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(a) t = 1, full resolution,
reconstruction time = 70ms

(b) t = 21, 1 : 8 subsampled,
reconstruction time = 11ms

(c) t = 42, 1 : 8 subsampled,
reconstruction time = 9ms

(d) t = 63, 1 : 8 subsampled,
reconstruction time = 10ms

(e) t = 63, full resolution,
reconstruction time = 37ms

Figure 1: Time steps t from a 4D time-dependent turbulence dataset of size (5123× 64), compressed with a ratio of 1 : 290. Images (a)
and (e) are reconstructed in full resolution; (b), (c), and (d) are rendered at 1 : 8 subsampling to interactively move through time.

Abstract
Visualizing large-scale, time-varying volumetric data using direct volume rendering remains a significant challenge in scien-
tific visualization, particularly as data sizes and resolutions continue to increase. One promising direction for addressing this
challenge is the use of tensor decompositions, which have proven to be a useful tool for the compact representation of large,
high-dimensional data. However, their integration into time-dependent interactive visualization pipelines remains limited. We
introduce TT4D, a memory- and time-efficient lossy compression and decompression technique for four-dimensional (4D)
time-varying volume data based on the tensor train (TT) decomposition. Our approach employs efficient subsampling during
decomposition to reduce memory consumption and computational cost, enabling the processing of large datasets while avoiding
unnecessarily large intermediate matrices and tensors. Beyond compression, TT4D provides a GPU-based, on-the-fly decoding
scheme that avoids reconstructing the entire 4D volume, supporting interactive visualization. At equivalent error levels, TT4D
outperforms other transform-based compressors at random-access decompression across datasets up to 64GB. Exploiting the
structure of TT cores, our approach enables adaptive multiresolution rendering, fast spatio-temporal data exploration, and
interactive filtering. Together, these capabilities make TT4D a scalable solution for interactive visualization of high-resolution,
time-varying volume data.

Keywords: volume visualization, tensor approximation, compression domain volume rendering, time-varying volume data,
interactive visualization

1. Introduction

Four-dimensional (4D) time-varying volume rendering has a multi-
tude of applications, such as in bio-medical imaging, computational
fluid dynamics, or weather simulations. The growing precision of
sensors and greater computational power have led to higher data
resolutions, resulting in larger datasets. The large sizes of scien-
tific datasets make it hard to store, render, and explore them with
filters or data cutouts, which is often needed for interactive visu-
alization and analysis of scientific datasets. One way to visualize

3D datasets is direct volume rendering (DVR). DVR allows stan-
dard visual exploration of volumetric datasets. For time-dependent
data, a DVR tool should be interactive, allowing the user to inspect
spatial regions and to explore the different time steps interactively.
Note that the added time dimension leads to an even larger data
space compared to 3D data, as one 3D volume needs to be stored
for every time step individually. With potentially large numbers of
time steps and the need for fast random access to individual time
steps, the interactive visualization of 4D time-varying volumes be-
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comes particularly challenging. These problems often lead to re-
strictions in data size, which are commonly addressed by data com-
pression techniques. These, in turn, lead to long compression times
or slow data access, e.g., due to expensive decompression, which
makes real-time interactions difficult. In addition to standard vi-
sualization, the use of multiresolution rendering techniques or the
application of filter operations are common desirable functionali-
ties to visualize large data efficiently, avoiding spending excessive
time on rendering the full-resolution data at each point in time.

As one useful tool for data compression, tensor decompositions
have shown considerable effectiveness across a range of appli-
cation domains [WXC∗08, WWS∗05, RK09, IAVHDL11, BRP16a,
ABK16, BRP19, BRLP20]. Many simulation or scientific datasets
show a high linear correlation over time and spatial dimensions.
This property makes them well compressible with factorization
techniques such as tensor decompositions. Using the factorization
of large, high-dimensional data into multiple tensors of smaller
size and dimension, the dataset can be stored memory-efficiently
while preserving high accuracy. Tensor train (TT) decomposi-
tions [Ose11] are an especially interesting approach for the com-
pression of higher-dimensional data, as their cores have a restricted
maximum order of 3, leading to small compressed data sizes and
linear growth with increasing dimensionality of the data. However,
the construction of a TT decomposition of large 4D (or higher-
dimensional) datasets is a complex task, requiring several costly
operations. These operations include multiple singular value de-
compositions (SVD) on large unfolded, imbalanced matricized ten-
sors, which require time and the creation of large intermediate ma-
trices, and multiple tensor reshaping operations on large interme-
diate matrices. This leads to significant memory consumption as
well as excessive memory access to many data elements during the
TT decomposition process. In addition to the compression, the vi-
sualization of the compressed data is also costly, requiring the re-
construction of the compressed data. The reconstruction requires
multiple tensor-tensor multiplications to decode the tensor decom-
position. For rendering 4D time-varying volume data, this recon-
struction is prohibitively slow when accessing different time steps,
especially for access in a non-sequential and sometimes rapidly
changing manner. This makes any standard implementation of ten-
sor reconstruction unusable for interactive visualization of large
time-varying volume data.

These challenges have motivated us to introduce a novel
memory-efficient and time-effective TT decomposition approach,
as well as an interactive GPU-based decoder and renderer for TT-
based 4D volume data. Our decomposition approach is based on
the sequential SVD (SSVD) TT decomposition method [Ose11],
but uses an efficient subsampling method to avoid full-scale ten-
sor reshaping and SVD computations on large imbalanced matri-
ces to speed up the computation and reduce memory consumption.
Additionally, our decoder uses an efficient partial preprocessing
of the compressed data, which reduces the computational load for
decoding (arbitrary) time steps interactively on the GPU. Further-
more, we have integrated an adaptive multiresolution reconstruc-
tion strategy to speed up the rendering during heavy user interac-
tions by decoding the data partially as needed. Unlike most non-
tensor-based compression techniques, the linear nature of the TT
cores further allows for the application of quick spatio-temporal

data selection and efficient filtering operations in the compressed
data domain. We demonstrate and test our TT4D approach on dif-
ferent time-dependent real-world volume data sets of different sizes
up to 64GB, offering real-time rendering capabilities with interac-
tive filtering and data selection. TT4D is designed as an interaction-
enabling representation for large time-varying volume data, prior-
itizing real-time exploration, random access, and scalability over
highest-accuracy reconstruction.

2. Related Work

Volume compression A large variety of compression methods for
scientific volume data have previously been proposed, covering a
wide range of techniques such as wavelet or DCT based meth-
ods [Mur93, YL95, GEA96, GLDH97, KS99, IP99], transform and
vector quantization based coding [NH92,FM07,Lin14], embedded
coding techniques [Lin14], prediction error based coding [DC16],
and tensor decomposition [BRP16a, BRLP20, BKK20]. Often, the
operations involved (multilinear transformations, predictive cod-
ing, variable bit-length encoding, etc.) are tailored to maximize
compression ratios. However, this may prevent their direct use in
interactive on-the-fly decoding and rendering application scenar-
ios where only a few milliseconds per frame are available, and
are rarely amenable to efficient slicing or random-access patterns.
Methods that do support random access (such as, e.g., the fixed-rate
modality in the ZFP [Lin14] floating-point compressor) do so at the
expense of less attractive compression ratios.

In the area of tensor approaches, a Tucker decomposition
based compression method TTHRESH [BRLP20] was shown to
be competitive in a number of aspects compared to other estab-
lished methods. Other tensor-based methods include Tucker trun-
cation [BRP16a] and TuckerMPI [BKK20], the latter being able to
compress very large data with high compression ratios using super-
computers. These algorithms show promising compression ratios
and accuracy, making them attractive for storage and data trans-
mission scenarios, but they are not optimized for real-time slicing
and rendering, especially in the time-varying case. In contrast and
to allow fast decoding as well as to support compression domain
data selection and processing operations, our approach guarantees
fixed-rate compression (and, therefore, random-access patterns) by
avoiding compression techniques such as variable-bit length encod-
ing or vector quantization.

