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Abstract—The alternating current optimal power flow
(ACOPF) problem optimizes the generation and the distribution
of electric energy taking into account the active and the reactive
power generation limits, demand requirements, bus voltage
limits, and network flow limits. The ACOPF problem can be
formulated as a non-convex polynomial program that is generally
difficult to solve due to the non-linear power flow constraints.
A recently proposed approach to globally solve the ACOPF
problem is through the formulation of a hierarchy of semidefinite
programs that are computationally challenging to solve for large-
scale problems. In this paper we explore a solution approach
that alleviates this computational burden by using hierarchies of
linear and second order programs and by exploiting the network
structure of the transmission grid. Furthermore, we show that
the first level of the second order cone hierarchy is equivalent
to solving the conic dual of the approximation that was recently
proposed in the literature, which provides the optimal solution
of the ACOPF problem for special network topologies.

Index Terms—AC optimal power flow, polynomial program-
ming, second-order cone programming

I. INTRODUCTION

he Alternating Current Optimal Power Flow (ACOPF)

problem is a challenging optimization problem in power
systems. Several optimization methods have been devised to
efficiently solve different variations of this problem. However,
the ACOPF problem continues to be challenging. This is
mainly due to the large-scale size of real systems and the
nonlinearities and the nonconvexities in the underlying for-
mulation.

One solution approach that has been actively investigated
to address the global solution of the ACOPF relies on refor-
mulating the problem as a polynomial program (PP); that is
an optimization problem whose objective and constraints can
be written in terms of polynomials on the decision variables.
Then, a hierarchy of semidefinite programming (SDP) [3]
relaxations can be used to obtain globally optimal solutions
under mild conditions [7, 11, 18, 19]. This hierarchy of SDP
relaxations is based on the seminal work of Lasserre [14], who
showed that SDP relaxations based on sum of square (SOS)
polynomials can provide global bounds for a general class
of PPs. However, the associated SDP relaxations are com-
putationally expensive and thus, even using the hierarchy’s
low-order relaxations to approximate large-scale PPs like the
ACOPF becomes computationally intractable in practice [16].
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To improve the computational performance of the SDP
based hierarchies, prior work has focused on exploiting the
problem structure through sparsity [13] and symmetry [6],
improving the relaxation through the generation of valid
inequalities [9], and more recently through devising more
computationally efficient hierarchies based on the use of
linear programming (LP) and second-order cone programming
(SOCP) relaxations of the problem of interest. In particular,
consider the work of [2, 8, 23] base on the use of polynomial
programming techniques, as well as the work of [12] based
on the SOCP approximations of the sinusoidal terms in the
ACOPF formulation.

Rather than using the computationally expensive SDP hi-
erarchy, in this paper we explore the use of LP and SOCP
hierarchies for solving the ACOPF problem and show that
the SOCP approach that is proposed in this paper can be
used to obtain strong bounds for ACOPF within limited
computational time. Furthermore, we show that the first-order
SOCP hierarchy obtained by weakening the more common
hierarchy of SDP relaxations for this problem is equivalent
to solving the conic dual of the SOCP approximations of
ACOPEF that have been recently proposed in [4, 10, 25], which
provide the optimal solution of the ACOPF problem for special
network topologies. In turn, the SOCP hierarchy approach
provides a natural hierarchy of increasingly stronger SOCP
approximations for the ACOPF problem.

The remainder of the article is organized as follows. We
briefly introduce PPs and discuss the construction of hier-
archies of tractable conic programming [3] relaxations for
them in Section II. The application of the proposed LP and
SOCP based hierarchies to the ACOPF problem is discussed
in Section III. Finally, Section IV provides concluding remarks
and future research directions.

II. PRELIMINARIES

In this section, we first introduce the notation that will
be used throughout the paper. We then present the general
approach in [2, 14] for solving a polynomial program (PP) by
solving a hierarchy of tractable conic programming relaxations
of the problem [3]. Let Ry[z] := Rglx1,...,2,] be the set
of polynomials in n variables with real coefficients of degree
at most d. Also, given any G C Ryz], let Sg = {x € R™ :
g(x) > 0,Yg € G}. We define

k

SOSy = {Zpi(x)Q cpi(z) € Rylz], k € Z+} :
i=1

as the cone of sum of square polynomials in z of degree

at most 2d. For any S C R", let P4(S) be the cone of
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polynomials of degree at most d that are non-negative over the
set S. We consider the following general primal polynomial
program,

min  f(z)
st gi(x) >0,i=1,...,m.
After letting G = {g;(z) : ¢ = 1,...,m}, and using duality,

problem (PP-P) can be equivalently rewritten as a conic
program [9]:

(PP-P)

max A
st fz) — X e Pa(Sg).

