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ABSTRACT

This article presents new estimation algorithms for three types of dynamic panel data models with latent
variables: factor models, discrete choice models, and persistent-transitory quantile processes. The new
methods combine the parameter expansion (PX) ideas of Liu, Rubin, and Wu with the stochastic expectation-
maximization (SEM) algorithm in likelihood and moment-based contexts. The goal is to facilitate conver-
gence in models with a large space of latent variables by improving algorithmic efficiency. This is achieved by
specifying expanded models within the M step. Effectively, we are proposing new estimators for the pseudo-
data within iterations that take into account the fact that the model of interest is misspecified for draws
based on parameter values far from the truth. We establish the asymptotic equivalence of the likelihood-
based PX-SEM to an alternative SEM algorithm with a smaller expected fraction of missing information
compared to the standard SEM based on the original model, implying a faster global convergence rate.
Finally, in simulations we show that the new algorithms significantly improve the convergence speed relative
to standard SEM algorithms, sometimes dramatically so, by reducing the total computing time from hours
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to a few minutes.

1. Introduction

This article presents new estimation algorithms for dynamic
panel data models with latent variables. Dynamic panel data
models are widely used in applied work today. They tend to
exhibit many latent variables over multiple periods (e.g., time-
invariant, persistent, and transitory components), which are
important to capture unobserved heterogeneity and dynamic
responses (Arellano and Bonhomme 2017). However, the pres-
ence of latent variables brings challenges to the estimation.
Iterative methods like the stochastic expectation-
maximization (SEM) algorithm can be useful tools for
estimating models with latent variables (Diebolt and Celeux
1993).! Specifically, as a simulated version of the Expectation-
Maximization (EM) algorithm (Dempster, Laird, and Rubin
1977), SEM iterates through an E-step where we draw latent
variables from the posterior distribution of the model of interests
given observables, and an M-step where we estimate the model
as if the draws were observables until the parameters converge
to the stationary distribution. It simplifies the estimation as
it replaces the complex optimization problem, which involves
multiple integrals due to latent variables, with a series of much
simpler optimization problems under pseudo-complete data.
However, the slow convergence, an often voiced criticism
of EM and its variants, tends to diminish its practical appeal.

!Arellano and Bonhomme (2017) discusses the potentials of SEM in nonlinear
panel data analysis.

Indeed, the slow convergence issue in practice is even more pro-
nounced: researchers often need to run the algorithms multiple
times with different initial guesses and select the result based
on criteria such as the likelihood value, to mitigate the negative
effects of a “bad” initial guess and to address the possibility of
the algorithm converging to a local maximum. Recent research
has explored alternative samplers for latent variables when per-
forming the E-step to improve sampling efficiency and stability.?
In contrast, this article focuses on the potential improvement in
the M-step.

In this article, we develop a new estimation method, the PX-
SEM algorithm, by combining the parameter expansion ideas
in Liu, Rubin, and Wu (1998) with the SEM algorithm. The
goal is to facilitate convergence in models with a large space
of latent variables by improving algorithmic efficiency. Even
though the general concept of the PX-SEM algorithm applies
to various models, we focus on three types of dynamic panel
data models containing rich latent variable structures, where
slow convergence issues are exacerbated, with the expectation
that it can be particularly fruitful: (a) dynamic factor models,
(b) random effects discrete choice models with persistent and
transitory components, and (c) persistent-transitory dynamic
quantile models with individual effects.’

2For instance, Arellano et al. (2023) develops a Sequential Monte Carlo sam-
pler for the E step.

3Wei (2022) applies the algorithms developed in this article to a substantive
analysis of the earnings and employment dynamics of older workers, which
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The PX-SEM algorithm consists of two steps: an E-step,
where we draw values of latent variables from the posterior
distribution, and a PX-M-step, where we update parameters.
Having the same E-step as the SEM algorithm, PX-SEM replaces
the SEM M-step estimator with a more robust one, taking into
account the possibility that E-step draws could violate model
assumptions when parameter guesses are far from the true value.
The PX-M step estimator is able to leverage additional infor-
mation from the model itself, effectively “correcting” the M step
updates in progressing to more accurate ones.

To implement the PX-SEM algorithm, one must construct
an expanded model, the L model, which needs to satisfy two
conditions. First, the L model must nest the original model,
the O model. Second, there must exist a reduction function, a
mapping from the L model parameters to the O model param-
eters, keeping the observed-data likelihood unchanged. After
constructing a suitable L model, we can iterate between the E
step and the PX-M step, which involves (a) estimating the L
model and (b) mapping back to the O model parameters through
the reduction function.

There are different ways to construct L models. All else being
equal, a more flexible L model should improve the convergence
rate. However, since our ultimate goal is to reduce the total
computing time, we also need to consider the time spent in each
iteration for estimating the L model and converting it to the
O model. Therefore, taking these two factors into account, this
article proposes a method to expand the model linearly. Linear
expansion addresses the potential violation of zero-correlation
assumptions.

In terms of statistical properties, Liu, Rubin, and Wu (1998)
proves the monotone convergence of the parameter-expanded
EM algorithm and its superior rate of convergence relative to
its parent EM. By combining the results of Nielsen (2000) and
Arellano and Bonhomme (2016), this article establishes the
asymptotic equivalence of the likelihood-based PX-SEM to an
alternative SEM algorithm with a smaller expected fraction of
missing information compared to the standard O model based
SEM, implying a faster global convergence rate and a smaller
variance for the limiting stationary distribution. Finally, in the
simulations, we show that PX-SEM can significantly improve
algorithmic efficiency compared to the standard SEM algorithm,
sometimes dramatically so. For example, in our numerical calcu-
lations for discrete choice and quantile models, SEM has still not
converged even after running for 50-80 min whereas PX-SEM
converges within 2-3 min.

This article belongs to an expanding literature that con-
siders the application of the EM algorithm (Dempster, Laird,
and Rubin 1977) and its variants in estimating latent variable
models (Diebolt and Celeux 1993; Liu, Rubin, and Wu 1998;
Arcidiacono and Jones 2003; Pastorello, Patilea, and Renault
2003; Arellano and Bonhomme 2016; Chen 2016; Arellano et al.
2023, among others). This article contributes to this literature
in two ways. First, by developing a new estimation method,
PX-SEM, which combines the parameter expansion idea with

brings together elements of the three types of panel models considered
here.

the SEM algorithm.* The method offers appealing theoretical
properties and the potential to enhance algorithmic efficiency,
which is particularly valuable for complex models such as non-
linear panel data models, where SEM may encounter slow con-
vergence issues. Second, the article proposes a specific class of
linear expansions for implementing PX-SEM and develops new
estimation algorithms for three types of latent-variable panel
data models with enhanced algorithmic efficiency.

The article proceeds as follows. Section 2 illustrates the dif-
ference between the standard stochastic EM algorithm and the
parameter-expanded stochastic EM algorithm using a simple
toy model. In Section 3, a formal definition of PX-SEM is
provided, along with a discussion of its statistical properties
and implementation based on linear expansions. Sections 4-
6 develop PX-SEM methods for three types of latent-variable
panel data models: dynamic factor models, discrete choice mod-
els, and persistent-transitory dynamic quantile models, respec-
tively. Finally, Section 7 concludes.

2. Toy Model

Based on a simple toy model, this section compares the
parameter-expanded stochastic EM (PX-SEM) algorithm with
the standard stochastic EM (SEM) algorithm and provides intu-
itions behind PX-SEM.