Multiresolution volume rendering Real-time GPU-based DVR
of large-scale volume data using variable resolution level-of-
detail techniques has been extensively explored in previous work,
see also [BHP15], and has become a de facto standard. Sparse-
Leap [HAAB∗18], for instance, exploits intelligent skipping of
empty regions to accelerate rendering. The challenge of rendering
multiresolution compressed volume data has also been addressed
and reviewed in the literature [BRGI∗14, BRGI∗13]. Besides GPU
acceleration, many of these approaches include variable-length or
sparsely encoded volumes [LK11, GG16, SKMH14] as well as
tensor-based methods [BRSP15, BRSP18], which are most closely
related to our proposed approach.

Unlike most other compression methods, representations of large
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multidimensional data sets based on tensor decomposition addi-
tionally permit complex operations to be performed directly in the
compressed domain [BRP16c], such as spatial transformations and
selection [SMP13], filter operations [BRSP18], multidimensional
integrals [BRP19], or structural in-painting [BRP16b].

4D volume rendering Compressed volume rendering methods
that work well on 3D volume data may fall short for 4D time-
varying volumes. This is because of the need for continuous and
possibly non-sequential reconstruction of, and (random) access to
individual time steps at interactive frame rates. Various interac-
tive 4D time-dependent volume rendering methods have been pro-
posed, including texture and image-based approaches [LMC01,
BTL20, RPD22]. A fast GPU-accelerated out-of-core 4D volume
renderer has been proposed in [MAG19] that exploits a novel low-
bitrate codec. Other methods achieve fast rendering speeds at the
expense of high compression times, e.g., using quantization tech-
niques [WYM10, YZW∗17]. Similarly, techniques based on neural
representations show very high compression ratios and fast render-
ing [LJLB21, WHW22]. In contrast to tensor approximation meth-
ods, however, these approaches generally do not allow for interac-
tive compression domain data processing or filtering operations.

To tackle these limitations, we propose a novel method consist-
ing of a memory- and time-efficient compression step, which com-
presses the given 4D volumetric data using TT decompositions, as
well as a fast GPU-based decoding and interactive rendering. In
particular, our method contains an intelligent GPU-based recon-
struction approach that allows for real-time reconstruction of arbi-
trary time steps and partial data. Reconstruction is fully based on
multilinear transformations (matrix and tensor products), therefore
slicing or linear filtering operations can be efficiently applied to
the data at interactive rates without decompressing the complete
4D dataset. This allows us to render data originally larger than
the available GPU memory. We will provide experimental results
showing a detailed comparison of our TT4D approach to other best-
of-class compression methods, demonstrating their limitations.

3. Method

Compression and reconstruction of 4D data can be very time-
consuming and memory-intensive if not adapted for a certain use
case. Our proposed TT4D method consists of two main parts. First,
we introduce a memory- and time-efficient compression method
based on the tensor train (TT) decomposition. Second, we intro-
duce an efficient on-the-fly adaptive reconstruction and rendering
approach for the interactive visualization of individual time steps
of time-varying volume data, supporting random as well as contin-
uous time access.

3.1. 4D Tensor Train Construction

Our data compression method is based on the TT decomposi-
tion [Ose11], which factorizes an input tensor into a set of two-
and three-dimensional tensors, called the TT cores (see Figure 2).
For a tensor T ∈ RN1×...×Nd , the TT is given by

T = ∑
r1

· · ·∑
rd−1

C1[:,r1]◦C2[r1, :,r2]◦ · · · ◦Cd [rd−1, :], (1)

timestep

4D dataset
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Figure 2: TT decomposition for a 4D dataset, plus scheme of recon-
struction. Reconstruction is preprocessed by multiplying the first 3
cores. Reconstruction of a time step t is done by multiplication of
the preprocessed tensor with the t-th column vector of the last core.

with TT cores Ci=1...d ∈ RRi−1×Ni×Ri ,R0 = Rd = 1 and “◦ “ denot-
ing the outer product [Ose11, LLLZ22]. In contrast to other tensor
decompositions, like the Tucker model, the dimensionality of the
TT cores does not grow with the dimensionality of the original ten-
sor. Thus, larger 4D volumes do not cause a quartic but only a linear
growth in the TT representation, making it especially suitable for
high-dimensional data. For more details on TT as well as basic ten-
sor notations, see [Ose11] and [LLLZ22].

The naive implementation of the computation of the TT de-
composition is based on the sequential singular value decompo-
sition (SSVD), also called the Tensor-Train Singular Value De-
composition (TT-SVD) [Ose11]. However, SSVD is impractical for
processing large data since it requires repeatedly unfolding and
reshaping the full 4D tensor, which is extremely memory- and
time-intensive. In addition, the method involves the computation
of multiple SVDs on very large unfolded matrices, some as large
as the entire input tensor. The unfolded matrices are additionally
highly imbalanced, having far more columns than rows. These chal-
lenges have motivated us to introduce a more efficient variant of the
SSVD.

3.1.1. Efficient TT Decomposition

To overcome the problems of the SSVD, we propose a novel ap-
proach that allows us to work only on parts of the full data. Fig-
ure 3 illustrates the complete process of our proposed memory-
optimized decomposition approach. Let T be the 4D input tensor
of size N1×N2×N3×N4 and R1,R2,R3 our predefined ranks of the
TT decomposition. In the original SSVD, the first step is a mode-1-
unfolding (see Figure 4) of the tensor into a (very wide) matrix
A ∈ RN1×(N2·N3·N4). The first dimension of A is the first mode of
the tensor, and the second dimension is the product of all remain-
ing modes. The next step is to compute a factorization A ≈ U ·V⊺

using SVD, where U ∈ RN1×R1 , given the first rank R1, represents
the first R1 left-singular vectors of A, and V⊺ the right-singular
vectors multiplied with the singular values.

Not only is the SVD on such a large matrix memory- and time-
consuming, but we also observe that A is highly imbalanced, lead-
ing to the fact that most of the columns are linearly dependent.
We note that the linear column space of A is spanned by at most
N1≪ (N2 ·N3 ·N4) linearly independent columns, making all other
(N2 ·N3 ·N4)−N1 columns linearly dependent. Thus, it is suffi-

© 2026 The Author(s).
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<latexit sha1_base64="UFc4do6Ln/qyFcTkfVBUG/79rKI=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HbmlQqTq253q1+in6TVzbmaMKSzQHlbf+MCKJoNIQjrXuuU5s/BQrwwins1I/0TTGZIJHtJdRiQXVfjq/dYaOM2WIwkhlJQ2aq18nUiy0noog6xTYjPVPLxf/8nqJCc/9lMk4MVSSxaIw4chEKH8cDZmixPBpRjBRLLsVkTFWmJgsnjyEz0/R/6Rds13P9m7q1cblMo4iHMIRnIALZ9CAK2hCCwiM4R4e4ckS1oP1bL0sWgvWcuYAvsF6/QBlSY3c</latexit>

N1
<latexit sha1_base64="xYy9YUbOu4nA2oKeBjzV701JzLY=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokbYkuCy50VSrYB7QhTCaTdugkE2YmQgnd+CtuXCji1s9w5984fSg+D1w4nHMv994TpIxKZdtvRmFpeWV1rbhe2tjc2t4xd/fakmcCkxbmjItugCRhNCEtRRUj3VQQFAeMdILR+dTv3BAhKU+u1TglXowGCY0oRkpLvnnQ8Cuwj0OuYMOvfrKab5Zty3XcSq0KfxPHsmcogwWavvnaDznOYpIozJCUPcdOlZcjoShmZFLqZ5KkCI/QgPQ0TVBMpJfPHpjAY62EMOJCV6LgTP06kaNYynEc6M4YqaH86U3Fv7xepqIzL6dJmimS4PmiKGNQcThNA4ZUEKzYWBOEBdW3QjxEAmGlMyvpED4+hf+TdsVyXMu9qpXrF4s4iuAQHIET4IBTUAeXoAlaAIMJuAMP4NG4Ne6NJ+N53lowFjP74BuMl3dpTZUP</latexit>

N2 · N3 · N4

<latexit sha1_base64="UFc4do6Ln/qyFcTkfVBUG/79rKI=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HbmlQqTq253q1+in6TVzbmaMKSzQHlbf+MCKJoNIQjrXuuU5s/BQrwwins1I/0TTGZIJHtJdRiQXVfjq/dYaOM2WIwkhlJQ2aq18nUiy0noog6xTYjPVPLxf/8nqJCc/9lMk4MVSSxaIw4chEKH8cDZmixPBpRjBRLLsVkTFWmJgsnjyEz0/R/6Rds13P9m7q1cblMo4iHMIRnIALZ9CAK2hCCwiM4R4e4ckS1oP1bL0sWgvWcuYAvsF6/QBlSY3c</latexit>