In general, solving problem (PP-P) is NP-hard [21]. Prob-
lem (PP-D) is a (linear) conic program whose complexity is
captured in the cone Py(Sg), which is not tractable in general.

Consider a tractable convex cone M 4(Sg) C Py(Sg), then
the following convex program

(PP-D)

max A
st f(x) — X e My(Sg)

will provide a lower bound for (PP-D), and hence a lower
bound for (PP-P). The choice of the tractable cone My(Sg)
is a key factor in obtaining good approximation bounds
for (PP-D), and in turn (PP-P).

In his seminal work, Lasserre [14] proposed a hierarchy that
builds up a sequence of SDP relaxations for (PP-D) by letting
Ma(Sg) = Kf in (PP-M), where

(PP-M)

m
K5 ={p(x) € Rala] : p(x) = so(a) + Y si(2)gi(x),
i=1
so(x) € SOS,, si(x) € SOS, _deg(g:) }+
and r > d. The corresponding optimization problem is

max A

m

st. f(x) — X\ = so(z) + Z si(x)gi(z),

so(z) € SOSy, 5i(x) € SOS,_deg(g:)-

(PP-SOS,)

The hierarchy of problems (PP-SOS,) converges to the
global solution of (PP-P) under some conditions related to
the compactness of the set Sg, thanks to the fact that in such
cases ICE — Py4(Sg) as r — oo [14]. However, as r increases,
the size of the positive semidefinite matrices required to
reformulate (PP-SOS,.) as a SDP increases exponentially. As
a result, this approach is computationally expensive for large-
scale problems and even for small-scale problems that require
high levels of the hierarchy to obtain good approximations for
the optimal solution.

Ahmadi and Majumdar [2] recently proposed a restriction of
the SOS condition to address the computational shortcoming
of the SDP based hierarchies, which is done by introducing
the use of diagonally dominant SOS (DSOS) polynomials
and scaled diagonally dominant SOS (SDSOS) polynomials
instead of SOS polynomials in (PP-SOS,.).

Definition 1 (DSOS polynomials [2]). Let J be an index set,
m;(z) € Rylx] be a monomial in x € R™ for all i € J, and

2

@i, Bij € Ry for all i,j € J, then m;(x) = Y, aymi(x)* +
> Bij(mi(x) + m;(z))? is a diagonally dominant sum of
square (DSOS) polynomial in Raoglx).

Equivalently, DSOS polynomials can be defined as those
that can be constructed from a diagonally dominant (DD)
matrix. Namely, let z(z) be a vector with the monomials
m;(z) for all i € J, and Q € RIVI*IYI be a (symmetric)
DD matrix, then p(x) = 27 (2)Qz(x) is a DSOS polynomial.

Definition 2 (SDSOS polynomials [2]). Let J be an index set,
m;(z) € Rylx] be a monomial in x € R™ for all i € J, and
i, B, Bj € Ry for all i, j € J, then p(z) =Y, cpmi(x)* +
> (Bimi(x) £ Bim;(x))?, is a scaled diagonally dominant
sum of square (SDSOS) polynomial in Raoglx].

Equivalently, SDSOS polynomials can be defined as those
that can be constructed from a scaled diagonally dominant
(SDD) matrix. Let z(z) be a vector with the monomials m;(z)
for all i € J, and Q € RIVI*I7I be a (symmetric) SDD matrix,
then p(z) = 27 (2)Qz(z) is an SDSOS polynomial.

