learning to weights that lie
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COMPUTING MOMENTS VIA PCE TENSORIZATION 7

q
040506 |07 |08 | 09 1.0

N. of non-zero weights C' | 51 | 96 | 186 | 441 | 801 | 1191 | 3003
Max. TT rank (ones) 2 3 4 5 6 7 6
Max. TT rank (random) | 2 7o 12 | 17 | 22 31 42

Table 2: Non-zero weights after hyperbolic truncation (N = 10 variables and varying
q) and TT ranks after compression with threshold relative error ¢ = 10~%. The
threshold is p = 5.5 in all cases. Even when weights are chosen at random (bottom
row), the hyperbolic region structure keeps the required number of ranks low.

close to corner (0,...,0) of the hypercube, and fixes all other weights to 0; see Fig. 3
for two examples in 3D. In turn, the low TT ranks enable efficient post-processing, in
particular the method for computing order three and four moments.

C = 35 degrees of freedom C = 22 degrees of freedom

vy’

w:(f)
$§Y
v

¥5Y

(a) Total degree truncation (¢ = (b) Hyperbolic truncation (g
Lp=5) 0.6,p = 6)

Fig. 3: Two weight truncation examples for N = 3 variables. The set of surviving
coefficients is well structured and always contains the origin.

Note that, in general, sparsity alone does not automatically mean a good low-rank
approximation exists; for instance, a superdiagonal tensor (having, say, C' ones along
the superdiagonal and zeros elsewhere) has TT rank equal to C. Such a high rank
drives the total number of TT elements to O(NSC?) + O(NIS), which can become
already problematic if, say, C' > 100 (in the applications we will show in Sec. 4, the
best values of C often exceed 500). In contrast, we show that hyperbolic truncation
imposes a highly structured arrangement of the set H of non-zero coefficients, leading
to tensor ranks that grow very mildly with respect to C. See for example Tab. 2,
which shows moderate resulting ranks for N = 10 input variables and varying levels
of ¢, even when the weight values to compress are chosen at random.

We tackle the actual compression step with a sparse variant of the TT-SVD [17],
the most popular algorithm for the TT decomposition. The original algorithm relies
on computing the left singular values of a sequence of matrices {Vn}N —!, each of

n=1>
which has shape SR,_; x SN¥~". These matrices can be prohibitively wide if stored

This manuscript is for review purposes only.
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8 R. BALLESTER-RIPOLL

in a dense form, but in fact they are column-sparse in our case (that is, most of their
columns are zero). Our algorithm is identical to standard TT-SVD, with just two
modifications:

e Instead of finding the SVD of V,,, we compute the leading eigenvectors of
V,. VI which has shape SR,,_1 x SR, _1 (i.e., much smaller than V). Al-
though this form of computing left singular vectors can be less numerically
stable than the SVD, the effect is negligible at the accuracy levels employed in
our applications (e > 107%). The asymptotic cost of the eigendecomposition
is O(S3R3).

e We store V in a sparse matrix format; this way, V,, VI can be assembled
efficiently. If Z = |H| is the number of non-zero PCE weights to be com-
pressed, then V,, has at most Z non-zero columns, and the cost of computing
the sparse matrix product is O(S?R2Z).

All in all, after processing the full sequence V,, for n =1,..., N — 1, the overall
cost for this sparse TT-SVD is O(NS3R?) + O(NS?R?Z).
The complete pipeline details are shown in Alg. 3.1.

Algorithm 3.1 Proposed pipeline to build a sparse PCE interpolator and convert it
to the ETT format.