N1
<latexit sha1_base64="xYy9YUbOu4nA2oKeBjzV701JzLY=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokbYkuCy50VSrYB7QhTCaTdugkE2YmQgnd+CtuXCji1s9w5984fSg+D1w4nHMv994TpIxKZdtvRmFpeWV1rbhe2tjc2t4xd/fakmcCkxbmjItugCRhNCEtRRUj3VQQFAeMdILR+dTv3BAhKU+u1TglXowGCY0oRkpLvnnQ8Cuwj0OuYMOvfrKab5Zty3XcSq0KfxPHsmcogwWavvnaDznOYpIozJCUPcdOlZcjoShmZFLqZ5KkCI/QgPQ0TVBMpJfPHpjAY62EMOJCV6LgTP06kaNYynEc6M4YqaH86U3Fv7xepqIzL6dJmimS4PmiKGNQcThNA4ZUEKzYWBOEBdW3QjxEAmGlMyvpED4+hf+TdsVyXMu9qpXrF4s4iuAQHIET4IBTUAeXoAlaAIMJuAMP4NG4Ne6NJ+N53lowFjP74BuMl3dpTZUP</latexit>

N2 · N3 · N4

<latexit sha1_base64="UFc4do6Ln/qyFcTkfVBUG/79rKI=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HbmlQqTq253q1+in6TVzbmaMKSzQHlbf+MCKJoNIQjrXuuU5s/BQrwwins1I/0TTGZIJHtJdRiQXVfjq/dYaOM2WIwkhlJQ2aq18nUiy0noog6xTYjPVPLxf/8nqJCc/9lMk4MVSSxaIw4chEKH8cDZmixPBpRjBRLLsVkTFWmJgsnjyEz0/R/6Rds13P9m7q1cblMo4iHMIRnIALZ9CAK2hCCwiM4R4e4ckS1oP1bL0sWgvWcuYAvsF6/QBlSY3c</latexit>

N1
<latexit sha1_base64="UFc4do6Ln/qyFcTkfVBUG/79rKI=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HbmlQqTq253q1+in6TVzbmaMKSzQHlbf+MCKJoNIQjrXuuU5s/BQrwwins1I/0TTGZIJHtJdRiQXVfjq/dYaOM2WIwkhlJQ2aq18nUiy0noog6xTYjPVPLxf/8nqJCc/9lMk4MVSSxaIw4chEKH8cDZmixPBpRjBRLLsVkTFWmJgsnjyEz0/R/6Rds13P9m7q1cblMo4iHMIRnIALZ9CAK2hCCwiM4R4e4ckS1oP1bL0sWgvWcuYAvsF6/QBlSY3c</latexit>

N1
<latexit sha1_base64="UFc4do6Ln/qyFcTkfVBUG/79rKI=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HbmlQqTq253q1+in6TVzbmaMKSzQHlbf+MCKJoNIQjrXuuU5s/BQrwwins1I/0TTGZIJHtJdRiQXVfjq/dYaOM2WIwkhlJQ2aq18nUiy0noog6xTYjPVPLxf/8nqJCc/9lMk4MVSSxaIw4chEKH8cDZmixPBpRjBRLLsVkTFWmJgsnjyEz0/R/6Rds13P9m7q1cblMo4iHMIRnIALZ9CAK2hCCwiM4R4e4ckS1oP1bL0sWgvWcuYAvsF6/QBlSY3c</latexit>

N1 <latexit sha1_base64="UFc4do6Ln/qyFcTkfVBUG/79rKI=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HbmlQqTq253q1+in6TVzbmaMKSzQHlbf+MCKJoNIQjrXuuU5s/BQrwwins1I/0TTGZIJHtJdRiQXVfjq/dYaOM2WIwkhlJQ2aq18nUiy0noog6xTYjPVPLxf/8nqJCc/9lMk4MVSSxaIw4chEKH8cDZmixPBpRjBRLLsVkTFWmJgsnjyEz0/R/6Rds13P9m7q1cblMo4iHMIRnIALZ9CAK2hCCwiM4R4e4ckS1oP1bL0sWgvWcuYAvsF6/QBlSY3c</latexit>N1

<latexit sha1_base64="UFc4do6Ln/qyFcTkfVBUG/79rKI=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HbmlQqTq253q1+in6TVzbmaMKSzQHlbf+MCKJoNIQjrXuuU5s/BQrwwins1I/0TTGZIJHtJdRiQXVfjq/dYaOM2WIwkhlJQ2aq18nUiy0noog6xTYjPVPLxf/8nqJCc/9lMk4MVSSxaIw4chEKH8cDZmixPBpRjBRLLsVkTFWmJgsnjyEz0/R/6Rds13P9m7q1cblMo4iHMIRnIALZ9CAK2hCCwiM4R4e4ckS1oP1bL0sWgvWcuYAvsF6/QBlSY3c</latexit>

N1

<latexit sha1_base64="xYy9YUbOu4nA2oKeBjzV701JzLY=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokbYkuCy50VSrYB7QhTCaTdugkE2YmQgnd+CtuXCji1s9w5984fSg+D1w4nHMv994TpIxKZdtvRmFpeWV1rbhe2tjc2t4xd/fakmcCkxbmjItugCRhNCEtRRUj3VQQFAeMdILR+dTv3BAhKU+u1TglXowGCY0oRkpLvnnQ8Cuwj0OuYMOvfrKab5Zty3XcSq0KfxPHsmcogwWavvnaDznOYpIozJCUPcdOlZcjoShmZFLqZ5KkCI/QgPQ0TVBMpJfPHpjAY62EMOJCV6LgTP06kaNYynEc6M4YqaH86U3Fv7xepqIzL6dJmimS4PmiKGNQcThNA4ZUEKzYWBOEBdW3QjxEAmGlMyvpED4+hf+TdsVyXMu9qpXrF4s4iuAQHIET4IBTUAeXoAlaAIMJuAMP4NG4Ne6NJ+N53lowFjP74BuMl3dpTZUP</latexit>

N2 · N3 · N4
<latexit sha1_base64="xYy9YUbOu4nA2oKeBjzV701JzLY=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokbYkuCy50VSrYB7QhTCaTdugkE2YmQgnd+CtuXCji1s9w5984fSg+D1w4nHMv994TpIxKZdtvRmFpeWV1rbhe2tjc2t4xd/fakmcCkxbmjItugCRhNCEtRRUj3VQQFAeMdILR+dTv3BAhKU+u1TglXowGCY0oRkpLvnnQ8Cuwj0OuYMOvfrKab5Zty3XcSq0KfxPHsmcogwWavvnaDznOYpIozJCUPcdOlZcjoShmZFLqZ5KkCI/QgPQ0TVBMpJfPHpjAY62EMOJCV6LgTP06kaNYynEc6M4YqaH86U3Fv7xepqIzL6dJmimS4PmiKGNQcThNA4ZUEKzYWBOEBdW3QjxEAmGlMyvpED4+hf+TdsVyXMu9qpXrF4s4iuAQHIET4IBTUAeXoAlaAIMJuAMP4NG4Ne6NJ+N53lowFjP74BuMl3dpTZUP</latexit>

N2 · N3 · N4
<latexit sha1_base64="slI7LoPS6nwKX/jG0KPwcAPKDdg=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiAIwjATw+gx4EGPUcwCyRB6Oj1Jk56eprtHCCEf4cWDIl79Hm/+jZ1FcH1Q8Hiviqp6keRMG897d3JLyyura/n1wsbm1vZOcXevodNMEVonKU9VK8KaciZo3TDDaUsqipOI02Y0vJj6zTuqNEvFrRlJGia4L1jMCDZWat50fXSCZLdY8tzAD8qVU/Sb+K43QwkWqHWLb51eSrKECkM41rrte9KEY6wMI5xOCp1MU4nJEPdp21KBE6rD8ezcCTqySg/FqbIlDJqpXyfGONF6lES2M8FmoH96U/Evr52Z+DwcMyEzQwWZL4ozjkyKpr+jHlOUGD6yBBPF7K2IDLDCxNiECjaEz0/R/6RRdv3ADa4rperlIo48HMAhHIMPZ1CFK6hBHQgM4R4e4cmRzoPz7LzMW3POYmYfvsF5/QAah47P</latexit>