Similar to the definition of SO.Ss4, let the sets of all DSOS
and SDSOS polynomials with degree 2d, be respectively
denoted by DSOSs; and SDSO.S5,. Then, we have

DSOS2q € SDSOS2q C SOSs,. (1)

By replacing the SOS cones in (PP-SOS,), the associated
DSOS and SDSOS hierarchies are:

max A
A di(x)
st f(x) = A=do(x) + ) _di(2)5i(x), pp_psos,)
=1

do(z) € DSOS, ,
dz('r) € DSOsrfdeg(gi)a

and
max A
)\,EL(ZE)
st f(@) = A=do(x) + Y di(w)gi(),
i=1

do(z) € SDSOS,,
dz(.ﬁ) S SDSOSrfdeg(gi)-
(PP-SDSOS,)

Thus due to (1), using DSOS and SDSOS polynomials in-
stead of SOS polynomials in (PP-SOS,) provides a hier-
archy of lower bounds for the SOS hierarchy (PP-SOS,)
by restricting the set of SOS polynomials to those that
are DSOS and SDSOS. Moreover, the resulting hierar-
chies (PP-DSOS,.) and (PP-SDSOS,.) are computationally eas-
ier to solve than (PP-SOS,.) since they reduce to solving LPs
and SOCPs respectively. Particularly, (PP-DSOS,) reduces
to an LP since DSOS polynomials can be constructed from
DD matrices, and a symmetric matrix A € R"*" is DD if
Aii > 3254 1445],Vi = 1,...,n which can be formulated
using linear constraints. Similarly, SDSOS hierarchy reduces
to an SOCP since SDSOS polynomials can be constructed
from SDD matrices, and a symmetric matrix A € R™*" is
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SDD lfA = Zz Je{1,...,
with A} = 0 for any k,l € {1,...,n} such that (k,l) &
{i,j} x{i, j}. Futhermore, the condition A% = 0 is equivalent

to
Al Ay
i

which is enforced using the second order cone constraint

A” A” A
(A” ALJ)

Table II.1 summarizes a comparison in terms of number
of variables and conic constraints in the first level of
the (PP-SOS,.), (PP-SDSOS,.), and (PP-DSOS,) hierarchies
for a quadratic PP (i.e., when all the polynomials defining the
PP are quadratic). One can see that the number of variables
times the number of conic constraints for all of them is of order
O(n?); however, the SDP relaxations (PP-SOS,.) are typically
harder to solve than the SOCP relaxations (PP-SDSOS,.), or
the LP relaxations (PP-DSOS,.). On the other hand, whether
the SOCP relaxations are harder to solve than the LP relax-
ations (PP-DSOS,.), depends on the size of the problem, thanks
to the recent advances in the solution of SOCP problems [see,
e.g., 20]. This is illustrated later in the numerical experiments
presented in Table II1.2.

3)

TABLE II.1
COMPARISON OF NUMBER OF CONIC CONSTRAINTS (CC) IN FIRST LEVEL
OF THE (PP-SOS,.),(PP-SDSOS, ), AND (PP-DSOS,.) CONIC RELAXATIONS,
FOR QUADRATIC PPS WITH n VARIABLES

Type Number of CC Number of variables in CC
(PP-SOS2) SDP 1 (n+1)x(n+1)
(PP-SDSOS2)  SOCP (n+1)n/2 3
(PP-DSOS2) LP n+1 n
LP n?+n 2

Ahmadi and Majumdar [2] have shown that the approx-
imation hierarchies (PP-DSOS,) and (PP-SDSOS,) can be
successfully used to approximate PPs arising in control, com-
binatorics, and general non-linear non-convex optimization, in
lieu of using the stronger (PP-SOS,) hierarchy. In the next
section, we use this approach to address the solution of the
ACOPF problem.

III. ACOPF FORMULATION

In this section, we apply the LP and SOCP hierar-
chies (PP-DSOS,.) and (PP-SDSOS,) to the alternating current
optimal flow problem and we exploit the network structure
of electricity transmission grids to specialize the proposed
SOCP hierarchy (PP-SDSOS,.) for the ACOPF problem and
obtain improving results. The results are then compared to the
SDP based hierarchy [14] and to the SOCP relaxation that is
proposed in [4].

3

n} A% for some A € R"*", A% =0 A. ACOPF problem as a Polynomial Program

To formulate the ACOPF problem as a polynomial problem,
we follow the same notation as in [17, 19], that is, we consider
an undirected graph P(N, E) where each vertex n € N is
called a “bus” and each edge e € F is called a “branch”. The
subset G C N denotes the set of generators. Additionally, we
define the following parameters:

o« P, P,j' , Q Qz, Vi, and V,:' are respectively the
limits on active and reactive generation capacity and the
absolute value of the voltage at bus k.