Input: Data (X,y), hyperparameters p,q, relative error €, parameter bounds
(a1,b1),...,(an,bn), and grid sizes I1,...,In
Output: An ETT that regresses the target function on a discretized grid
forn=1,...,N do

» (™ := polynomial basis that is orthogonal w.r.t. marginal distribution

Pn(Zy), built using the Gram-Schmidt orthogonalization process

// Evaluate 9(™)’s functions on the n-th dimensional tensor grid points to form

the n-th factor matrix:

fori=0,...,I, do

forj=0,...,|p] +1do
> Ui, ] = o (an + 725 - (b — an))
end for

end for
end for
» Split the available data into training and validation: X = X¢;ain U Xyal
» Select coordinates that satisfy the hyperbolic condition H = {a : ||a|q < p}
» Assemble training and validation design matrices with columns restricted to H:
M (Xirain)[:> H] and M (Xyal)[:, H]
» Find the LARS coefficient path for the LASSO minimization problem: w, :=
arg min,, {1/(2 - nsamples)||ytrain — M(Xerain)[5, H] - w||3 + afJw]]1 } for many val-
ues of «
» Select an « that minimizes validation error: arg min,, ||M(Xya)[:, H]-Wao —Yvalll
» Retrain at regularization strength « over the entire data set X to find the final

weights w
» Let S be a sparse tensor with non-zero entries H and values w
» Compress S into a TT tensor [[G1), ... GV at error € using the sparse TT-

SVD algorithm
return ETT tensor 7 = [[G() xo UM ... GIV) x, UW]]

For illustrative purposes, Fig. 4 displays the learned PCE coefficients for the
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synthetic 2D function proposed by [14], which is defined as
1
f(z1,20) = 5 ((30 4 5 sin(5z1)) - (4 + e~ %) — 100)

with inputs uniformly distributed on the square [0,1]2. We also show the resulting
response surface after running the entire Alg. 3.1.

0.1835

U B2 P gD g2 g2

o 4.135 :
S B 0.1376
o 7 & 8 =
1 ) <
. 2068 3 ¢ 5
V2 G o s 0.0018 £
o s E
N % 0000 8 2 g
e : ®
vi 7 Z % 0.0459
e /
¥s / 7 A —92.068 0.0 0.0
e ’ 0.6 04027
6 7/ 00 2, 08 0.8 06
e / 1.0 1.0 ™ T 0.0000
s
—4135 " (b) Final interpolator in the ETT format (rank
(a) Sparse PCE coefficients 3)

Fig. 4: Left: PCE coeflicients learned by least angle regression (LARS) for the 2D
test function proposed by [14] with 100 training samples. Grayed-out entries were
discarded by the hyperbolic truncation step (p = 8,¢ = 0.6). Right: learned surface
f after tensor conversion, color-coded with its point-wise absolute error. The learned
PCE coeflicients tend to be highly structured and therefore well compressible; in this
example, a rank R = 3 made the tensor conversion incur only € = 0.0005 error.

3.2.1. Hyperparameters. Both p and ¢ can have a significant effect on the
accuracy of the final regressor. Higher values of p and/or ¢ carve larger hypercube
regions of allowed non-zeros, which in turn encourages LARS to increase the reg-
ularization strength and makes the algorithm more computationally expensive. In
practice, it is best to fit p and ¢ using a hyperparameter tuning algorithm. Regarding
eand Iy, ..., Iy, they have little influence as long as they are low (resp. high) enough.
We used ¢ = 107% and I; = ...Iy = 512 in all our applications, which seem to be
good default values (increasing the resolution beyond 512 did not lead to noticeable
differences in accuracy).

3.3. Moment Computation. Suppose we want to find the K-th raw moment
of any tensor 7 over a distribution P. We have that E[T%] = Y (PTX). If we define

Ti:=TP
3.1
31) {%:m:m:ﬁ
then
K
(3.2) E[T*] =) M where M := [[ Ti.

k=1

This manuscript is for review purposes only.
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10 R. BALLESTER-RIPOLL

Next, we will give an algorithm to compute Eq. 3.2 for any general sequence of TT
tensors Ty, ..., Tk of the same shape.