R1 + p
<latexit sha1_base64="eSH/84X0TFu4CI3u3jnwlHHg1Cg=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s113+2XK47tuV61doJ+E9d2clRggUa//NYbxCSNqNCEY6W6rpNoP8NSM8LptNRLFU0wGeMh7RoqcESVn+WnTtGRUQYojKUpoVGufp3IcKTUJApMZ4T1SP30ZuJfXjfV4ZmfMZGkmgoyXxSmHOkYzf5GAyYp0XxiCCaSmVsRGWGJiTbplEwIn5+i/0mrarue7V3VKvWLRRxFOIBDOAYXTqEOl9CAJhAYwj08wpPFrQfr2XqZtxasxcw+fIP1+gE2c43M</latexit>

R1
<latexit sha1_base64="UFc4do6Ln/qyFcTkfVBUG/79rKI=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HbmlQqTq253q1+in6TVzbmaMKSzQHlbf+MCKJoNIQjrXuuU5s/BQrwwins1I/0TTGZIJHtJdRiQXVfjq/dYaOM2WIwkhlJQ2aq18nUiy0noog6xTYjPVPLxf/8nqJCc/9lMk4MVSSxaIw4chEKH8cDZmixPBpRjBRLLsVkTFWmJgsnjyEz0/R/6Rds13P9m7q1cblMo4iHMIRnIALZ9CAK2hCCwiM4R4e4ckS1oP1bL0sWgvWcuYAvsF6/QBlSY3c</latexit>

N1

<latexit sha1_base64="eSH/84X0TFu4CI3u3jnwlHHg1Cg=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s113+2XK47tuV61doJ+E9d2clRggUa//NYbxCSNqNCEY6W6rpNoP8NSM8LptNRLFU0wGeMh7RoqcESVn+WnTtGRUQYojKUpoVGufp3IcKTUJApMZ4T1SP30ZuJfXjfV4ZmfMZGkmgoyXxSmHOkYzf5GAyYp0XxiCCaSmVsRGWGJiTbplEwIn5+i/0mrarue7V3VKvWLRRxFOIBDOAYXTqEOl9CAJhAYwj08wpPFrQfr2XqZtxasxcw+fIP1+gE2c43M</latexit>

R1

<latexit sha1_base64="UFc4do6Ln/qyFcTkfVBUG/79rKI=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HbmlQqTq253q1+in6TVzbmaMKSzQHlbf+MCKJoNIQjrXuuU5s/BQrwwins1I/0TTGZIJHtJdRiQXVfjq/dYaOM2WIwkhlJQ2aq18nUiy0noog6xTYjPVPLxf/8nqJCc/9lMk4MVSSxaIw4chEKH8cDZmixPBpRjBRLLsVkTFWmJgsnjyEz0/R/6Rds13P9m7q1cblMo4iHMIRnIALZ9CAK2hCCwiM4R4e4ckS1oP1bL0sWgvWcuYAvsF6/QBlSY3c</latexit>

N1

<latexit sha1_base64="eSH/84X0TFu4CI3u3jnwlHHg1Cg=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s113+2XK47tuV61doJ+E9d2clRggUa//NYbxCSNqNCEY6W6rpNoP8NSM8LptNRLFU0wGeMh7RoqcESVn+WnTtGRUQYojKUpoVGufp3IcKTUJApMZ4T1SP30ZuJfXjfV4ZmfMZGkmgoyXxSmHOkYzf5GAyYp0XxiCCaSmVsRGWGJiTbplEwIn5+i/0mrarue7V3VKvWLRRxFOIBDOAYXTqEOl9CAJhAYwj08wpPFrQfr2XqZtxasxcw+fIP1+gE2c43M</latexit>

R1

<latexit sha1_base64="AQH7hxBdcjCvgOfUC0r5E9rAGgw=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qSKvYBbQiT6aQdOpmEmYlQQj/CjQtF3Po97vwbpw/B54ELh3Pu5d57wpQzpR3n3SosLa+srhXXSxubW9s75d29lkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD0fnUb99RqVgibvU4pX6MB4JFjGBtpPZN4KKroBqUK47tuV61doJ+E9d2ZqjAAo2g/NbrJySLqdCEY6W6rpNqP8dSM8LppNTLFE0xGeEB7RoqcEyVn8/OnaAjo/RRlEhTQqOZ+nUix7FS4zg0nTHWQ/XTm4p/ed1MR2d+zkSaaSrIfFGUcaQTNP0d9ZmkRPOxIZhIZm5FZIglJtokVDIhfH6K/ietqu16tnddq9QvFnEU4QAO4RhcOIU6XEIDmkBgBPfwCE9Waj1Yz9bLvLVgLWb24Rus1w9RnI7z</latexit>

R1N2

<latexit sha1_base64="eSH/84X0TFu4CI3u3jnwlHHg1Cg=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s113+2XK47tuV61doJ+E9d2clRggUa//NYbxCSNqNCEY6W6rpNoP8NSM8LptNRLFU0wGeMh7RoqcESVn+WnTtGRUQYojKUpoVGufp3IcKTUJApMZ4T1SP30ZuJfXjfV4ZmfMZGkmgoyXxSmHOkYzf5GAyYp0XxiCCaSmVsRGWGJiTbplEwIn5+i/0mrarue7V3VKvWLRRxFOIBDOAYXTqEOl9CAJhAYwj08wpPFrQfr2XqZtxasxcw+fIP1+gE2c43M</latexit>

R1

<latexit sha1_base64="1zZdq5NK0w94sDq+aN0xWuC9HCo=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaQt0WXBha5KBfuANoTJdNIOnUzCzEQooR/hxoUibv0ed/6N04fg88CFwzn3cu89YcqZ0o7zbq2srq1vbBa2its7u3v7pYPDtkoySWiLJDyR3RArypmgLc00p91UUhyHnHbC8eXM79xRqVgibvUkpX6Mh4JFjGBtpE4jqKJGUAtKZcf2XK9Sq6LfxLWdOcqwRDMovfUHCcliKjThWKme66Taz7HUjHA6LfYzRVNMxnhIe4YKHFPl5/Nzp+jUKAMUJdKU0Giufp3IcazUJA5NZ4z1SP30ZuJfXi/T0YWfM5FmmgqyWBRlHOkEzX5HAyYp0XxiCCaSmVsRGWGJiTYJFU0In5+i/0m7Yrue7d3UyvWrZRwFOIYTOAMXzqEO19CEFhAYwz08wpOVWg/Ws/WyaF2xljNH8A3W6wdRjI7z</latexit>

N3N4

<latexit sha1_base64="m/6kZEq68cWW37d7apS2hyg885c=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiAIQpiJYfQY8KDHKGaBZAg9nZ6kSU9P090jhCEf4cWDIl79Hm/+jZ1FcH1Q8Hiviqp6oeRMG9d9d3JLyyura/n1wsbm1vZOcXevqZNUEdogCU9UO8SaciZowzDDaVsqiuOQ01Y4upj6rTuqNEvErRlLGsR4IFjECDZWat30KugEyV6x5JZ9z69UT9Fv4pXdGUqwQL1XfOv2E5LGVBjCsdYdz5UmyLAyjHA6KXRTTSUmIzygHUsFjqkOstm5E3RklT6KEmVLGDRTv05kONZ6HIe2M8ZmqH96U/Evr5Oa6DzImJCpoYLMF0UpRyZB099RnylKDB9bgoli9lZEhlhhYmxCBRvC56fof9KslD2/7F9XS7XLRRx5OIBDOAYPzqAGV1CHBhAYwT08wpMjnQfn2XmZt+acxcw+fIPz+gEcD47Q</latexit>

R2 + p
<latexit sha1_base64="zjOVka9kmq8xRFTgkqpalsu1ZWk=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s11v9ovVxzbc71q7QT9Jq7t5KjAAo1++a03iEkaUaEJx0p1XSfRfoalZoTTaamXKppgMsZD2jVU4IgqP8tPnaIjowxQGEtTQqNc/TqR4UipSRSYzgjrkfrpzcS/vG6qwzM/YyJJNRVkvihMOdIxmv2NBkxSovnEEEwkM7ciMsISE23SKZkQPj9F/5NW1XY927uqVeoXiziKcACHcAwunEIdLqEBTSAwhHt4hCeLWw/Ws/Uyby1Yi5l9+Abr9QM3943N</latexit>