. Slfn is the limit on the absolute value of the apparent
power of a branch (I,m) € E.

o P¢ and Q{ are the active and reactive power demand
respectively.

o c%, c,lc, 02 are nonnegative coefficients for the power
generation cost function.

We also define the following decision variables:

o P? and Qf: active and reactive power generated at bus k.
e P, and @Qy,: active and reactive power flow on
branch (I, m).
Given a complex voltage V; at bus 4, let ®V; denote the real
part of V; and 3V, denote the imaginary part. The power flow
equations are

P{ = P+ RV > (RyanRV; — SyaeSV;)
=1

+ SV > (SyaRVi — RyaSV),
i=1

= Q + RV, Z(*%yiké}%vi — Ry SV;)
i=1

+ 3V, Z(%yzk%vy — Sy Vi),
i=1
Pim = bim (RVISVry = RV, SVY) + g1 (RVE? + SV,
— VISV, — RVIRV,,),
le = blm(%‘/lgvm - (\‘/lsvm - §R‘/ZZ - %‘/ﬁ)

b m
- SRV + W),

Additionally, the network admittance matrix and other related
matrices are defined as follows:

T
Yk = €kCr Y,

bim
Yim = (]7 + 9gim +]blrn)elel (glm +]blm)6l657

1{%(yk+yk) S(yf —yk)}
Vi = 2 %(yk - yk %(yk + Y )

o L[S+ ul) Rk —y)
Y=g {m(y? - yi) S(yk + y:T)}

T
_|exeg, 0
My, = [ 0 eked ’
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l — 1 §R ylm + ylm %(qu;n - ylm)
" 2 % ylm ylm §R(ylm erlq;n) ’

§R(ylj;n - ylm):| _
S(yim + yih,)

(ylm + ylm)
§R(ylm ylm)

where e, is the k" standard basis vector in RIVI. Let z :=
[RVi  SVi]T be the vector of variables in addition to the
variables P,f , P, and Q)y,,,. The ACOPF can be formulated
as the following degree-2 PP:

min Z (R (PD? + cp(PE+ u(YVzz™)) + ) @)

keG
st. Py <tu(Yywal)+ P < P, Vk €G, 5)
Qr <u(VizaT) + QL < Qf, Vke G, (6)
(Vi)? < r(Myxa®) < (V;H)?, Vk € N, @)
Ph, + Qi < (Sf,)% Y(l,m) € E, (8)
PY = tr(YyzaT) + PE, VE € G, 9)
Py = tt(Yiza®), Y(I,m) € E, (10)
Qim = t(Vizx), Y(I,m) € E. (11)
(PP-OPF)

The objective function (4) minimizes the cost of power
generation. Constraints (5), (6), and (7) set limits on the
active power, reactive power, and voltage on each bus. Con-
straints (8) set a limit on the apparent power flow at every
branch. Constraints (9) define the power generated while
constraints (10), (11) define the active and reactive power flow.
Problem (PP-OPF) is a PP of degree two and the proposed
hierarchies are applicable to this problem.

B. Structured SOCP hierarchy for ACOPF

Problem (PP-OPF) is a quadratic program where hier-
archy (PP-SDSOS,) can be directly applied, which is an
SOCP program. Moreover, the ACOPF problem exhibits a
structure that can be exploited to improve the computational
performance of the solution approach discussed here.

Proposition 1. Ler X,.; denote the set of x variables
in (PP-OPF) and let X, denote the set of P]f s Piny and Qum
variables. Then for v € X,.; and v € Xz, xv does not
appear in the quadratic model (PP-OPF).

Proposition 1 allows us to develop a specific hierarchy
of (PP-SDSOS,) that takes advantage of the structure of
ACOPF problem. Note that such structure is also exploited
in the related conic programming relaxations for the ACOPF
problem studied in [4]. Additionally, some product terms of
variables in X,,; do not appear based on the network structure.