Let each 7 have TT cores [[77@(1)’ . ,E(N)]] and TT ranks ng), . ,Rg{fll >

1, R(()k) = Rg\];) = 1. To compute Y M we will first use the observation [17] that the
product M is given by the Kronecker product of the respective core slices for any
entry :

(3.3) <® T ) <® Ty )

Second, note that for any TT tensor X = [x(1) ... X(M)]], the sum of its ele-
ments can be obtained [17] as

(3.4) da=1]] (Z X<n>[¢]> :

n=1 \i=1
Putting Egs. 3.3 and 3.4 together, we have

N I,

(3.5) S M= HZ@TW

n=1i=1 k=1

By computing the product of Eq. 3.5 from right to left, we can write > M = u(®)
with the following recurrence:
(3.6)

u(n . (Z@T(n) ) (n+1) _ Z[<®Tn) >‘|,u,(n+1)7 forn=N,...,0
i=1 k=1 i=1
and MY = (1).
Last, we speed up the computation of each n-th summand in the r.h.s. of Eq. 3.6
by rewriting it as follows:

(3.7) <®7’ >u<n+1>—vec(u<n+1 iy T []x2-~-><K7}(<”)[i])7

where 2 (1) is the result of reshaping u("*1) into a tensor of shape Rg,l) X+ X R%K).

To see why Eq. 3.7 holds, consider the matrix identity

(3.8) (B ® A)vec(X) = vec(AXBT),

which generalizes to the tensor case as

(3.9) (A ® - @ Aj)vec(X) = vec(X X1 Ay X9+ X Afk).

See the survey by Kolda and Bader [12] for a closely related formula.

Thanks to Eq. 3.7 we can avoid the expensive Kronecker product of the Lh.s.,
which requires O(R*X) operations, and instead use a TTM with cost O(K RE+1).
This yields a critical speed-up for the proposed method. After iterating over all
slices 1,...,I, for all dimensions 1,..., N and accounting for the cost of comput-
ing Aq,..., Ak, the total asymptotic cost for our moment computation of order K
becomes O(NIKRE+Y) + O(NIR2%S).

See Alg. 3.2 for a summary of the algorithm just presented, applied to compute
the raw moment of an ETT tensor under independently distributed variables.

This manuscript is for review purposes only.
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Algorithm 3.2 Computing the K-th raw moment from an ETT tensor where the
variables are independently distributed

Input: An ETT tensor 7 with cores [[G(V) xo UM ... GIV) xy UM)]] approxi-
mating f(z); a separable T'T tensor P with cores [PV, ... P(N)]] approximating
the distribution p(x)
Output: the K-th raw moment E[TX] = Y (PTK)
» U =ones(l x---x 1) // K dimensions
forn=N,...,1do
» V =zeros(R,-1 X -+ X R,_1) // K dimensions
fori=1,...,1, do
» M =G x, (UM[i,:]) // Has shape R,_1 x R,
>V =V+PMIi] - (U x; M xy--- xg M) // P has rank 1, so P"[i] is a
scalar
end for
»U=YV
end for
» // U has now shape (Ro)X = 1K
return scalar(lf)

309 4. Experiments. In this section, we demonstrate numerically the usefulness of
310 the proposed algorithms as compared against several alternatives.

311 4.1. Software and Models. We have implemented and released the proposed
312 method as part of the Python/PyTorch tensor network library tntorch. We use the
313 library scikit-learn for the LARS regression step, and Optuna [1] with its default Tree-
314 structured Parzen Estimator for hyperparameter optimization. We set a memory limit
315 of 20MB for the PCE fitting step when optimizing hyperparameters, i.e. we discard
316 combinations of p and ¢ that yield a design matrix above that size. We considered
317 three models that are well established in the uncertainty quantification literature and
318 have independently distributed variables:

319 o Welch 1992: a 20-dimensional function [28] defined as:
_ O%T12 2 3
f(.’l,‘) =1 ps + 5(‘%4 — {EQ()) + x5 + 40%19 — 5219 + 0.0524
1
520 (4.1) +0.085 — 0.03z + 0.0327 — 0.09z¢ — 0.01z19 — 00721,
+0.252%5 — 0.04z14 + 0.06715 — 0.01217 — 0.03z 18
321 where all inputs are independently distributed over the rectangle [—0.5,0.5]%C.
322 e Piston: a 7-dimensional function modeling the cycle time C of a piston within
323 a cylinder [3]:
M
C(M, 8, Vo, k, Py, Ta, Tp) = 27 m7
324 (4.2) 5 0 ’
V=5 (/42 + kBT, - )
where 2k * To
A= P)S+19.62M — £
325 with uniformly distributed inputs over a rectangle in R”; see [3] for all details.
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e Dike: an 8-dimensional function modeling the cost C' (in millions of euros)
caused by a flood overflowing a dike [13]:

C(Qvaa Zva va Hd7 Cba L7 B) =

H
Isso+ Ls<o (0.2 +0.8(1 — e‘1000m4/54)> +0.05min(—2, 8)
(4.3) - m

where S =27, + H — Hy— Cy and H =

3/5
Q
(BKS,/(Zm - Zv)/L> ’

Unlike the previous examples, the Dike’s inputs are not all uniform but also
include triangular, Gumbel, and normal marginal distributions [13].

For each model and number of samples, we used Bayesian optimization to select
the best hyperparameters p and ¢ (out of 100 trials) over ranges 1 < p < 10 and
0.25 < ¢ < 1. The LARS regularization strength was automatically chosen in each
case as the best performing value among the entire coefficient path, as measured over
a 30% validation split. Unless stated otherwise, we use TT-SVD compression relative
error ¢ = 10~* and tensor grid size I = 512 in all experiments.

4.2. Regression Accuracy and Speed. We first report the relative error
| T (X a1l —vatll/[[Yvar ||, where T is the tensor we learned, Xa is a matrix of ny, = 10%
validation samples, and yya1 = f(Xya1) are the corresponding groundtruth values. Re-
sults are shown in Fig. 5, where we see that the conversion to ETT format leads to a
small (often negligible) increase in error over the underlying sparse PCE expansion.

A, =170

—e— Sparse PCE

Sparse PCE
ETT

—8— Sparse PCE
ETT L5

ETT

N AM,\ /, V\ /,\‘ L,

9 H F25

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
N. samples N. samples N. samples

(a) Welch 1992 model (b) Piston model (¢) Dike model

Largest rank
Largest rank

7/ \

. o o\,
o g-0-00%¢ [ 3.0

"

Fig. 5: Regression relative error for each model and varying number of samples,
computed over a validation set of size ny, = 10’000 for both the PCE regressor (blue
line) and its conversion to the ETT format (orange line). In each case, the validation
samples were drawn at random according to the joint PDF p(z). The largest tensor
rank is shown in red.

For comparison, we consider cross approzimation (CA) [18], an algorithm that can
learn a TT tensor out of a black-box function by evaluating it on a set of adaptively
selected samples. Fig. 6 reports error results for CA-learned regressors of our three
target functions. Although the number of ranks is often less than that of sparse PCE
(red line in Fig. 5), CA requires many more samples to attain an equivalent validation
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I
=
Largest ran|
| =
|
S & o=
Largest rank

log,(Validation relative error)
log,(Validation relative error)

00 05 10 15 20 25 0 2 4 6 8 0 2 1 6 8
N. samples x107 N. samples x10° N. samples x10°

(a) Welch 1992 model (b) Piston model (¢) Dike model

Fig. 6: We show the cross-approximation regression validation error (estimated with
Nyal = 10’000 samples) and largest resulting rank using different numbers of training
samples. Note that CA requires much more training data than sparse PCE to attain
a comparable error.

error. In addition, it needs to select its training samples, whereas PCE can be learned
from any given training set.

Fig. 7 depicts the best p and ¢ values found by the hyperparameter tuning step
in our method. Note that, in general, they are inversely correlated.

Best p

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
N. samples N. samples N. samples

(a) Welch 1992 model (b) Piston model (¢) Dike model

Fig. 7: Best values for p and ¢ in the sparse PCE learning step (Sec. 3.1) for varying
number of samples, found using Bayesian hyperparameter optimization with 100 trials.