R2

<latexit sha1_base64="zjOVka9kmq8xRFTgkqpalsu1ZWk=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s11v9ovVxzbc71q7QT9Jq7t5KjAAo1++a03iEkaUaEJx0p1XSfRfoalZoTTaamXKppgMsZD2jVU4IgqP8tPnaIjowxQGEtTQqNc/TqR4UipSRSYzgjrkfrpzcS/vG6qwzM/YyJJNRVkvihMOdIxmv2NBkxSovnEEEwkM7ciMsISE23SKZkQPj9F/5NW1XY927uqVeoXiziKcACHcAwunEIdLqEBTSAwhHt4hCeLWw/Ws/Uyby1Yi5l9+Abr9QM3943N</latexit>

R2
<latexit sha1_base64="AQH7hxBdcjCvgOfUC0r5E9rAGgw=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qSKvYBbQiT6aQdOpmEmYlQQj/CjQtF3Po97vwbpw/B54ELh3Pu5d57wpQzpR3n3SosLa+srhXXSxubW9s75d29lkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD0fnUb99RqVgibvU4pX6MB4JFjGBtpPZN4KKroBqUK47tuV61doJ+E9d2ZqjAAo2g/NbrJySLqdCEY6W6rpNqP8dSM8LppNTLFE0xGeEB7RoqcEyVn8/OnaAjo/RRlEhTQqOZ+nUix7FS4zg0nTHWQ/XTm4p/ed1MR2d+zkSaaSrIfFGUcaQTNP0d9ZmkRPOxIZhIZm5FZIglJtokVDIhfH6K/ietqu16tnddq9QvFnEU4QAO4RhcOIU6XEIDmkBgBPfwCE9Waj1Yz9bLvLVgLWb24Rus1w9RnI7z</latexit>

R1N2

<latexit sha1_base64="AQH7hxBdcjCvgOfUC0r5E9rAGgw=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qSKvYBbQiT6aQdOpmEmYlQQj/CjQtF3Po97vwbpw/B54ELh3Pu5d57wpQzpR3n3SosLa+srhXXSxubW9s75d29lkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD0fnUb99RqVgibvU4pX6MB4JFjGBtpPZN4KKroBqUK47tuV61doJ+E9d2ZqjAAo2g/NbrJySLqdCEY6W6rpNqP8dSM8LppNTLFE0xGeEB7RoqcEyVn8/OnaAjo/RRlEhTQqOZ+nUix7FS4zg0nTHWQ/XTm4p/ed1MR2d+zkSaaSrIfFGUcaQTNP0d9ZmkRPOxIZhIZm5FZIglJtokVDIhfH6K/ietqu16tnddq9QvFnEU4QAO4RhcOIU6XEIDmkBgBPfwCE9Waj1Yz9bLvLVgLWb24Rus1w9RnI7z</latexit>

R1N2

<latexit sha1_base64="1zZdq5NK0w94sDq+aN0xWuC9HCo=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaQt0WXBha5KBfuANoTJdNIOnUzCzEQooR/hxoUibv0ed/6N04fg88CFwzn3cu89YcqZ0o7zbq2srq1vbBa2its7u3v7pYPDtkoySWiLJDyR3RArypmgLc00p91UUhyHnHbC8eXM79xRqVgibvUkpX6Mh4JFjGBtpE4jqKJGUAtKZcf2XK9Sq6LfxLWdOcqwRDMovfUHCcliKjThWKme66Taz7HUjHA6LfYzRVNMxnhIe4YKHFPl5/Nzp+jUKAMUJdKU0Giufp3IcazUJA5NZ4z1SP30ZuJfXi/T0YWfM5FmmgqyWBRlHOkEzX5HAyYp0XxiCCaSmVsRGWGJiTYJFU0In5+i/0m7Yrue7d3UyvWrZRwFOIYTOAMXzqEO19CEFhAYwz08wpOVWg/Ws/WyaF2xljNH8A3W6wdRjI7z</latexit>

N3N4

<latexit sha1_base64="zjOVka9kmq8xRFTgkqpalsu1ZWk=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s11v9ovVxzbc71q7QT9Jq7t5KjAAo1++a03iEkaUaEJx0p1XSfRfoalZoTTaamXKppgMsZD2jVU4IgqP8tPnaIjowxQGEtTQqNc/TqR4UipSRSYzgjrkfrpzcS/vG6qwzM/YyJJNRVkvihMOdIxmv2NBkxSovnEEEwkM7ciMsISE23SKZkQPj9F/5NW1XY927uqVeoXiziKcACHcAwunEIdLqEBTSAwhHt4hCeLWw/Ws/Uyby1Yi5l9+Abr9QM3943N</latexit>

R2
<latexit sha1_base64="1zZdq5NK0w94sDq+aN0xWuC9HCo=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaQt0WXBha5KBfuANoTJdNIOnUzCzEQooR/hxoUibv0ed/6N04fg88CFwzn3cu89YcqZ0o7zbq2srq1vbBa2its7u3v7pYPDtkoySWiLJDyR3RArypmgLc00p91UUhyHnHbC8eXM79xRqVgibvUkpX6Mh4JFjGBtpE4jqKJGUAtKZcf2XK9Sq6LfxLWdOcqwRDMovfUHCcliKjThWKme66Taz7HUjHA6LfYzRVNMxnhIe4YKHFPl5/Nzp+jUKAMUJdKU0Giufp3IcazUJA5NZ4z1SP30ZuJfXi/T0YWfM5FmmgqyWBRlHOkEzX5HAyYp0XxiCCaSmVsRGWGJiTYJFU0In5+i/0m7Yrue7d3UyvWrZRwFOIYTOAMXzqEO19CEFhAYwz08wpOVWg/Ws/WyaF2xljNH8A3W6wdRjI7z</latexit>

N3N4

<latexit sha1_base64="RMLMIth8t7egq6AwxaCIpnLc2AM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQ1RJcFF7qSivYBbSiT6aQdOpmEmYlQQj/BjQtF3PpF7vwbpw/B54ELh3Pu5d57wpQzpR3n3SosLa+srhXXSxubW9s75d29pkoySWiDJDyR7RArypmgDc00p+1UUhyHnLbC0fnUb91RqVgibvU4pUGMB4JFjGBtpJurntcrVxzbd/2qd4J+E9d2ZqjAAvVe+a3bT0gWU6EJx0p1XCfVQY6lZoTTSambKZpiMsID2jFU4JiqIJ+dOkFHRumjKJGmhEYz9etEjmOlxnFoOmOsh+qnNxX/8jqZjs6CnIk001SQ+aIo40gnaPo36jNJieZjQzCRzNyKyBBLTLRJp2RC+PwU/U+aVdv1bf/aq9QuFnEU4QAO4RhcOIUaXEIdGkBgAPfwCE8Wtx6sZ+tl3lqwFjP78A3W6wc0543L</latexit>

N4

<latexit sha1_base64="U0cvUqVS0RbhtQcXGJC3ZfPux4Q=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoMgCMtuElaPAQ96jGISIVnC7GSSDJmdHWZmhbDkI7x4UMSr3+PNv3HyEHwWNBRV3XR3RZIzbTzv3cktLa+sruXXCxubW9s7xd29pk5SRWiDJDxRtxHWlDNBG4YZTm+lojiOOG1Fo/Op37qjSrNE3JixpGGMB4L1GcHGSq3rbgWdINktljw38INytYJ+E9/1ZijBAvVu8a3TS0gaU2EIx1q3fU+aMMPKMMLppNBJNZWYjPCAti0VOKY6zGbnTtCRVXqonyhbwqCZ+nUiw7HW4ziynTE2Q/3Tm4p/ee3U9M/CjAmZGirIfFE/5cgkaPo76jFFieFjSzBRzN6KyBArTIxNqGBD+PwU/U+aZdcP3OCqWqpdLOLIwwEcwjH4cAo1uIQ6NIDACO7hEZ4c6Tw4z87LvDXnLGb24Ruc1w8dl47R</latexit>