Proposition 2. For any k € N, the term tr(Yyzal) in the
objective function (4) is equivalent to

tr(kaxT) = Oz;&RVkQ + ﬂk%VkQ + Z (wfjéﬁvk%vk
J:(k,j)EE

+ VIRV + YHISVRY; + 4 SVASV;), Yk € N,

where ak,ﬂk,fylj,fyzj,fygj,%] are parameters.

4

Proof. Directly follows by exploring the structure of Y;, k €
N by removing product terms where (i, ) & E. O

Proposition 2 uses the branch information in the net-
work to simplify (PP-SDSOS,) by removing unnecessary
monomial terms. Only the cross product of voltages of two
connected generators appears in tr(Y,zz?) and the same
goes for tr(YzxzT), which means that there is no need to
generate all the monomials in the right hand side of hier-
archy (PP-SDSOS,). We denote “structured (PP-SDSOS,.)”
as the improved SOCP hierarchy by exploring the network
structure. Since electricity transmission grids are normally
sparse graphs then the computational effort of solving struc-
tured (PP-SDSOS,.) hierarchy is reduced significantly thanks
to the reduction in the number of SOCP constraints required
in the hierarchy formulation.

C. Duality in SOCP Formulations for ACOPF

It has been shown in [7, Theorem 1] that the first level
(r = 2) of the SDP hierarchy obtained by using the (PP-SOS,.)
on (PP-OPF) is equivalent to the conic dual of the SDP
relaxation for the ACOPF problem that is considered in [17,
Optimization 3]. In this section, we show that the first level of
the structured (PP-SDSOS,.) hierarchy (cf. Proposition 1) of
the ACOPF problem is the conic dual problem of the SOCP
relaxation of the ACOPF problem that is presented in [4].
Intuitively, this result follows from the fact that the conic dual
of the SDD matrices (2) is the set of symmetric matrices
A € R™" such that every 2 X 2 principal submatrix of A
is positive semidefinite. Similar to (3), the latter condition can
be formulated using the second-order cone constraint, which
corresponds to the relaxation approach used in [4]. Below, we
state this result formally.

Theorem 1. The first level of the SOCP hierarchy struc-
tured (PP-SDSOS2) on (PP-OPF) is equivalent to the conic
dual of the SOCP relaxation for the ACOPF problem consid-
ered in [4].

Proof. We first derive the Lagrangian dual problem of the
SOCP relaxation for the ACOPF problem considered in [4],
which is also an SOCP program due to the self-dual property
of the SOCP cone. Then we compare it with the first level
of the structured (PP-SDSOS5) and conclude that they are
equivalent. A detailed proof is provided in the Appendix. [

It is worth to mention that Theorem 1 is related to the
results in [7], where it is shown that the first level of the
SDP relaxations proposed in [16], when applied to the ACOPF
problem, are equivalent to the SDP relaxations proposed
in [17] for the ACOPF problem.

Furthermore, for this pair of dual SOCP problems, strong
duality holds.

Theorem 2. Strong duality holds between the first level of
the SOCP hierarchy structured (PP-SDSOSs) on (PP-OPF)
and the SOCP relaxation for the ACOPF problem considered
in [4].

Proof. Strong duality holds for a conic program if there exists
a strictly feasible solution for the corresponding primal or dual
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problems. The basic idea of the proof is to find a strictly
feasible solution for the dual problem. A detailed proof is
provided in the Appendix. O

Both Theorem 1 and Theorem 2 have worthy numerical im-
plications. Specifically, Theorem 1 establishes the conic dual
relationship between the existing SOCP relaxations in [4] and
the first level of SOCP hierarchy (PP-SDSOSs) for ACOPF.
Thus, Theorem 1 implies that the ACOPF bounds obtained
in [4] can be strengthened and potentially provide the optimal
ACOPF objective value, while still using SOCP techniques, by
increasing the level r of the SOCP hierarchy (PP-SDSOS,.).

Theorem 2 states that strong duality holds between these
two relaxations, which indicates that solving these two re-
laxations provides the same bound on the ACOPF problems.
More importantly, strong duality ensures that the interior point
methods used to solve the corresponding SOCPs will (in
theory) converge to their optimal solution [24].