Consider the following model we want to estimate, denoted
as the O model:

sk . 2
=y e yi | id 0" 0
yi =y +¢€;, where |:6i] N(O, |: 0 1] )

The observed outcomes are yj,...,yn, and the latent vari-
ables whose distribution is of interest are y7,. .., y};. The only
unknown parameter is the standard deviation o.

SEM. To implement the SEM algorithm, we need to start with
an initial guess of the unknown parameter & (0, and then iterate
the following two steps for s = 0, 1, .. ., S until the convergence
of 5 to the stationary distribution:

(O Model)

1. Stochastic E step: Draw y; from the posterior distribution
Joilys &)

2. M step: Estimate the O model and update 66T, that is
&6+ — std(y;.k)

where fo () is the density function of O model. The final estima-

tor is the average of the last S iterations & = S—lo Zg_ §041 0.
The nonstochastic version, the EM algorithm, is effective bec-

ause it improves the observed-data likelihood in each iteration:

> logfolyisd V) = Y logfo(ys &)
i i
> QE¢169) - Q6 V16Y) > 0, (1)

whege QGGG = Y, [logfoiyH: 6 D)oy ¢ ®)
dy?.

“Liu, Rubin, and Wu (1998) is based on the EM algorithm; Liu and Wu (1999)
applies the parameter expansion technique to Bayesian inference; Lavielle
and Meza (2007) combines the parameter expansion technique with Monte
Carlo EM (Wei and Tanner 1990).

5See Wu (1983) for more discussions.
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Figure 1. Data and E-step draws under different guess values of o.

PX-SEM. Now we introduce the PX-SEM algorithm. Like
SEM, PX-SEM comprises an E step for draws of latent variables
and an M step for updating parameters. While sharing the
same E-step as SEM, PX-SEM’s M step involves (a) estimating
an expanded model, the L model, and (b) mapping L model
parameters to the O model parameters.

For this toy model, we propose the following L model:

yi = yi + €, (L Model)

*7 iid 2
where |71 | X N 0,K o 0 K],
€; 0 1

k0
KZ[I—k J'

In addition to o, the L model also contains an auxiliary param-
eter k. It is easy to verify that when k = 1, the two models
coincide, that is fo(y},yi;0) = fL(y},yisk = 1,0); and when
k # 1, L model expands the O model by allowing for a nonzero
correlation between yf and ¢;, as cov(y},€;) = k(1 — k)o?.
Moreover, the L model is unidentified with observables: for any
L model with parameter values oy and ki, the O model with
parameter value 0 = o, has the same observed data likelihood,
that is fo(yi; o1) = f1(yis o1, kp).

To implement PX-SEM, we begin with an initial guess of the
unknown parameter 6, and then iterate the following two
steps for s = 0,1,...,S until the convergence of 6 to the
stationary distribution:

1. Stochastic E step: Draw y; from the posterior distribution
JoWlyis 6©)
2. PX-M step: Update parameters by
O] (D) SO
cov(y;.yi)’ L - |ifL|
(b) Reduction: mapping from (6L(S+l),kL) to &GtD
maintaining the observed-data likelihood, that

is foris6®t™)y = fips6 k), and thus
&6+ — 6(‘“)
— YL

(a) Estimate the L model: lAcL =

The final estimator is the average of the last S° iterations:

A

o = 5% Zg_so+1 9. As we see, the difference between the
two methods lies in the estimators of the M step: the PX-SEM

estimator is adjusted by ﬁ
L

5Since k does not affect the L model observed data likelihood, fo(yj; o) =
fLyiior, 1) = fu(yiioL ki)

Figure 1 illustrates how PX-SEM has the potential to enhance
algorithmic efficiency through the utilization of the auxiliary
parameter k. Specifically, Figure 1(a) depicts a scatterplot of
simulations generated by the data generating process (DGP), the
O model with a true value of 0 = 2. The X-axis and Y-axis
display y; and €;, respectively, but only their sum y; = yf + €; is
used for estimation.

Figure 1(b) is the scatterplot of (y}, y; — y7) where y} is the
E-step draws under the true value, that is y7 ~ fo(yilyso =
2), and Figure 1(c) is the scatterplot of (y},y; — y}) where y}
is the E-step draws under an incorrect value ¢ = 1, that is
yi ~ fo(yilyso = 1). Contrary to the case of Figure 1(b),
where E-step draws are generated under correct guess, and there
is no significant correlation between y; and y; — y}, Figure 1(c)
presents a significant positive correlation between E-step draws
yi and y; — yf, which is assumed to be zero by the O model.
This “false” positive correlation arises because the draws are
taken under a wrong condition that the variance of y} should
not deviate significantly from one.

As a consequence, for the E-step draws in Figure 1(b), both
M-step and PX-M step estimators are consistent: the SEM one
is under a correct constraint k = 1. However, in the case of
Figure 1(c), the M-step of SEM ignores the violation of the
zero-correlation assumption at the current draws, while PX-
SEM takes into account the “false” correlation by adding the
parameter k. By construction, the extra flexibility induced by
k leads to a better model fit of the PX-M step for the current
draws and thus, a larger pseudo complete data likelihood. As we
will show in Section 3, similar to EM, the PX-EM can improve
observed-data likelihood in each iteration by transmitting gains
from pseudo-complete data likelihood. Therefore, improving
model fit as in the PX-M step essentially equates to improving
the lower bound of the inequality in (1). Finally, by mapping
the L model parameters to the O model parameters keeping
the observed-data likelihood unchanged, we preserve the “gains”
in likelihood. Intuitively, PX-SEM replaces the SEM M-step
with a more robust estimator that leverages additional model
information, namely, there is a linear correlation between the
E-step draws y; and y; — y7, even though there should not be.
Appendix A provides more explanation with illustrative figures.

Regarding the choice of the L model, there are many different
ways of expanding the O model. Flexible expansion should help
increase the convergence rate. Appendix A compares different L
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models and PX-M step estimators using the toy model. However,
in practice, when we estimate more complex models, we must
consider how easily we can estimate the L model and reduce it to
the O model to avoid spending too much time in each iteration
and increasing the total computing time. With this consideration
in mind, we propose a linear expansion method in Session 3 and
discuss its applications in Sessions 4-6.

As a final comment, the PX-SEM algorithm aims to enhance
algorithm efficiency, even when E-step draws are appropriately
obtained. For instance, as demonstrated in Appendix A, PX-
SEM improves the convergence rate when the E-step draws
are based on direct sampling. In more complex models where
direct sampling is not feasible, and methods such as MCMC are
required, the PX-SEM algorithm demonstrates lower sensitivity
to poorly generated E-step draws. This can be justified if one
of the ways that “bad” draws manifest themselves is through
violations of model assumptions. Moreover,an MCMC-based E-
step generally requires more time for each iteration, so reducing
the iterations needed for convergence can significantly reduce
the total computing time. For example, as shown in Sections 5
and 6, while SEM can take more than 3000 sec without showing
signs of convergence, PX-SEM converges within a couple of
minutes.

3. Parameter Expanded Stochastic EM Algorithm

The section begins by defining the PX-SEM algorithm. Follow-
ing that, we discuss its statistical properties and explore the
reasons behind its potential to enhance algorithmic efficiency.
Specifically, we establish the asymptotic equivalence between
PX-SEM and an alternative SEM with a reduced expected
fraction of missing information. Finally, we propose a general
approach, the linear expansion method, for the implementation.