R3 + p
<latexit sha1_base64="PPDe0ICsQ3XsByHTcD+BpfH0fz8=">AAAB6nicdVDJSgNBEK2JW4xLoh69NAbB0zCThNFjwIMe45IFkiH0dHqSJj09Q3ePEIZ8ghcPinj1i7z5N3YWwfVBweO9KqrqBQlnSjvOu5VbWV1b38hvFra2d3aLpb39lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8fnMb99RqVgsbvUkoX6Eh4KFjGBtpJvrfrVfKju253qVWhX9Jq7tzFGGJRr90ltvEJM0okITjpXquk6i/QxLzQin00IvVTTBZIyHtGuowBFVfjY/dYqOjTJAYSxNCY3m6teJDEdKTaLAdEZYj9RPbyb+5XVTHZ75GRNJqqkgi0VhypGO0exvNGCSEs0nhmAimbkVkRGWmGiTTsGE8Pkp+p+0Krbr2d5VrVy/WMaRh0M4ghNw4RTqcAkNaAKBIdzDIzxZ3Hqwnq2XRWvOWs4cwDdYrx85e43O</latexit>

R3

*
<latexit sha1_base64="0UzYnQlF4QFOiJyGJmFWK4myh4o=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRtiS4LLnQlVawttCFMppN26GQSZiZCCf0INy4Ucev3uPNvnD4EnwcuHM65l3vvCVPOlHacd6uwtLyyulZcL21sbm3vlHf3blWSSUJbJOGJ7IRYUc4EbWmmOe2kkuI45LQdjs6mfvuOSsUScaPHKfVjPBAsYgRrI7Wvgyq6DGpBueLYnutV6zX0m7i2M0MFFmgG5bdePyFZTIUmHCvVdZ1U+zmWmhFOJ6VepmiKyQgPaNdQgWOq/Hx27gQdGaWPokSaEhrN1K8TOY6VGseh6YyxHqqf3lT8y+tmOjr1cybSTFNB5ouijCOdoOnvqM8kJZqPDcFEMnMrIkMsMdEmoZIJ4fNT9D+5rdquZ3tX9UrjfBFHEQ7gEI7BhRNowAU0oQUERnAPj/BkpdaD9Wy9zFsL1mJmH77Bev0AVKiO9Q==</latexit>

R2N3

<latexit sha1_base64="PPDe0ICsQ3XsByHTcD+BpfH0fz8=">AAAB6nicdVDJSgNBEK2JW4xLoh69NAbB0zCThNFjwIMe45IFkiH0dHqSJj09Q3ePEIZ8ghcPinj1i7z5N3YWwfVBweO9KqrqBQlnSjvOu5VbWV1b38hvFra2d3aLpb39lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8fnMb99RqVgsbvUkoX6Eh4KFjGBtpJvrfrVfKju253qVWhX9Jq7tzFGGJRr90ltvEJM0okITjpXquk6i/QxLzQin00IvVTTBZIyHtGuowBFVfjY/dYqOjTJAYSxNCY3m6teJDEdKTaLAdEZYj9RPbyb+5XVTHZ75GRNJqqkgi0VhypGO0exvNGCSEs0nhmAimbkVkRGWmGiTTsGE8Pkp+p+0Krbr2d5VrVy/WMaRh0M4ghNw4RTqcAkNaAKBIdzDIzxZ3Hqwnq2XRWvOWs4cwDdYrx85e43O</latexit>

R3

<latexit sha1_base64="RMLMIth8t7egq6AwxaCIpnLc2AM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQ1RJcFF7qSivYBbSiT6aQdOpmEmYlQQj/BjQtF3PpF7vwbpw/B54ELh3Pu5d57wpQzpR3n3SosLa+srhXXSxubW9s75d29pkoySWiDJDyR7RArypmgDc00p+1UUhyHnLbC0fnUb91RqVgibvU4pUGMB4JFjGBtpJurntcrVxzbd/2qd4J+E9d2ZqjAAvVe+a3bT0gWU6EJx0p1XCfVQY6lZoTTSambKZpiMsID2jFU4JiqIJ+dOkFHRumjKJGmhEYz9etEjmOlxnFoOmOsh+qnNxX/8jqZjs6CnIk001SQ+aIo40gnaPo36jNJieZjQzCRzNyKyBBLTLRJp2RC+PwU/U+aVdv1bf/aq9QuFnEU4QAO4RhcOIUaXEIdGkBgAPfwCE8Wtx6sZ+tl3lqwFjP78A3W6wc0543L</latexit>

N4

<latexit sha1_base64="PPDe0ICsQ3XsByHTcD+BpfH0fz8=">AAAB6nicdVDJSgNBEK2JW4xLoh69NAbB0zCThNFjwIMe45IFkiH0dHqSJj09Q3ePEIZ8ghcPinj1i7z5N3YWwfVBweO9KqrqBQlnSjvOu5VbWV1b38hvFra2d3aLpb39lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8fnMb99RqVgsbvUkoX6Eh4KFjGBtpJvrfrVfKju253qVWhX9Jq7tzFGGJRr90ltvEJM0okITjpXquk6i/QxLzQin00IvVTTBZIyHtGuowBFVfjY/dYqOjTJAYSxNCY3m6teJDEdKTaLAdEZYj9RPbyb+5XVTHZ75GRNJqqkgi0VhypGO0exvNGCSEs0nhmAimbkVkRGWmGiTTsGE8Pkp+p+0Krbr2d5VrVy/WMaRh0M4ghNw4RTqcAkNaAKBIdzDIzxZ3Hqwnq2XRWvOWs4cwDdYrx85e43O</latexit>

R3
<latexit sha1_base64="RMLMIth8t7egq6AwxaCIpnLc2AM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQ1RJcFF7qSivYBbSiT6aQdOpmEmYlQQj/BjQtF3PpF7vwbpw/B54ELh3Pu5d57wpQzpR3n3SosLa+srhXXSxubW9s75d29pkoySWiDJDyR7RArypmgDc00p+1UUhyHnLbC0fnUb91RqVgibvU4pUGMB4JFjGBtpJurntcrVxzbd/2qd4J+E9d2ZqjAAvVe+a3bT0gWU6EJx0p1XCfVQY6lZoTTSambKZpiMsID2jFU4JiqIJ+dOkFHRumjKJGmhEYz9etEjmOlxnFoOmOsh+qnNxX/8jqZjs6CnIk001SQ+aIo40gnaPo36jNJieZjQzCRzNyKyBBLTLRJp2RC+PwU/U+aVdv1bf/aq9QuFnEU4QAO4RhcOIUaXEIdGkBgAPfwCE8Wtx6sZ+tl3lqwFjP78A3W6wc0543L</latexit>

N4

<latexit sha1_base64="PPDe0ICsQ3XsByHTcD+BpfH0fz8=">AAAB6nicdVDJSgNBEK2JW4xLoh69NAbB0zCThNFjwIMe45IFkiH0dHqSJj09Q3ePEIZ8ghcPinj1i7z5N3YWwfVBweO9KqrqBQlnSjvOu5VbWV1b38hvFra2d3aLpb39lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8fnMb99RqVgsbvUkoX6Eh4KFjGBtpJvrfrVfKju253qVWhX9Jq7tzFGGJRr90ltvEJM0okITjpXquk6i/QxLzQin00IvVTTBZIyHtGuowBFVfjY/dYqOjTJAYSxNCY3m6teJDEdKTaLAdEZYj9RPbyb+5XVTHZ75GRNJqqkgi0VhypGO0exvNGCSEs0nhmAimbkVkRGWmGiTTsGE8Pkp+p+0Krbr2d5VrVy/WMaRh0M4ghNw4RTqcAkNaAKBIdzDIzxZ3Hqwnq2XRWvOWs4cwDdYrx85e43O</latexit>