D. Numerical Results on ACOPF Instances

In this section we apply the LP and the SOCP hierar-
chies (PP-DSOS,.) and (PP-SDSOS,.) to solve the PP for-
mulation of the ACOPF problem (PP-OPF), and then we
compare the results to the ones that are obtained using
the SDP hierarchy based on Lasserre’s approach [14], us-
ing the SDP relaxation introduced in [17]. The SDP relax-
aitons (PP-SOS,.), (PP-DSOS,.), and (PP-DSOS,.), are imple-
mented in Matlab. We use SeDuMi [26] as the SDP solver
(to take advantage of the well-known precision of SeDuMi
in solving SDPs) and MOSEK [20] as the LP and SOCP
solver. The ACOPF instances are taken from [5, 27] and
the results are summarized in Table III.1. In computing the
gaps, the best known bounds for the ACOPF instances are
taken from [7]. From Table III.1, it is clear that the SDP
relaxation in [17] (3rd and 5th columns in Table III.1) provides
strong bounds on ACOPF problems; however, the solution
time (4th column in Table III.1) increases very rapidly as
the size of the ACOPF instance increases. This is a result
of both the complexity of solving SDPs and the rate at which
the size of the SDP relaxations for larger ACOPF problems
increase. The SDP relaxation (PP-SOS,.) (6th, 7th and 8th
columns in Table III.1) provides solutions for instances up to
14 buses within 1 hour using the first level of the hierarchy.
Instead, by using (PP-SDSOS,.) (9th, 10th, and 11th columns
in Table III.1), we obtained lower bounds for instances of up
to 300 buses using the first level of the hierarchy with an
average gap of 2% from the best known bounds. Also, the
results obtained using the LP relaxation (PP-DSOS2) (12th,
13th, and 14th columns in Table III.1), illustrate that unlike
the DSOS relaxation of the SDP constraints in the (PP-SOS,.)
hierarchy, the SDSOS relaxation of the SDP constraints in the
(PP-SOS,) hierarchy captures most of the strength of the (PP-
SOS,) hierarchy at a much lower solution time for instances
of the ACOPF problem. The fact that the LP relaxations (PP-
DSOSs) provide weak bounds is in line with other studies
made on convex relaxations for general PP problem based on
LP techniques [see, e.g., 15, 22].

5

Furthermore, the solution times of the (PP-SDSOS;) relax-
ation can be substantially reduced when the structure of the
ACOPF problem is exploited as described in Table III.2 (i.e.,
compare columns 6th and 7th with columns 9th and 10th in
Table II1.2). Also, Table III.2 illustrates Theorem 1; that is,
it shows that the ACOPF bounds obtained with the structured
SOCP approach (cf., Proposition 1), and the SOCP relaxation
of the ACOPF problem R, presented in [4] are equivalent
up to numerical precision (i.e., compare columns 3rd and 4th
with columns 9th and 10th in Table III.2). The fact that the
structured SOCP relaxation and the Ry relaxation produce
equivalent results when using an interior point method to
solve them also illustrates the strong duality result presented in
Theorem 2. Finally, columns 12th, 13th, and 14th in Table II1.2
also illustrate another consequence of Theorem 1; namely, that
the SOCP relaxation R, presented in [4] can be strengthened
and potentially provide the optimal ACOPF objective value,
while still using SOCP techniques, by increasing the level r
of the SOCP hierarchy (PP-SDSOS,.).

IV. CONCLUDING REMARKS

In this paper, we applied the recently proposed LP and
SOCP approximation hierarchies for polynomial programs
proposed in [2] to the ACOPF problem. Numerical results on
ACOPF instances from the literature show that the use of these
hierarchies, together with the sparsity structure of the problem,
allow the computation of global bounds for large-scale ACOPF
problems where the SDP hierarchy for PP problems proposed
in [14] fail to provide such bounds. Moreover, the first level
of the SOCP hierarchy is shown to be equivalent to the dual
of the SOCP relaxations proposed in [4] for these problems.
In turn, this implies that the later SOCP based bounds can be
strengthened while still using SOCP techniques.

The fact that the hierarchies considered here are based on
using LP and SOCP allows for the future use of sparsity tech-
niques proposed in [13, 19] and column generation approaches
recently proposed in [1] to address the solution of larger-scale
ACOPF problems. Additionally, we will explore the possibility
to use the proposed SOCP hierarchy to approximate other
energy related problems.
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APPENDIX
In this section, we provide a detailed proof of Theorem 1.