We also conducted time measurements (Fig. 8). The proposed tensor compres-
sion step consistently took under two seconds across our experiments. This was in all
cases half or less of the total processing time (not accounting for PCE hyperparam-
eter optimization), which is mostly dominated by assembling the design matrix and,
especially, the LARS regression step.

Next, we report in Fig. 9 the number of PCE and tensor-compressed coefficients.
Note that the latter is sometimes larger than the number of training samples. This
does not mean overfitting occurred: the learned PCE weights inhabit a large sparse
tensor, and their positions, not just their values, carry relevant information. For
example, storing 100 non-zero weights in an 8D sparse tensor in a non-compressed
form would require 100 + 100 - 8 = 900 elements. The compressed tensor needs to
spend coefficients to capture that structure.

4.3. Statistical Moments.
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14 BB Conversion to TT-Tucker M Conversion to TT-Tucker 2.0 B Conversion to TT-Tucker
BN PCE+LARS 84 BN PCE+LARS BN PCE+LARS
12
15
1.01 6
2 08 - e
£ g £ 1.0
= 0.6 =4 =
044 ) 0.5
0.2
0.0 04 0.0
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
N. samples N. samples N. samples
(a) Welch 1992 model (b) Piston model (¢) Dike model

Fig. 8: Training time broken down into PCE fitting time (in blue) plus conversion
time into the ETT format (red). The times in blue do not include the fine-tuning of
the PCE hyperparameters p and g. Each result is the median of 5 independent runs.

I 12001 400

N. PCE coefficients

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
N. samples N. samples N. samples

(a) Welch 1992 model (b) Piston model (¢) Dike model

Fig. 9: Number of non-zero PCE (in blue) and TT core (in orange) coefficients learned
in each case. Each result is the median of 5 independent runs.

4.3.1. Sensitivity to € and I. Figs. 10 and 11 show the accuracy dependence
on the TT-SVD error tolerance € and grid resolution I, respectively. We used n¢yain =
500. Values € := 10~* and I := 512 serve as good default choices as they already yield
estimation relative errors in the order of 107°.

4.3.2. Comparison with Monte Carlo. Estimations for raw moments one
through four are reported in Fig. 12 for both our method and MC as a baseline.

4.3.3. Comparison to Direct PCE Moment Computation. Given a rep-
resentation of a function, one may exactly obtain its K-th order moment by directly
expanding the expansion terms into a sum of K-tuple products; for example, for
K=3:

3
(44) ]E[fg] =E (Z wad’a) = Z wawﬁwny [ﬁ’a"/)ﬁw’y] .

acH a,ByEH

This approach is problematic for K > 3 because of the fast increase in the number
of terms and because basis orthogonality does not simplify the expansion (as happens
for K = 2). For example, finding the fourth moment of a 100-coefficient expansion
would require computing 100* = 10® expectations. The PCE expansions for the
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Rel. error
Rel. error

1071 1072 1073 1074 105 107! 102 103 101 107° 107! 102 103 1074 10°°
Tensor compression ¢ Tensor compression ¢ Tensor compression ¢

(a) Welch 1992 model (b) Piston model (¢) Dike model

Fig. 10: Relative accuracy of moments of order up to 4 as we decrease the error
tolerance € for the sparse TT-SVD step. We keep I = 512 and n4rain = 500 constant.
As a baseline we use the moments obtained at e = 1076.

10714

—®— Order 1 —®— Order 1 —®— Order 1
. ~o— Order 2 —®— Order 2 ~— Order2
10 —®— Order 3 1074 —o— Order 3 —8— Order 3

—8— Order 4 —8— Order 4 10774 ~8— Order 4

Rel. error
Rel. error
Rel. error

10-64

1070 5
10774 10774
10774 T T T T T T T T T T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
Grid size T Grid size T Grid size T
(a) Welch 1992 model (b) Piston model (¢) Dike model

Fig. 11: Relative accuracy of moments of order up to 4 as we increase the grid
resolution I. We keep € = 10™* and niain = 500 constant. As a baseline we use the
moments obtained at I = 2048.

models considered in this paper are typically well above 100 or even 200 coefficients
(Fig. 8), which renders this direct method non-viable for all but a minority of cases.