R3
<latexit sha1_base64="RMLMIth8t7egq6AwxaCIpnLc2AM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQ1RJcFF7qSivYBbSiT6aQdOpmEmYlQQj/BjQtF3PpF7vwbpw/B54ELh3Pu5d57wpQzpR3n3SosLa+srhXXSxubW9s75d29pkoySWiDJDyR7RArypmgDc00p+1UUhyHnLbC0fnUb91RqVgibvU4pUGMB4JFjGBtpJurntcrVxzbd/2qd4J+E9d2ZqjAAvVe+a3bT0gWU6EJx0p1XCfVQY6lZoTTSambKZpiMsID2jFU4JiqIJ+dOkFHRumjKJGmhEYz9etEjmOlxnFoOmOsh+qnNxX/8jqZjs6CnIk001SQ+aIo40gnaPo36jNJieZjQzCRzNyKyBBLTLRJp2RC+PwU/U+aVdv1bf/aq9QuFnEU4QAO4RhcOIUaXEIdGkBgAPfwCE8Wtx6sZ+tl3lqwFjP78A3W6wc0543L</latexit>

N4

<latexit sha1_base64="zjOVka9kmq8xRFTgkqpalsu1ZWk=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s11v9ovVxzbc71q7QT9Jq7t5KjAAo1++a03iEkaUaEJx0p1XSfRfoalZoTTaamXKppgMsZD2jVU4IgqP8tPnaIjowxQGEtTQqNc/TqR4UipSRSYzgjrkfrpzcS/vG6qwzM/YyJJNRVkvihMOdIxmv2NBkxSovnEEEwkM7ciMsISE23SKZkQPj9F/5NW1XY927uqVeoXiziKcACHcAwunEIdLqEBTSAwhHt4hCeLWw/Ws/Uyby1Yi5l9+Abr9QM3943N</latexit>

R2
<latexit sha1_base64="eSH/84X0TFu4CI3u3jnwlHHg1Cg=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s113+2XK47tuV61doJ+E9d2clRggUa//NYbxCSNqNCEY6W6rpNoP8NSM8LptNRLFU0wGeMh7RoqcESVn+WnTtGRUQYojKUpoVGufp3IcKTUJApMZ4T1SP30ZuJfXjfV4ZmfMZGkmgoyXxSmHOkYzf5GAyYp0XxiCCaSmVsRGWGJiTbplEwIn5+i/0mrarue7V3VKvWLRRxFOIBDOAYXTqEOl9CAJhAYwj08wpPFrQfr2XqZtxasxcw+fIP1+gE2c43M</latexit>

R1
<latexit sha1_base64="29pRp7fuout5CN7occ7mwUp2CTM=">AAAB63icdVDLSsNAFL2pr1ofrbp0M1gEVyGpJbosuNCVVLAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MWkr+Dxw4XDOvdx7TxBzpo3jvFuFldW19Y3iZmlre2e3XNnbb+soUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTC5yv3NHlWaRvDXTmPoCjyQLGcEml64HtdKgUnVsz/Vq9VP0m7i2M0cVlmgOKm/9YUQSQaUhHGvdc53Y+ClWhhFOZ6V+ommMyQSPaC+jEguq/XR+6wwdZ8oQhZHKSho0V79OpFhoPRVB1imwGeufXi7+5fUSE577KZNxYqgki0VhwpGJUP44GjJFieHTjGCiWHYrImOsMDFZPHkIn5+i/0m7Zrue7d3Uq43LZRxFOIQjOAEXzqABV9CEFhAYwz08wpMlrAfr2XpZtBas5cwBfIP1+gFmzo3d</latexit>

N2

<latexit sha1_base64="zjOVka9kmq8xRFTgkqpalsu1ZWk=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qsjz6gDWUynbRDJ5MwMxFK6Ce4caGIW7/InX/jNK3g88CFwzn3cu89QcKZ0o7zbhWWlldW14rrpY3Nre2d8u5eS8WpJLRJYh7LToAV5UzQpmaa004iKY4CTtvB+Hzmt++oVCwWt3qSUD/CQ8FCRrA20s11v9ovVxzbc71q7QT9Jq7t5KjAAo1++a03iEkaUaEJx0p1XSfRfoalZoTTaamXKppgMsZD2jVU4IgqP8tPnaIjowxQGEtTQqNc/TqR4UipSRSYzgjrkfrpzcS/vG6qwzM/YyJJNRVkvihMOdIxmv2NBkxSovnEEEwkM7ciMsISE23SKZkQPj9F/5NW1XY927uqVeoXiziKcACHcAwunEIdLqEBTSAwhHt4hCeLWw/Ws/Uyby1Yi5l9+Abr9QM3943N</latexit>

R2

<latexit sha1_base64="PPDe0ICsQ3XsByHTcD+BpfH0fz8=">AAAB6nicdVDJSgNBEK2JW4xLoh69NAbB0zCThNFjwIMe45IFkiH0dHqSJj09Q3ePEIZ8ghcPinj1i7z5N3YWwfVBweO9KqrqBQlnSjvOu5VbWV1b38hvFra2d3aLpb39lopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8fnMb99RqVgsbvUkoX6Eh4KFjGBtpJvrfrVfKju253qVWhX9Jq7tzFGGJRr90ltvEJM0okITjpXquk6i/QxLzQin00IvVTTBZIyHtGuowBFVfjY/dYqOjTJAYSxNCY3m6teJDEdKTaLAdEZYj9RPbyb+5XVTHZ75GRNJqqkgi0VhypGO0exvNGCSEs0nhmAimbkVkRGWmGiTTsGE8Pkp+p+0Krbr2d5VrVy/WMaRh0M4ghNw4RTqcAkNaAKBIdzDIzxZ3Hqwnq2XRWvOWs4cwDdYrx85e43O</latexit>

R3

<latexit sha1_base64="6pgovPsxo4QPJzd4e4UtoBM5Xlc=">AAAB63icdVDLSsNAFL2pr1pfVZduBovgKiRtiS4LLnQlFewD2lAm00k7dGYSZiZCCf0FNy4UcesPufNvTNoKPg9cOJxzL/feE8ScaeM471ZhZXVtfaO4Wdra3tndK+8ftHWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJhe537mjSrNI3pppTH2BR5KFjGCTS9eDWmlQrji253rVeg39Jq7tzFGBJZqD8lt/GJFEUGkIx1r3XCc2foqVYYTTWamfaBpjMsEj2suoxIJqP53fOkMnmTJEYaSykgbN1a8TKRZaT0WQdQpsxvqnl4t/eb3EhOd+ymScGCrJYlGYcGQilD+OhkxRYvg0I5golt2KyBgrTEwWTx7C56fof9Ku2q5nezf1SuNyGUcRjuAYTsGFM2jAFTShBQTGcA+P8GQJ68F6tl4WrQVrOXMI32C9fgBoU43e</latexit>

N3

<latexit sha1_base64="0UzYnQlF4QFOiJyGJmFWK4myh4o=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRtiS4LLnQlVawttCFMppN26GQSZiZCCf0INy4Ucev3uPNvnD4EnwcuHM65l3vvCVPOlHacd6uwtLyyulZcL21sbm3vlHf3blWSSUJbJOGJ7IRYUc4EbWmmOe2kkuI45LQdjs6mfvuOSsUScaPHKfVjPBAsYgRrI7Wvgyq6DGpBueLYnutV6zX0m7i2M0MFFmgG5bdePyFZTIUmHCvVdZ1U+zmWmhFOJ6VepmiKyQgPaNdQgWOq/Hx27gQdGaWPokSaEhrN1K8TOY6VGseh6YyxHqqf3lT8y+tmOjr1cybSTFNB5ouijCOdoOnvqM8kJZqPDcFEMnMrIkMsMdEmoZIJ4fNT9D+5rdquZ3tX9UrjfBFHEQ7gEI7BhRNowAU0oQUERnAPj/BkpdaD9Wy9zFsL1mJmH77Bev0AVKiO9Q==</latexit>

R2N3

sample

<latexit sha1_base64="1zZdq5NK0w94sDq+aN0xWuC9HCo=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFchaQt0WXBha5KBfuANoTJdNIOnUzCzEQooR/hxoUibv0ed/6N04fg88CFwzn3cu89YcqZ0o7zbq2srq1vbBa2its7u3v7pYPDtkoySWiLJDyR3RArypmgLc00p91UUhyHnHbC8eXM79xRqVgibvUkpX6Mh4JFjGBtpE4jqKJGUAtKZcf2XK9Sq6LfxLWdOcqwRDMovfUHCcliKjThWKme66Taz7HUjHA6LfYzRVNMxnhIe4YKHFPl5/Nzp+jUKAMUJdKU0Giufp3IcazUJA5NZ4z1SP30ZuJfXi/T0YWfM5FmmgqyWBRlHOkEzX5HAyYp0XxiCCaSmVsRGWGJiTYJFU0In5+i/0m7Yrue7d3UyvWrZRwFOIYTOAMXzqEO19CEFhAYwz08wpOVWg/Ws/WyaF2xljNH8A3W6wdRjI7z</latexit>