3.1. Definition of PX-SEM Algorithm

Setup. Let {Y;,X;, Y/} fori = 1,...,N be iid random vari-
ables following the distribution of the O model, denoted as
fo(Y,‘|X,‘; 9) = in*fo(Yi, Yi*lXi;Q)dY;k. Here Wi = [Yz/ Xz/]/
represents the observable vector, Y;* is the latent-variable vector,
and 6 is the unknown parameter vector to be estimated. The
true value, 8, satisfies the equation E(Wo (Y}, W;; 0)) = 0, where
Wo(-) represents the score function of the complete O model in
the case of the likelihood-based PX-SEM algorithm and moment
restrictions in the case of the moment-based one. The law of
iterated expectations implies that the true value @ also satisfies
the equation:

E(/ lI/o(Y;“,W,-;@)fo(Y;"lW,-;@)dY;“) —o. @)

Define § as the solution of the integrated moment
restrictions of the original O model, ), ( f \IJO(Y;",Wi;é)

So(YF¥ W3 é)dY;") = 0, a sample analogy to (2). In the case of a

likelihood-based algorithm, we know that @ is the MLE.
Denote the expanded model, the L model, as f1 (Y| X;; 6, K) =

Sy fL(Yi, YF1X;560,K)dY[, where K represents the auxiliary

pairameter vector. The expanded L model needs to satisfy two

conditions: (a) The L model nests the O model: There exists
K = Kj such thatfo(Yi, Yi*|Xi;9) = fL(Yia Yi*|Xi;9,K0), Vo,
and (b) Existence of reduction function: There exists a mapping
from the L model parameters to the O model parameters, the
reduction function 6 = R(0;, K), such that the observed-data
likelihood is preserved: fo(Y;|Xi; R(6r,K)) = f1.(Yi|Xi; 6L, K),
Vo, K.

Let \Ilf(-) denote the score function of the L model with
respect to 6 in the case of the likelihood-based PX-SEM
algorithm and the same moment restrictions as Wo(:) in
the case of the moment-based one. Under condition (a),
we have WY(Y}, W;0,K)) = Wo(Yf, W;6), and thus
E(‘l’f(Yi*, W;6,Ke)) = 0. Additionally, assuming that K
is identified when we observe Y, meaning that there exists
WK() such that E(WK (Y}, W;;0,Kp)) = 0, we then have
E(WL(YF, W;0,Ky)) = 0, where W1 () = [W! () WK(-)T. By
the law of iterated expectations, this implies:”

B( [ a7 WP, Koo (Y, 1Ws RG. KoY, ) 0. (3

Definition of the PX-SEM algorithm. Before we outline
the general steps of PX-SEM, let us take a look at the SEM
algorithm for comparison. SEM is an iterative algorithm where,
in the E step, we make draws of latent variables Y from the
posterior distribution fo (Y |Wi; 6©) under the parameter guess
) ), and in the M step, we update it to é(5+1), which satisfies
Y i Yo (Y, Wi 6G+D) = 0. This stochastic version differs from
the original EM algorithm as it replaces the integral in (2) with
latent draws.

In contrast, the PX-SEM algorithm proposes iterations that
are better linked to (3): while we still make draws of latent vari-
ables Y} from the posterior distribution fo(Yl.*|Wl-;é ©)) under
the parameter guess 6, we use the expanded model to update
the parameter to 61, satisfying 6¢+D = R(f;,K), where
Y WL (YE, Wi, K) = 0.

The general steps are as follows: starting with an initial guess
6O, we iterate the following two steps for s = 0,1,2,. . ., S until
6 converges to the stationary distribution:

1. Stochastic E step: Draw Y;* from the posterior distribution
fo(YFIWi69)
2. PX-M step: Update parameters by

(a) Estimate L model: ), Wy (Y7, Wi;6,,K) =0
(b) Reduction: §¢t1 = R(4y, K) subject to fo(Y;|X;66HD)
= f1(Yi|X;; 61, K)

Reduction function. In practice, one of the challenges in
implementing the PX-SEM algorithm is to find the reduc-
tion function associated with the L model. However, if
we construct the L model such that the auxiliary parame-
ter K does not affect the observed-data likelihood, that is
fo(YilXi;0r) = fi(YilXi; 01, K), then immediately, the reduction
function becomes R(9,K) = 6. As a result, PX-SEM can be
simplified as follows:

1. Stochastic E step: Draw Y;* from the posterior distribution
fo(YFIWi69)

’Note that the reduction function satisfies R(0, Kg) = 6.



2. PX-M step: Update parameters by solving ), W (Y},
Wi 06D, K) =0

Comparing the PX-M and M steps, we find that the M-step
estimator is a constrained version of the PX-M-step estimator
with the constraint K = Kj. Intuitively, when the E-step draws
Y] are generated under a guess 6 close enough to the true
value, the M-step estimator is under the correct restriction,
leading both the M-step and PX-M-step estimators to be con-
sistent at that iteration, as indicated by (2) and (3).

However, when the guess §©) deviates significantly from
the true value, causing the draws Y} to violate certain model
assumptions, we would expect the PX-SEM estimator to exhibit
greater “robustness” due to extra flexibility brought by auxiliary
parameter K. As shown in the following section, the likelihood-
based PX-M step can achieve a larger pseudo-complete
data likelihood improvement, which could further lead to a
greater observed-data likelihood improvement compared to the
M step.

3.2. Statistical Properties

This section focuses on the statistical properties of likelihood-
based algorithms. We will first show that the parameter-
expanded EM algorithm exhibits nonnegative improvement in
the observed-data log-likelihood at each iteration. Next, for the
stochastic version, PX-SEM, we will establish its asymptotic
equivalence to an alternative SEM algorithm with a smaller
expected fraction of missing information compared to the stan-
dard O model based SEM, which implies a faster global con-
vergence rate and a smaller variance for the limiting stationary
distribution in a semipositive definite order.

Convergence. Following Liu, Rubin, and Wu (1998), we
now prove that PX-EM algorithm increases the observed-
data likelihood in each iteration. The change in the observed-
datalog-likelihood between iterations ) _; log fo(Y;|Xi; 0 1)y

> log fo(Yi|X;; ) equals

> log fi(Yil X356, K) - -, log f1(Yil X3 0, Ko)
> Q(A1, K1Y, Ko) - QBY, Kol6Y, Ko) > 0,

where Q(6, K|6®, Ky) = Y [logfi(Yi, Y?(|Xi;9AL,IA<)fL(Yf|Wi;
69, Ko)dY?.

The equality holds because of both condition (a): When
K = Ko, two models coincide, meaning fo(Yi|X,~;é(s)) =
fL(Yi|X,-;é ©.Kp), and condition (b): The reduction func-
tion exists, and thus by construction fo(Yi|X,-;é sty =
f1(Y;|X;; 01, K). We then apply Gibbs’ inequality. Finally, the def-
inition of A, which is ;, K = arg maxy x Q(6, K|é(s), Kp), leads
to a nonnegative change in observed-data likelihood. Notably,
the result also implies that (4, Kp) is a fixed point of PX-EM,
where § represents the MLE.®

As a final remark, the L model nesting the O model implies
the following inequality:

8In the moment-based PX-EM case, if the fixed point with K = Kq exists, then
it will satisfy Y°; (f Wo(YF, W;;é)fo(Yf‘|Wi;é)de‘) —o.
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Q1 K10®), Ko) — Q0®), K16, Ko)
> QEBSHY, Kol0®, Kp) — QY Kol0®, Kp),

where é}gj\)/l = argmaxy y; [ logfo(Y;, Yl?k|X,-;9)fL(Y;k|Wi;0A(s),
Ko)dY}. Therefore, the parameter expansion technique can be
intuitively interpreted as a way to improve the lower bound of
the log-likelihood increment compared to the EM algorithm.
Asymptotic properties. We first characterize the dynamics
of PX-SEM updates. Define ® as the joint set of auxiliary and
O model parameters, ® = [6; K]. Accordingly, © = [0;Ko]
represents the vector of true values, and O = [0; K] represents
the MLE of the O model. Given any estimate O¥ = [09; K]
in the iteration s, PX-SEM generates the next update from a
Markov process: Y, Wi (YF, Wj; O6tD) = 0, where Y* ~

1
SL(YH W5 ©©)) 210 Expanding around © and considering § LN
6, as shown in detail in Appendix B, we have

O @) =1 - A'V)(OY — @) + 471

+ 0p(N~1/2), (4)

where, under the correct specification, A = E(\IJL(Y;“, Wi ©)

W (Y}, Wi; ®) ) is the L model-based complete-data informa-

tion matrix, V = E(\IIL(W,-;@)\IIL(Wi;@)’) is the L model-

based observed-data information matrix, I — A~V is the
d

expected fraction of missing information, and VNe® 5

N(0,A—V).

The SEM iterations can be characterized in the same way:

(é(S-Fl)

A -1 5(s) )
sem” — 0) = (I — Agg VQQ)(QS}SEM —0)

+ Az el +op(NTU/D), 5)

where Agp represents the O model-based complete-data infor-
mation matrix, Vyg represents the O model-based observed-
data information matrix, Fsgpr = I — Ae_el Ve is the expected

d N
fraction of missing information, and «/Neés) — N(0,Agp —
Voe). Moreover, PX-SEM and SEM dynamics are closely con-

nected:
| A Ask | Ve O
A_[AK9 AKK]’V_[ 0 0}’
where Apx = —%%E(CI;E(YI.*,W,-;@)) and Agx =
— 3% | GECUK (YF, Wi; ©)).

We now present the main results of the asymptotic properties,
building on Liu, Rubin, and Wu (1998) and Nielsen (2000), with
detailed discussions provided in Appendix B.

Theorem 1. The PX-SEM iteration of 0 is asymptotically
equivalent to SEM iteration with observed-data information
matrix Vpg and complete-data information matrix Agg —
Aok AxgAxo-

°Note that the E-step draws of PX-SEM are based on the O model under the
guess 6 This is equivalent to making draws from the L model under the
guess OF) = [6©); K], due to condition (a).

1%Appendix B shows that for any L model, an alternative L model can be
found by reparameterization, which yields identical updates of 8 with the
reduction function R(9,K) = 6.
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Proof. Let H denote the inverse of matrix A, that is

—1
Ho Hpg Hyg Agk — AL
Hgy Hgkx Akk

_ Agg
Axo

where, by design, H9_91 = Agg — A@KAI;}(AKQ. Then the coef-
ficient matrix I — A~V and the asymptotic variance of the
innovation term A~1¢® in (4) become:

_ I —HpgVgyp 0
I-A"'v = ,
[ —HgoVoo 1
A'A—-wa!

_ Hpo(H,, — Voo)Hoo Hox — Hoo Voo Hox
Hkg — HkoVooHpo  Hrx — Hiko Voo Hok

It becomes evident that the PX-SEM process of 6D s
asymptotically equivalent to an alternative SEM dynamics,
described by (6), which shares the same observed-data infor-
mation matrix Vg as the standard SEM in (5), but replaces
the original complete-data information matrix Agg by Hggl =
Agg — Apx AggAxo-

@) — ) = (I — Hyg Vee)(é(s) —0)
+ Hygl + 0,(N~(1/2), (6)

d -
where «/K]’é}(f) — N(0 ,Hggl — Vip), and Fpx = I — Hyg Ve is
the expected fraction of missing information.!* O

Since Hyg = A9_91 + Hy KHI&H ko, under the condition that
A is positive definite, Hpg > Ae_el in a semipositive definite
order, implying the largest eigenvalue of Fpy is no greater than
the largest eigenvalue of Fsgy. Applying Theorem 1, this com-
parison in the expected fraction of missing information matrix
between PX-SEM and SEM immediately implies the dominance
of PX-SEM in convergence rate, as stated in Corollary 1.

Corollary 1. PX-SEM dominates SEM in global rate of conver-
gence.

Proof. In Appendix B.2. O

Moreover, Nielsen (2000) provides conditions under which
the SEM update is ergodic and characterizes the limiting sta-
tionary distribution, based on which Corollary 2 describes the
limiting stationary distribution of PX-SEM and compares it with
SEM.!2

Corollary 2. The limiting stationary distribution of PX-SEM

updates 8¢, conditional on W;, is VN@O® — ) 4

N (O, Vé)_@l (I - +F}X)_1)> , and unconditionally, is N (é (O

9) LY /\/(0, V9_91 (21 -+ F}X)fl)), with its variances being
less than or equal to those of the standard O model-based SEM,
that is, V' (2I — (I + Fpy)7Y) — V' (2I — (I + Fyppp™Y) =
Vo (I = I+ Fp)™h) = VoI — (I + Fygp)™') < 0in
semipositive definite order.

"That A— V being positive definite implies Hg(; — Vg being positive definite.
12The author thanks an anonymous referee for his/her encouragement to
develop this result.

Proof. In Appendix B.2. O

Corollary 2 implies that PX-SEM updates exhibit smaller
fluctuation along iterations in large samples. Moreover, since
the final estimator is the average of the last S° iterations after
convergence, 6 = % Zg_so 41 6, which converges to the
MLE as the number of iterations increases, PX-SEM and SEM
estimators share the same asymptotic variance.!'?

When the M-step is moment-based, in general, convergence
is not guaranteed. Under convergence, the speed does not nec-
essarily dominate SEM. Indeed, Appendix A shows an example
where moment-based PX-SEM underperforms SEM for some
initial guesses.

However, moment-based PX-SEM may be the preferred
choice in practice for at least two crucial reasons. First, in some
cases, obtaining GMM estimators is much easier, such as in the
quantile model discussed in Section 6. Since our final target is
to reduce the computing time, we should consider not only the
number of iterations but also the time spent in each iteration.
Second, even if obtaining the MLE of the O model is feasible,
restricting ourselves to a tractable MLE in the PX-M step can
limit the flexibility in building the L model, negatively impacting
the convergence rate. Appendix A shows an example of the toy
model where the moment-based PX-SEM with a more flexible L
model outperforms the likelihood-based PX-SEM, which uses a
less flexible L model.

3.3. Implementation based on Linear Expansions

So far, we have shown that a new estimation method, PX-SEM,
which combines the parameter expansion technique with the
SEM algorithm, has attractive theoretical properties relative to
ordinary SEM and the potential to achieve large computational
gains.

However, the parameter expansion technique itself does not
speak of the selection of the L model. On the one hand, all
else being equal, a more flexible L model should improve the
convergence rate. On the other hand, we also need to consider
the time spent in each iteration to estimate the L model and
convert it to the O model since our ultimate goal is to reduce
the total computing time. Therefore, another contribution of this
article is to propose a specific class of linear expansions, targeting
the potential violation of zero-correlation assumptions, which
can be generally applied to a wide range of models.

Considering an O model of the form: Y; = G(Y;6), Y ~
Fo(6), where both G(-) and Fp(-) are known parametric func-
tions up to unknown parameter 6, we propose the following
linear expansion to Yi’":14

Y; = G(Y}50), Y/ =AY], Y] ~Fo(®), (L Model
st. G(Y30) £ G(Y};0) (equally distributed),

where the auxiliary parameter is given by K = vec(A)."