4.3.4. Comparison to Other Tensor Decomposition Methods. Given an
ETT tensor T, we support the value of Sec. 3.3’s method for computing its K-order
raw moment by comparing it to two alternatives:

e We use cross-approximation to learn a new TT tensor that approximates 7%
elementwise. Then, the raw moment equals > (P - TX).

e Novikov et al. [16] give an algorithm to approximately compute > 71, Tk
for any list of TT tensors. It relies on a sequence of products between a tensor-
times-matrix (TTM) and a TT tensor and it rank-truncates the intermediate
result at each step. We apply it to the tensors (P, T,---,T), where T appears
K times, and use a relative error threshold of 10~ for the rank truncations.

Results are reported in Tab. 3. While all three methods are approximate, they all
agree with each other to multiple digits of precision; ours is consistently the fastest.

4.4. Updating Variables’ Distribution. Having polynomial bases that are
orthogonal with respect to the inputs’ distribution is a paramount requirement of
several PCE post-processing algorithms —for instance, those that efficiently obtain
the Sobol indices of a PCE model [25]. If two functions f and g admit expansion
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(c) Dike

Fig. 12: Relative accuracy of moments of order up to 4 and increasing number of
samples for both MC and the proposed method. As baseline we use MC at 107
samples.

weights {tug Yacr and {va Jacg With the same orthogonal bases ™), ... ™) wr.t. a
distribution p(z), then their dot product over Q and measure p equals simply (f, g) =
S werng Uava: In particular, we have [[f]| = |[{ta}acr|l and lgll = [{vataco|-
When the weights are sparse, this allows for efficient computation of two important
quantities of interest:

e The variance of any function f(x).

e The covariance and L? distance between a pair of functions f(z), g(z).

As attested in the literature, these operations allow for several useful applications
in sensitivity analysis, dimensionality/model reduction, visualization, etc. Unfortu-
nately, as argued in Sec. 1, orthogonality is lost as soon as one changes the input
distribution (as it is desirable in e.g. importance sampling) or domain —as is the
case if one wishes to, say, find a model’s variance over some rectangular subregion )’
within the original domain €.
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Moment Time
Cross TTM Ours Cross TTM Ours
Order

2 5.135093  5.135339  5.135584  34.735191  2.490366  0.082438
3 13.199483 13.141907 13.141766 35.014597  5.761072  0.162104
4 78.631409 80.084427 80.087517 39.572971 21.888931 0.874509

(a) Welch1992. PCE hyperparameter tuning and learning took 19.165s, p = 4.386, ¢ = 0.566,
low-rank compression took 0.354s, largest rank = 13.

Moment Time
Cross TTM QOurs Cross TTM Ours
Order

2 0.233647 0.233646 0.233647 10.274744 0.851440 0.089289
3 0.127622 0.127620 0.127623 14.466701 3.188387 0.132181
4 0.074896 0.074891 0.074897 13.483672 7.380891  0.480626

(b) Piston. PCE hyperparameter tuning and learning took 16.132s, p = 5.419, ¢ = 0.910,
low-rank compression took 0.270s, largest rank = 14.

Moment Time
Cross TTM QOurs Cross TTM Ours
Order

2 0.416517 0.416518 0.416518 5.030414  0.642504 0.109994
3 0.269206 0.269204 0.269206  7.515483  0.762552 0.047809
4 0.174170 0.174146 0.174170 12.848080 3.509272 0.126049

(c) Dike. PCE hyperparameter tuning and learning took 20.154s, p = 6.542, ¢ = 0.647,
low-rank compression took 0.054s, largest rank = 9.