Proof. First, problem (PP-OPF) is reformulated as a PP of
the form given in (PP-SDSOS,). We notice that since not
all the monomials appear in the polynomial formulation then
using the first level of the SOCP hierarchy (r = 2), one can
approximate (PP-OPF) as

max ¢

sty (ci(Pé’)2 + (P4 u(YezzT)) + Cg) o=
keN

S(@) + S(P) + S(P,Q) + >_ M (B — P! — wr(Yawa™))

keN

+ZAk( Py + P+ u(Yeza™) )+Z%€

keN keN

Q¥ —tr kax ) Z Y (fQ; + Q4 +tr(17kxxT))

kEN
+ Z o, ((Vk+ — tr(Myzz™) ) Z ,uk
keN kEN
+tr(Mk3:;rT)> + Z aim ((Sih)? = Py — Qi)
(IL,m)eL
+ Z bi (Pkg — tr(Yk:ch) — Pg) + Z cim (Pim
keG (l,m)eL

7tr(lemfo'T)) + > dim (sz — tr(?zm:mT)) ,
(I,m)eL
(12)

where S(x) is an SDSOS polynomial based on the branch

information, and S(P?), S(P, ) are SDSOS polynomials as
a function of Pkg , P and @y, respectively. Furthermore,
by observation of the monomials in the objective function
and constraints of (PP-OPF) , we remove some unnecessary
monomials in S(z), S(P9Y) and S(P, Q) for simplicity. To be
more specific, the following terms are not needed:

zr, Yk € N in S(x),

PP}, Vi,j € N,i#jin S(PY),

Py my Py may, Y(l1,m1), (I2, m2) € E, (l1,m1) # (l2, m2),

Ql1,m1le,m27v(ll7 m1)7 (l2,m2) S Ev (l17 ml) 7£ (l27 m2)7

Pll,lelz,m27v(ll7 ml), (lz, mz) € F in S(]D7 Q)

7

The variables a75 9 akaBkvelma5zm7)\k7)‘ka’yk77k7ﬂk7ﬂ’f

and ay,, are non-negative variables and alm, alm, ﬁk, 5k,
6,, 07, (5lm, 82, br, cim and dy,, are free variables. As
discussed in Section II, an SDSOS polynomial has a natural

second order cone representation, so we can write S(x), S(PY)
and S(P,Q) as

(r)=a+ > azi+ Y

(s2) 4 (2)
m\ g ]
(I,m)eE

kEN
S(P) =B+ Y Br(PY) +Z(Pq) By, (Plg>
keEN kEN

(I,m)eE
1\" 1
)+ (@) @ (an) )

T 1
1
(I,m)eE

Define 1 as n = a+5+0, for ease of notation. By equating the
coefficients of the monomials of Problem (12) and substituting
some of the variables, we have the following second-order
cone program:

max S ebPi— STBIY —p— 3D (CL0Y - 20

keG keEN (I,m)eE
+ 3R =D NP = P = Y A (=P + P
keG keN keN
=D W@ —Q) =D, (—Qr + Q)
keN keN
_ Z (V)2 + Z (Vi) Z 231(12)Pd
keN keN keG
= D0 O+ OIS
(I,m)eL
st. ADD = ST o0lUylin L ST g0y )
(t,m)eL (I,m)eL
(@7) (i3) _ (i5) (i5)
+ a0 (Y MY +73,.Y,
keN keN

_1 Y(ij) +231(12>Y(ij)) \V/(Z ) c E

ait Y AL S AP 23 ey

#(h)ER J:(6,5)€E kEN
b Y (2ol sacr)
(I,m)eL
+ 3 (A = Ay 4 3,70 -y 7
keN
+2B, "y 4, — k) ,Vie N,
ci =B + B, Vk € N,

m+CLCP 5, —
n >0,
Qs Bies Moy Ay Ty Voo s By, 2> 0,
Otm, 0tm >0,  VY(,m) € E,
B = 0, Vk € N,
Aty Gl Cin = 0,

2 — 0, Y(1,m) € E,

Vk € N, 13)

Vv(l,m) € E,

where By, Ay, CL ,C?  are 2 x 2 positive semidefinite
matrices. From Equation (3), By, Aim,C},,,C?, = 0 can be
represented as second order cone constraints, so Problem (13)
is a second order cone program.
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Next we derive the dual of Problem R in [4]. In [4], the
authors also use the notations in [17]. Also note that for ease
of presentation, the authors omit some refinements (such as

the shunt element) in their model.