BWith a fixed SO, the PX-SEM and SEM estimators will in general give rise to
different asymptotic variances. Expressions for these variances are provided
in Appendix B.

%n this expression, Yl.* alsoincludes error terms in the measure equation G(-).

5Extensions include unit-specific matrix A (Section 4) and adding exogenous
regressor X; (Section 5).



The expansion is straightforward. We assume that the latent
variable YiJr follows the same distribution as the O model coun-
terpart. However, the E-step draws Y}, which directly contribute
to the measurement equation and observable Y;, result from
an affine transformation applied to Y;r . It is easy to check that
when A = I, the L model coincides with the O model, whereas
when A # I, it allows us to introduce linear correlations
among elements of Y. The constraint ensures that the auxiliary
parameters do not affect the observed-data likelihood, simplify-
ing the reduction function to R(6, K) = .16

To implement the PX-SEM algorithm, in the E-step, we draw
Y} from the O model based posterior distribution as discussed
before. In the PX-M step, we leverage moment constraints or the
distribution of Fo(6) to pin down A and 6.

This method has the advantage that, despite the model of
interest being nonlinear, the expansion is linear in latent vari-
ables, which are drawn from the E-step and treated as observ-
ables in the PX-M step. Thus, we can identify the auxiliary
parameters separately through a relatively simple linear model,
regardless of the specific form of G(-).

In the following sections, we discuss three applications: (a)
dynamic factor models, (b) discrete choice models, and (c)
quantile models, for which we propose PX-SEM algorithms
based on linearly expanded models.

4. Dynamic Factor Models

The first type of model we discuss is the dynamic factor model
(Geweke 1977). The appeal of this class of models is their
ability to explain variation across multiple dimensions using
fewer latent common factors. Applications span multiple fields,
including topics in macroeconomics and finance, among others
(Bai and Ng 2008; Stock and Watson 2006, 2011). While we will
focus on a specific single-factor O model, it is worth noting that
the same approach for implementing the PX-SEM algorithm can
be applied to models with multiple latent factors. The O model
to be estimated is as follows:

Yie = Aive + € and vy = vy + uy, (O Model)
iid 5 iid .
where €; ~ N(0,07), uy ~ N(0,1), vy = 0, and u; is

independent of €.

The model contains a latent common factor v; that follows
a Gaussian random walk. We observe N different measures, y;,
wherei = 1,..., N, over a total of T periods, with each measure
associated with a distinct factor loading A;. The set of unknown
parameters is denoted as @ = (A, ..., AN, 01, .. .,oN).

SEM. We first explain the SEM procedure. Let v =
[vi v2 ... vr]". Starting with an initial guess 0O we iterate
through the E-step and the M-step for s = 0,1, 2,.. ., S until the
convergence of 6 to the stationary distribution:

1. Stochastic E step: Draw v from the posterior distribution
fowly6®)

6The constraint might not be necessary in applications where reduction
functions are easy to find.

7The method can be easily adapted to models with (a) unknown persistence
in the vt process, (b) multiple latent factors, (c) €j; following an MA process,
etc.
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2. M step: Update 8¢t1 = (A1,...,AN,61,...,0N)
. -1 L~ . ,
A= (Z vf) (Z vtyi,) and 6; = std(yir — Aivi), Vi
t t

PX-SEM. To implement PX-SEM, we construct a simple L
model as follows:

yit = ive + € and vy = v + uy, (L Model)
iid 2 iid 3

where €; ~ N(0,07), uy ~ N(0,k%), vp =

independent of €.

This L model expands the O model by introducing an auxil-
iary parameter, k, allowing the variance of the persistent shock
u; to deviate from 1. Since k can always take the value of 1,
making the two models coincide, the L model satisfies condi-
tion (a). Moreover, it is easy to verify that reduction function
R(A1s.. s AN>O1 .. 0N k) = (Aik, ..., ANk O1,...,0N) satis-
fies condition (b), that is fo(yi; R(6,k)) = fL(yi; 6, k).

With the L model specified and an initial guess §?), we iterate
through the E-step and the PX-M step fors = 0, 1, . . ., Suntil the
convergence of 6 to the stationary distribution:

0, and u; is

1. Stochastic E step: Draw v from the posterior distribution

foly;6©)
2. PX-M step:

(a) L model estimation: Ar, 61 = (ALLs.-ALN>OLL

.. ~:OA'LN) andlAc

)A\L,- = (Z vtz)l(; vty,-t> and

t
61 = std(yir — Avy), Vis and k = std(v; — vy_1)

(b) Reduction: 8¢tV = (A&, 61)

The PX-M step estimation of the auxiliary parameter k is
straightforward due to the separability of the log-likelihood
function. Compared to SEM, the PX-SEM update 8¢+ takes
into account potential deviations from the assumption k = 1
in the O model. When the guess ¢ is sufficiently close to the
true value, we expect k to be close to 1, resulting in similar
SEM and PX-SEM updates 1), However, when the guess 6
deviates significantly from the true value, leading to a violation
of the assumption k = 1 in the E-step draws, PX-SEM adjusts
the estimate accordingly. For instance, if k is greater than 1, it
suggests scaling down the latent draws v by a factor of k to ensure
var(Av) = 1 and scaling up X; by the same factor k to maintain
the same log-likelihood for observed data.

Remark. It is easier to see the connection to the proposed
linear expansion method after reparameterizing the L model.
As detailed in Appendix C, we obtain an alternative expanded
model with the reduction function R(6,K) = 6, that is, y;; =

Aive+€in, [V oovr € LLoer] = Ailvy Lo vl el el
* % o kItxt  OrxT *
v/ = v, + u;, where A; = I:)\i(l—k)ITxT Ity ], €*, u, and

v* follow identical distributions to the O model counterparts.
Thus, it is evident that the proposed L model belongs to the
linear expansions with a specific constraint on matrix A;: only
contemporaneous correlations between (v;, €;) and (vf, €};) are
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update of A1
update of A2

SEM estimates: 1.31
PX-SEM estimates: 1.3

update of A3

—— PX-SEM
standard SEM 1.00

standard SEM
— — true A3: 1.62

SEM estimates: 1.73
PX-SEM estimates: 1.73

nates: 1.16
PX-SEM estimates: 1.15

[ 500 1000 1500 0 500
Iteration

(d) o1

update of o1
°
Y
update of 02

— —true 0l: 0.9
SEM estimates: 0.8
PX-SEM estimates: 0.81 0.4

Iteration

(e) o2

1000 1500 [ 500 1000 1500
Iteration

(f) o3

update of 03

7 e o
SEM estimates: 0.78 0.8 SEM estimates: 1.19
PX-SEM estimates: 0.77 PX-SEM estimates: 1.18

o 500 1000 1500 o 500
Iteration

Figure 2. SEM and PX-SEM iterations of ) from a random initial quess.

Iteration

1000 1500 o 500 1000 1500
Iteration

NOTE: Iterations of SEM (blue line) and PX-SEM (orange line) based on direct sampling, compared with the true value (green dashed line). SEM estimates (blue diamond)
and PX-SEM estimates (orange star) are calculated as the average of the last 500 iterations. Random initial guess generated from a lognormal distribution. N = 3, T = 200.

allowed. Despite its advantage of the easy adaptation for various
models and a negligible increase in computational burden due
to the likelihood separability, in the other two applications, we
will explore more flexible L models by relaxing constraints in
the matrix A, such as allowing for correlations across periods, to
achieve faster convergence.