Table 3: We learn a sparse PCE for each model and convert it to low-rank ETT (more
details in each subcaption). Then, we obtain moments of order two to four with our
method (Alg. 3.2) compared against two alternatives: cross-approximation [18] and
an algorithm based on tensor-train matrices (TTM) [16] using € = 10~* for its rank
truncation steps.

406 In contrast, any distribution change p’ # p can be handled easily using the pro-
407 posed representation. Let 71,72, and P be TT tensors approximating two functions
108 and their inputs’ distribution, respectively, over a grid domain 2. Let P’ represent
109 an updated distribution. Then,

410 (4.5) Ey[TiTs] = (P - Ti,Tz)

411 where (-,-) and - denote the dot and element-wise product of two compressed ten-
412  sors, respectively. Both operations can be efficiently and exactly accomplished in the
413 compressed domain: the dot product is computed by successive tensor contractions,
114 while the element-wise product arises from Kronecker products of TT core slices, as
115 we used in Sec. 3.3. Assuming the input variables & are independently distributed,
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Vary [f]  Time N. coef.

MC 0.902 152.639 N/A
Retraining 1.119 0.157 53
Ours 0.904  0.00888 3.323-10*

(a) Welch 1992

Vary [f] Time N. coef.

MC 0.00466  46.974 N/A
Retraining 0.00322  0.228 55
Ours 0.00462 0.0183 2.075-10*

(b) Piston
Vary [ f] Time N. coef.
MC 1.539-10~*  55.104 N/A
Retraining 1.113-107%  0.0272 16

Ours 1.545-10"%  0.00298 1.54-10*

(c) Dike

Table 4: Once an ETT tensor is learned for input variables’ distribution p(z), we can
efficiently compute the variance on any updated distribution p’(z). This is both faster
and more accurate than retraining the regressor. The MC variances were estimated
using 10® samples.

the PDF is separable and, therefore, P’ can be represented exactly with tensor rank
1. In this case, computing Eq. 4.5 takes O(NIS) + O(NSR?) operations only.

Tab. 4 shows the variance on an updated region Q' which is a subregion of : for
n=1,..., N, we choose the new bounds as (a,,b},) := (an + (b — an)/8,bn — (b, —
an)/8). We compare three methods: Monte Carlo; retraining a new PCE expansion
that is orthogonal w.r.t. the new distribution; and Eq. 4.5 on the tensor originally
learned with our method. The training dataset consisted of 10 samples. Not only is

the latter method more efficient, but it also leads to more accurate results.

5. Conclusions. We proposed a moment computation algorithm that deepens
the connection between two related fields: polynomial chaos and tensor networks.
Instead of explicitly working with the sparse set of PCE coefficients found after hy-
perbolic truncation and LARS regression, we first organized them in a compressed
form, namely the ETT decomposition. This step exploits the structure of the PCE
weights found by the truncated LARS scheme and takes around half (often less) of
the overall learning time. The proposed representation is amenable to various post-
processing operations; in this paper we showed how to calculate higher-order statistical
moments from it by performing all relevant operations (summation, elementwise prod-
ucts) efficiently in the tensor compressed domain. We argued that such operations
are applicable for any distribution of the model variables, as long as the distribution
can be encoded in a low-rank tensor of its own.
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Note that the tensor regression step could be replaced for a different one — one
could use methods such as Gorodetsky et al.’s [11] for a fixed training set, or cross-
approximation if one is free to sample new function evaluations at will. In any case,
the proposed pipeline is a useful addition to the toolbox of PCE practitioners that
wish to estimate moments based on their models.

An obvious limitation of our method is its dependence on successful and affordable
PCE interpolation, which places a fundamental constraint on hyperparameters p, g,
and especially on the dimensionality N of the target function. In other words, the
larger the N, the lower p and/or ¢ need to be for the design matrix M(X) not to
exceed available computer memory. In turn, these constraints may negatively affect
the accuracy of the resulting model. In the future, we will explore further ways
to bake the sparsity ansatzes exploited in this paper (hyperbolic truncation, LARS
feature selection and regression) into the ETT computation, in the hope of bypassing
such dimensionality limitations.
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