Let Z2 = Z' = \/er2 > e p t(YEW,) + by, be the non-
diagonal element of matrix Zj, and we present the model of
Problem R, in [4] derived from Optimization 3 in [17] as
follows:

min g (o8

kEN
st. Py <Y w(YiWe) + P < P, vk €N,
ecE
Qr <> u(YiWe)+ Qi <Qf, V€N,
ecE
(Vi)? <> u(MEWe) < (ViF)?, Vk € N,
eck
ag —cr1 Yy tr(YEWe) — ag Z;Q
k= ecE >0, keN
Z# 1
Sl2m,max Z tr(YkeWE)
1 _ ecE
Zlm = Z tr(YkeWQ) 1 t 07 V(l,m) eFE
eckE
Slzm,max Z tr(}_/keWE)
2 _ ecE
i = S w(VEWL) 1 =0, Y(l,m) e E
eck
We =0, Ve € F,
(14)

where tr(Y;W) in Optimization 3 [17] is replaced by
Y ecr (Y We) to take the branch structure into account and
we relax constraint (5) in Optimization 3 [17] to two second-
order cone constraints Z} ,Z2 . So basically, optimization
problem (14) is a relaxation of Optlmization 3in [17] in terms

of the variable W,. The Lagrangian function of optimization

problem (14) is
LOWV,Z, 0, 0,7, 11,0, A, B,C) = > g+ tr(We, A,)

keG ecE
+ Y w(Ze, By) + Y (w(Z,, Chy) + 0(Z2,,CF)
keN (I,m)eE

+Z)\k P+ Pt — tr(Y,fWe)>

keEN ecE

+> A | -Py + P +Ztr (YEW, ))
keN eEE

+ Z Ve tr(Yk W ))
keN c€E
keN ecE

+ Zﬁk ( tf(MkW)>
keN c€E

+ D1, ((— ) tr(M;SWJ) :
keEN eckl

where A, By, C} ,C? are 2 x 2 positive semidefinite ma-
trices and A,~y, u,n are nonnegative Lagrangian multipliers.

8

Therefore the Lagrangian dual problem of optimization prob-
lem (14) is

)\,'yMH}IABC Wrg;%aﬁ(WZa A pm 4, B, C)

s.t. Ay, u,n>0
A, =0, Ye € E,
B, >0, Vk €N,
ct.,C%: =0, Y(l,m) € E.

15)

Once expanded, problem (15) has the same structure to the
first level SOCP hierarchy for (PP-OPF) given in (12), with
exactly the same conic constraints. O

Next we prove the strong duality in Theorem 2.

Proof. In order to prove strong conic duality, we need to find
a strict feasible solution for either the primal or dual problem.
For the dual SOCP problem (12), consider the following point,

n >0,
;= |Elmaz +1—|Ex| >0,8t =ci —¢>0, Vke&N,
Oim = 01m =1, VY(l,m) € E,
A=+ A>0 0 =Ay, =7, =1, VkeN,

1+ |FE
Mk:1++||N||m”>o,uk:1, Vk € N,

e 0 05 0
B’C_[O 6]>07 VkeN,Alm_{O 0.5]>07
Clm:Clm: 0 1 }0, V(Z,m)EE

(16)

In (16), | E| is the number of edges whose endpoints contain
node k, |E|mae = max{|Ey|,k € N}, for a fixed graph,
|Ek|, |E|mas: are parameters; € is a sufficient small positive

number such that ¢ — e > 0,Vk € N, as ¢} is a positive

parameter; A is a sufficient large positive number such that
c,lC + A > 0. We substitute (16) into the constraints in Problem
(12) and it is easy to verify that it satisfies all the constraints.
Thus it is straightforward to see that the point is in the interior
of the feasible set, which means point (16) is a strict feasible
point for problem (12). Therefore, strong duality holds for
Theorem 2.

O
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