Simulation Results. Figure 2 presents simulation results for
a DGP where A = (1.22,1.07,1.62) and o = (0.92,0.78,1.33)
with N = 3 and T = 200. The x-axis represents the number of
iterations s = 1,...,1500, and the y-axis represents the M-step
update 6. The blue line depicts the SEM trajectory, whereas the
orange line depicts the PX-SEM trajectory. The horizontal green
dashed line represents the true value. Starting from a randomly
chosen initial guess 0 ©) both SEM and PX-SEM updates move
toward the true value and stabilize after several iterations. We
use the average of the last 500 updates as the final estimate.

As shown in Figure 2, for all the parameters, PX-SEM con-
verges almost immediately. However, for SEM, although it also
converges relatively fast for o”’s, a notable difference is observed
in the case of A’s: it does not converge until 500 iterations.

Regarding volatilities of updates across iterations, Appendix
D presents figures with longer trajectories, where we can observe
that PX-SEM exhibits smaller volatilities. Appendix D also
includes results for larger sample sizes and additional figures
plotting cumulative computing time, revealing significant gains,
especially for larger samples.

5. Discrete Choice Models

The second type of model we discuss is the random effects dis-
crete choice model with persistent and transitory components.
Discrete choice models are widely used in empirical research

on various topics, including labor supply (Hyslop 1999) and
consumer demand (Keane et al. 2013), among others. Distin-
guishing heterogeneity from persistence is of interest for many
reasons, but the nonlinearity and the presence of latent variables
complicate the estimation process.'®

In this section, we develop PX-SEM algorithms for a group
of discrete choice models with rich latent-variable structures,
including time-invariant, persistent, and transitory components.
Specifically, the O model is as follows:

yit = L(zit > 0), (O Model)

!/
zip = B'xir + pi + vir + €irs

Vit = pVit—1 + Uit

id i id
where w;|x ~ N(O,aﬁ), vi1|x ~ N(0,1), ujl|x ~ N(0,02),

o
€it]x ~ N(0,1); and p;, uy, €;; are mutually independent.'®

For each individual i = 1,...,N at period t = 1,..., T,
we observe a vector of independent variable x; of dimension
J and a binary (0-1) discrete dependent variable y;;, whereas
zi, individual effect pt;, persistent component vy, and transitory
component €;; are latent. We denote the set of unknown param-
eters as 6, where 0 = (B, 0y, p,04).

SEM. Let z; = [z;1...ziT], Vi = [vi1...v;r]’. From an initial
guess O, we iterate through E-step and M-step fors = 0, 1, ..., S
until #© converges to the stationary distribution:

1. Stochastic E step: Draw (z;, i, v;) from the posterior distri-
bution fo (zi, i vilyi» xi3 ).

8Chen (2016) proposes a fixed effects EM estimator for a class of nonlinear
panel data models.

9 Appendix G presents two extensions: (a) Allowing for the dependence of j;
and vj; on xj1, and (b) Logit (with strategies for the quantile model in the
next section).



2. M step: Update é(s—H) — (Ié(s+1),6,l§s+l)’ A(s+1)’6't(¢s+l))

A+D = (Zin,x;t>_l(Z int(zit — Wi — Vit))’
; t

i i

0 (5 i) (5 ).
t it

i
6,55“) = std(u;) and &,ESH) = std(viy — pC Vi),

PX-SEM. One option for building the L model is to expand
the O model to include only contemporaneous correlations,
similar to the dynamic factor model in Section 4. Its advantage
lies in the MLE being readily obtained in the PX-M step due to a
separable likelihood. Appendix E provides the detailed steps and
results of this approach. However, to achieve faster convergence,
we now propose a more flexible L model.

Let us define x; = [x}, ... X7, € = [eq ... 7], v =
i ... vilsef =€y ... €l,and zf = [2f} ... z;]. We
construct the following L model:

yie = L(zir > 0), (L Model)
zit = i Xi + i + vie + €ir,
[wi v €1 = pAlu; vi’ €] + Bxi,

* *
Vi = V1 T Uits

id id i

where p}|x = N(O,Uﬁ), vi|x ~ N(0,1), ui|x < N(O,of),
iid

enlx < N(0,1), and u}, ujy, €} are mutually independent;

and subject to 117 x (CB + y) = Irxr ® B/, CAXA'C =

CxC,and p > 0, where C = [l71x1 Irxr Irxrl, T =
var([u} v’ €'1), ' = [y1 ... yr] and A is a lower triangular
matrix with positive diagonal entries. Alongside 6 from the O
model, the L model contains a vector of auxiliary parameters
K = [vech(A),vec(B),p].

Following the linear expansion method, we introduce latent
variables u}, v}, and €/, which follow the same distributions
as their O model counterparts. However, the E-step draws for
[mi v, €], given x;, can result from an affine transforma-
tion applied to [u] v}’ €], allowing for linear correlations
among (i, Vj, €;, and dependence on x;. The scalar p permits
scaling z; and thus the deviation of var(e;) from the value
of 1. Hence, the L model satisfies condition (a): when B =
0T+1)xgxT)» A = IeT+1x@T+1), P = 1, the two models
coincide fo (yi, zi» ti» vilxi30) = f1(yi» zi» i vilx;;0,A = LB =

0,p=1).

The L model has two key constraints: % x (CB+y) = Itx1®
B’ and CAXA'C’ = CZC'. Beyond addressing identification,
these constraints simplify the reduction function. Specifically,
under these constraints, the L model can be written as z; =
pB'xit + pClus v} €], implying no effect of auxiliary param-
eters p, A, and B on the conditional distribution of y; given x;;.
Therefore, regarding condition (b), we find a reduction function,
R(0,K) = 0, satisfying fo (yi|xi; R(0, K)) = fr(yilxi; 0, K).

Finally, with the L model specified and an initial guess §(*,
we iterate through the following two steps fors = 0, 1, .. ., Suntil

6 converges to the stationary distribution:

1. Stochastic E step: Draw (z;, 14, v;) from the posterior distri-
bution fo(zi, ii» vilyi» xi0S).
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2. PX-M step:

(a) L model estimation:

éL,k = arg ming’K Z W (0, K; yi, zi» Xi» [Li> Vi)

1
(b) Reduction: §¢t1) = R(G;,K) = 6,

where W(-) is a known function whose detailed specification is
presented in Appendix F. Below, we list the moments involved in
function W(.):
1
pB: E(xit(zir — pp'xir)) = 0,;7 X (CB+y)=Irxr®p
B: E(xi([ui v €] —x;B)) =0

oup-T,A: CATA'C' = CEC, and moment constraints on X

2
ps0u s EQ_ (v — pviy_))) = 0,var(vj; — pvj,_|) = o).

Simulation Results. We conduct simulations to compare
SEM and PX-SEM from a DGP with true parameter values:
B =1[1.0;0.5], 0, = 1.25, p = 0.7,and 0, = 0.9.

The initial guess is determined as follows: (a) ,3 ) js the Probit
regression coefficients of y; on xj, (b) Impose ,6(0) = 1, and the
rest of the parameters are estimates of the linearly approximated
model.?’ In the E-step, we employ a random-walk Metropolis-
Hastings sampler with an acceptance rate controlled between
20% and 40%.

Figure 3 presents the estimation results of one simulation
with N = 5000 and T = 8. Specifically, we plot the M-
step updates 6 for 1000 iterations (S = 1000). The blue line
depicts each update of SEM, while the orange one represents
the PX-SEM updates. In this example, we might be interested
in switching to SEM, which is likelihood-based, treating the
PX-SEM estimate as an initial guess. Hence, we also present
the results of a combined approach, where we run PX-SEM
for 500 iterations and then continue with SEM for another 500
iterations, using the average of the last 250 PX-SEM iterations as
the initial guess, as shown by the gray line.2! The green dashed
line indicates the true value. The final estimates are the average
of the last 250 iterations (S° = 250), represented by the blue
diamond for SEM, the orange star for PX-SEM, and the gray
circle for PX-SEM+SEM.

From this comparison, it is clear that starting from the same
initial guess, PX-SEM converges almost immediately (within
100 iterations). In contrast, SEM progresses much slower, espe-
cially for 69, 6%, and $, and does not converge within
1000 iterations. In terms of the combined approach, the varia-
tion across iterations significantly decreases after transitioning
to SEM. However, since the final estimates are the average of
the last 250 updates, the difference between PX-SEM and PX-
SEM+SEM is small.?2

20We approximate the model as follows y;y = ®(8'xjt + uj + vit) + nie ~
0.5 + 0.25(8'xjt + i + vie) + nit-

21We could also endogenize the switching procedure by using metrics like
the distance between K and K or the likelihood difference between the L
model and the O model to guide our transition to SEM.

22Whether PX-SEM requires more iterations in this example due to its higher
volatility, impacting total computing time, is beyond this article’s scope,
especially considering the PX-SEM+SEM option.
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Figure 3. SEM and PX-SEM iterations of ) from an informed guess.
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NOTE: Iterations of SEM (blue line), PX-SEM (orange line), and PX-SEM+SEM (gray line) based on 100 MH draws, compared with the true value (green dashed line). Estimates
of SEM (blue diamond), PX-SEM (orange star), and PX-SEM+SEM (gray circle) are the average of the last 250 iterations. Informed initial guess.

Appendix L provides additional figures where the x-axis is
the cumulative computing time. The gain is significant: SEM
takes approximately 3000 sec to run 1000 iterations without
converging, while PX-SEM converges almost immediately.?3

Appendix H compares algorithms based on random initial
guesses. Researchers often run SEM algorithms from various
initial guesses and choose one based on specific criteria (e.g.,
the likelihood value) to avoid obtaining a local maximum, given
that getting a “good” initial guess can be challenging. Appendix
H shows that the dominance of PX-SEM in convergence rate
remains under random initial guesses. Given that this type of
exercise is often performed repeatedly in practice, the time saved
could be substantial. 24

Finally, Appendix M provides the overall trajectories of SEM
and PX-SEM over iterations. Specifically, we conduct 40 simula-
tions using the same DGP, each estimated under a different set
of initial guesses shared by both SEM and PX-SEM. For each
parameter, we examine the distribution of updates across 40
trajectories at each specific iteration and how this distribution
evolves over the iterations for SEM and PX-SEM, respectively.
We reach the same conclusion: PX-SEM significantly improves
algorithmic efficiency.

6. Quantile Models

The final type of model for which we consider a PX-SEM
approach is the persistent-transitory dynamic quantile models

2The results are obtained using a Mac Mini (M1, 2020) with a single processor
core. We apply the Metropolis-Hastings algorithm for the E-step, with the
first 100 iterations designated as a burn-in phase.

2 Appendix H also presents simulation results with more iterations and dif-
ferent sample sizes.

with individual effects, as proposed by Arellano, Blundell, and
Bonhomme (2017) (referred to as ABB hereafter). The ABB
model does not impose functional-form restrictions on the dis-
tributions of individual effects, transitory shocks, or conditional
distributions of the persistent component. Indeed, the flexible
dynamics of the persistent component allow for attractive fea-
tures such as nonlinear persistence, meaning that the persistence
could vary with the size of shocks and accumulated history,
which is shown to be empirically prominent in earning dynam-
ics. The model has also been applied to other topics including
firm and health dynamics.

Specifically, we focus on the ABB baseline model with an
additive fixed effect, discussed in their Appendix.2> Denote the
tth conditional quantile of v; given v;;—; as Q, (vi;—1,7) for
each T € (0, 1). The O model to be estimated is as follows:

Yit = Wi + Vit + €ir, (O Model)

vit = Qu(Vig—1, tit),
iid
(uitll"l‘l') Ujt—15 Uit—25 . - ) ~ Unlform(07 1)> t=2,.., T)

where €;; has zero mean, iid over time, and independent of v; =
[vii vi2 ... vir]’ and w;. Individual effect u; is assumed to be
independent of ¢; = [¢j; €; ... €;7] and v;.

To estimate this model, we follow Arellano, Blundell, and
Bonhomme (2017) and empirically specify the quantile function
of v given viy—1, Q,(vit—1,7), the quantile function of €,
Qc(7), the quantile function of v;;, Q,,(7), and the quantile

2In practice, standard SEM generally performs well in estimating the ABB
baseline model without the fixed effect. But it is challenging when a fixed
effect is included. We also remove age effects.



function of u;, Q. (1), as follows:

H
QOi1,7) = Y YAOer i)

h=0

Qe(r) =y (1), Qu (1) =y" (1), Qu(r)=r"(1),

where ¢, (+) is Hermite polynomials of order h and y(-)'s are
functions to be estimated.

Arellano, Blundell, and Bonhomme (2017) exploit a varia-
tion of SEM for estimation, where the M-step involves a series
of quantile regressions instead of likelihood optimization for
computational convenience. We first explain their procedures.
Let 6 denote the set of unknown parameters, including ka(r),
y€(1), y"1 (1), and y*(7).2® With an initial guess 0O we iterate
through the following two steps until ) converges to the
stationary distribution:

1. Stochastic E step: Draw u; and v; from the posterior distribu-

tion fo(wi vilyis 6©9).
2. M step: Update parameters by computing a series of quantile
regressions:

H

N T
P90 =argmin o .o 0> > b Vzt_th Pn(Vi—1))s

i=1 t=2

i~ )’“)’

N

yH(r) = arg minyu Z P (,u
i=1

N T
§40) = argmin,« 3° 3 pe (e — 1),
i=1 t=1

z

y"(r) = argmin,,, sz (vii —¥"),
i=1
where p; (1) = u(t — 1(u < 0)) is the check function.
PX-SEM. We expand the O model linearly targeting the
correlations among i, v;, and €;. Define v} = [v} --- vi],
€’ = [€}} - -+ €/;]'. We build the following L model:

Yit = Wi + Vit + €i, (L Model)
[wi vi €1 = Alu; v €1,
V?; =Q (V?:t_l, Uit),

(u,‘t“L;k, Uit—1>Uit—25...) ad Uniform(0,1), t =2,..., T,
subjectto CA = C,where C = [ 1 7«1 ITxT ITxT]. Similarly, we
assume that €; has zero mean, iid over time, and independent of
v¥ and uf, and w is independent of v}'. The L model contains
a vector of auxiliary parameters K = vec(A).

Consistent with the linear expansion method, E-step draws
[1i v; €!]" are assumed to be outcomes of affine transformations
through matrix A of [u} v} €], which follow identical
distributions as their O model counterparts. When A = I, two
models coincide, satisfying condition (a). Moreover, with the

26Unknown parameters also include tail parameters. Functions y(:)
are piecewise-polynomial interpolating splines on a grid [77,72],
[t2,73),-..[t1—1, 7). And the tails on (0,77] and [t;,1) are modeled
using a parametric model. Please refer to Appendix B in Arellano, Blundell,
and Bonhomme (2017) for more details.
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constraint CA = C, the L model becomes y; = C[u} v}’ €]
implying no effect of K on the observed-data likelihood. Thus,
regarding condition (b), the reduction function is R(6, K) = 6.

Finally, with this L model and an initial guess 6*, we iterate
through the following two steps for s = 0,1,,...,S until §©
converges to the stationary distribution:

1. Stochastic E step: Draw fu; and v; from posterior distribution
fo(ui, vilyis60©)
2. PX-M step:

(a) L model estimation:

éL,I% = arg min Z W (0, K; yi, i> Vi)

i
(b) Reduction: 6D = R4, K) =

where W (-) is a known function to be discussed in the following
paragraphs.

The inclusion of matrix A adds complexity to joint estimation
due to infeasible separate quantile regressions as in the SEM M-
step and the involvement of many more parameters.?” Thus, we
employ two strategies: adding extra constraints on the entries of
matrix A and sequential estimation.

Regarding the extra constraints, we assume that €;; is orthog-
onal to u}, €f,..., elt pfort = 2,..,T, and the coefficient
of €} with respect to €;; is homogenous across all periods. The
advantage of doing so is that, by exploiting moment conditions
including zero correlation among ., v}, and €, and v}; follow-
ing the first-order Markov process as well as €; being iid, we can
separately estimate matrix A through constrained GMM while
restricting the number of unknowns to only two. This further
facilitates the sequential estimation strategy. Once obtaining A,
we estimate 6 through the same series of quantile regressions
as in SEM using [} D €] = A, v; €]". Appendix I
provides a detailed discussion of the estimation process.?®

Simulation Results. We simulate from the following DGP
(N =5000,T = 6):

Yit = i + Vie + €, (7)

2
Vie = pyVit—1 + (Ovo + Ove1Viy_1)Vie,

where w; i N(O,Uﬁ), Vi1 id N(O,avzl), Vit i N(0,1), €; i
N(0, 062), and i, vi1, vir, € are mutually independent.

We present results for a persistent-transitory process with-
out time-invariant heterogeneity and heteroscedasticity in the
persistent shock by imposing it; = 0 and o,;; = 0. The other
parameter values are p, = 0.8,0,10 = 0.15,0pn1 = 0,031 =
0.15,06% = 0.05. Appendix ] provides simulation results for a
DGP with time-invariant heterogeneity and heteroscedasticity
and another DGP, which is based on a flexible quantile model.

With the simulated data, we estimate the quantile model
with time-invariant heterogeneity, as specified previously (the
O model), assuming no knowledge of the distribution family.
We set the initial guess by estimating the canonical random-
walk permanent-transitory model, with details explained in

?7In the discrete choice model, the matrix A and other auxiliary parameters
can be easily estimated in the PX-M step by focusing solely on the first two
moments due to the normality assumption.

2Similar strategies are used to estimate a Logit model in Appendix G.
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Figure 4. SEM and PX-SEM iterations, j1j = 0.
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NOTE: Iterations of SEM (blue solid line) and PX-SEM (orange solid line) based on 100 MH draws, compared with the true value (green dashed line). In each iteration, we
estimate the parametric model, (7), using E-step draws w, v, € for SEM and “corrected” draws ji*, ¥, €* for PX-SEM. These estimates are only used for visualizing the
convergence and are not directly involved in any algorithm. SEM estimates (blue diamond) and PX-SEM estimates (orange star) are both calculated as the average of the

last 100 iterations. Informed initial guess.

Appendix . Finally, the highest order of Hermite polynomials
for the empirical specification of the v;; dynamics, H, is set
to two.

Figure 4 presents the results. To provide clearer visualization,
instead of plotting the updates of raw parameters in the quantile
model directly (due to their large quantity), we plot the iterations
of estimated parameter values in the parametric model, (7).
Specifically, in each iteration, we estimate the parametric model
using E-step draws (i, v, and €) for SEM and "corrected" draws
(iu*, v*, and €*) for PX-SEM. Importantly, these estimates are
only for visualizing convergence and are not directly involved
in the algorithm updating procedure. Consistent with previous
exercises, PX-SEM exhibits rapid convergence for all parame-
ters, whereas SEM converges much more slowly.

Appendix L provides complementary figures to Figure 4,
with cumulative computing time as the x-axis, showing sig-
nificant time gain: SEM takes over 5500 sec for 500 iterations

without clear convergence, whereas PX-SEM converges almost
immediately.?’ Appendix M presents the overall trajectories of
40 iterations. Finally, Appendix K shows simulation results for
different sample sizes.

After 500 iterations, averaging the last 100 updates as tem-
porary estimates, we simulate from the estimated models and
compare the model fit, focusing on the persistence of the vy
dynamlcs, I (vlt 1, T), one of the characteristics of interest
(Arellano, Blundell, and Bonhomme 2017). Figure 5 displays
heatmaps showing the absolute distance between the estimated
persistence and true persistence at different levels of the shock T
and v;;—; for SEM and PX-SEM, respectively. Overall, PX-SEM
shows a better model fit.

29The results are obtained using a Mac Mini (M1, 2020) with a single processor
core. We apply the Metropolis-Hastings algorithm for the E-step, with the
first 100 iterations designated as a burn-in phase.
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Figure 5. Distance between estimated persistence and true persistence, uj = 0.
NOTE: The absolute distance between the estimated vt persistence (based on the
average of the last 100 iterations) and true persistence for each level of the shock t
and vj¢_1.

7. Conclusions

This article introduces new estimation algorithms for dynamic
panel data models with latent variables. By combining the
parameter expansion ideas with the SEM algorithm, we develop
the PX-SEM algorithm, which could facilitate convergence in
models with a large space of latent variables by improving algo-
rithmic efficiency.

Sharing the same E-step as SEM, PX-SEM differs in the M-
step. Instead of estimating the original model (the O model), the
M-step of PX-SEM requires estimating an expanded model (the
L model). Effectively, we propose new estimators for the pseudo-
data within iterations, accounting for the misspecification of the
O model for draws based on parameter values far from the truth.
Thus, PX-SEM can leverage additional model information to
effectively "correct” the M-step updates in progressing to more
accurate ones.

Moreover, the article proposes a method for constructing the
L model through linear expansion and presents new PX-SEM-
based estimation algorithms for three types of dynamic panel
data models: factor models, discrete choice models, and quantile
models.

Regarding statistical properties, we establish the asymptotic
equivalence of the likelihood-based PX-SEM to an alternative
SEM with a smaller expected fraction of missing information
compared to the standard O model based SEM, implying a faster
global convergence rate and a smaller variance for the limiting
stationary distribution. Finally, simulations show that PX-SEM
can significantly improve the algorithmic efficiency relative to
SEM.

Supplementary Materials

The online supplement consists of the following appendices. Appendix A
presents illustrative figures for the intuition behind PX-SEM and compar-
isons among different L models and M-step estimators using the toy model.
Appendix B provides a detailed proof for Section 3. Appendix C explains
the equivalence through reparameterization among L models. Appendices
E, E and G discuss alternative L models, detailed L model estimation
procedures, and PX-SEM methods applied to two extensions for the discrete
choice model in Section 5. Appendix I provides detailed L model estimation
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procedures for the quantile model in Section 6. Appendices D, H, ] - M
present more simulation results for the three types of models discussed
in Sections 4-6, with more iterations, different sample sizes, cumulative
computing time, different initial guesses, and overall trajectories.
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