N3N4

<latexit sha1_base64="0UzYnQlF4QFOiJyGJmFWK4myh4o=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRtiS4LLnQlVawttCFMppN26GQSZiZCCf0INy4Ucev3uPNvnD4EnwcuHM65l3vvCVPOlHacd6uwtLyyulZcL21sbm3vlHf3blWSSUJbJOGJ7IRYUc4EbWmmOe2kkuI45LQdjs6mfvuOSsUScaPHKfVjPBAsYgRrI7Wvgyq6DGpBueLYnutV6zX0m7i2M0MFFmgG5bdePyFZTIUmHCvVdZ1U+zmWmhFOJ6VepmiKyQgPaNdQgWOq/Hx27gQdGaWPokSaEhrN1K8TOY6VGseh6YyxHqqf3lT8y+tmOjr1cybSTFNB5ouijCOdoOnvqM8kJZqPDcFEMnMrIkMsMdEmoZIJ4fNT9D+5rdquZ3tX9UrjfBFHEQ7gEI7BhRNowAU0oQUERnAPj/BkpdaD9Wy9zFsL1mJmH77Bev0AVKiO9Q==</latexit>

R2N3
<latexit sha1_base64="RMLMIth8t7egq6AwxaCIpnLc2AM=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQ1RJcFF7qSivYBbSiT6aQdOpmEmYlQQj/BjQtF3PpF7vwbpw/B54ELh3Pu5d57wpQzpR3n3SosLa+srhXXSxubW9s75d29pkoySWiDJDyR7RArypmgDc00p+1UUhyHnLbC0fnUb91RqVgibvU4pUGMB4JFjGBtpJurntcrVxzbd/2qd4J+E9d2ZqjAAvVe+a3bT0gWU6EJx0p1XCfVQY6lZoTTSambKZpiMsID2jFU4JiqIJ+dOkFHRumjKJGmhEYz9etEjmOlxnFoOmOsh+qnNxX/8jqZjs6CnIk001SQ+aIo40gnaPo36jNJieZjQzCRzNyKyBBLTLRJp2RC+PwU/U+aVdv1bf/aq9QuFnEU4QAO4RhcOIUaXEIdGkBgAPfwCE8Wtx6sZ+tl3lqwFjP78A3W6wc0543L</latexit>

N4
<latexit sha1_base64="0UzYnQlF4QFOiJyGJmFWK4myh4o=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRtiS4LLnQlVawttCFMppN26GQSZiZCCf0INy4Ucev3uPNvnD4EnwcuHM65l3vvCVPOlHacd6uwtLyyulZcL21sbm3vlHf3blWSSUJbJOGJ7IRYUc4EbWmmOe2kkuI45LQdjs6mfvuOSsUScaPHKfVjPBAsYgRrI7Wvgyq6DGpBueLYnutV6zX0m7i2M0MFFmgG5bdePyFZTIUmHCvVdZ1U+zmWmhFOJ6VepmiKyQgPaNdQgWOq/Hx27gQdGaWPokSaEhrN1K8TOY6VGseh6YyxHqqf3lT8y+tmOjr1cybSTFNB5ouijCOdoOnvqM8kJZqPDcFEMnMrIkMsMdEmoZIJ4fNT9D+5rdquZ3tX9UrjfBFHEQ7gEI7BhRNowAU0oQUERnAPj/BkpdaD9Wy9zFsL1mJmH77Bev0AVKiO9Q==</latexit>

R2N3

<latexit sha1_base64="AQH7hxBdcjCvgOfUC0r5E9rAGgw=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiS1RJcFF7qSKvYBbQiT6aQdOpmEmYlQQj/CjQtF3Po97vwbpw/B54ELh3Pu5d57wpQzpR3n3SosLa+srhXXSxubW9s75d29lkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD0fnUb99RqVgibvU4pX6MB4JFjGBtpPZN4KKroBqUK47tuV61doJ+E9d2ZqjAAo2g/NbrJySLqdCEY6W6rpNqP8dSM8LppNTLFE0xGeEB7RoqcEyVn8/OnaAjo/RRlEhTQqOZ+nUix7FS4zg0nTHWQ/XTm4p/ed1MR2d+zkSaaSrIfFGUcaQTNP0d9ZmkRPOxIZhIZm5FZIglJtokVDIhfH6K/ietqu16tnddq9QvFnEU4QAO4RhcOIU6XEIDmkBgBPfwCE9Waj1Yz9bLvLVgLWb24Rus1w9RnI7z</latexit>

R1N2

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="hq+v4R4HOLTzULzbM3rMlwAq/Tg=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYhA8hV2R6DEgiMcI5gHJEmZnZ5MxszPLTK8QloCf4MWDIl79H2/+jZPHQRMLGoqqbrq7wlRwg5737aysrq1vbBa2its7u3v7pYPDplGZpqxBlVC6HRLDBJesgRwFa6eakSQUrBUOryd+65Fpw5W8x1HKgoT0JY85JWilZldECk2vVPYq3hTuMvHnpAxz1Hulr26kaJYwiVQQYzq+l2KQE42cCjYudjPDUkKHpM86lkqSMBPk02vH7qlVIjdW2pZEd6r+nshJYswoCW1nQnBgFr2J+J/XyTC+CnIu0wyZpLNFcSZcVO7kdTfimlEUI0sI1dze6tIB0YSiDahoQ/AXX14mzfOKX61U7y7KtZunWRwFOIYTOAMfLqEGt1CHBlB4gGd4hTdHOS/Ou/Mxa11x5hEewR84nz/m5Y/H</latexit>. . .

<latexit sha1_base64="QC2qiWezJVjFIrxAuiEOiWYUPbg=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgacm2y7bHiiAeW7Af0C4lm6ZtbDa7JFmhLAXvXjwo4tWf5M1/Y7qtoKIPBh7vzTAzL4g5UxqhDyu3tr6xuZXfLuzs7u0fFA+P2ipKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJppcLv3NHpWKRuNGzmPohHgs2YgRrIzUvBsUSspHrIVSDyK54yHWcjLjlShU6NspQAis0BsX3/jAiSUiFJhwr1XNQrP0US80Ip/NCP1E0xmSKx7RnqMAhVX6aHTqHZ0YZwlEkTQkNM/X7RIpDpWZhYDpDrCfqt7cQ//J6iR7V/JSJONFUkOWiUcKhjuDiazhkkhLNZ4ZgIpm5FZIJlphok03BhPD1KfyftMu249le0y3Vr+6XceTBCTgF58ABVVAH16ABWoAACh7AE3i2bq1H68V6XbbmrFWEx+AHrLdPEV+Njg==</latexit>

A
<latexit sha1_base64="SpyRAYJLiMJ/iKAwlhidlubWp+g=">AAAB7nicdVDLSsNAFJ3UV62vqks3g0VwFSZtSLusCOKygn1AG8pkOmmHTiZhZiKUUPAX3LhQxK3f486/cZpWUNEDFw7n3Mu99wQJZ0oj9GEV1tY3NreK26Wd3b39g/LhUUfFqSS0TWIey16AFeVM0LZmmtNeIimOAk67wfRy4XfvqFQsFrd6llA/wmPBQkawNlL3YpipNJgPyxVkI9dDqAGRXfOQ6zg5cau1OnRslKMCVmgNy++DUUzSiApNOFaq76BE+xmWmhFO56VBqmiCyRSPad9QgSOq/Cw/dw7PjDKCYSxNCQ1z9ftEhiOlZlFgOiOsJ+q3txD/8vqpDht+xkSSairIclGYcqhjuPgdjpikRPOZIZhIZm6FZIIlJtokVDIhfH0K/yedqu14tnfjVppX98s4iuAEnIJz4IA6aIJr0AJtQMAUPIAn8Gwl1qP1Yr0uWwvWKsJj8APW2yfzB5Br</latexit>

Asub
<latexit sha1_base64="xxHUcXxyoyPHu5zhJlMKdogsEMU=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jUkPZYEMRjC/YD2lA22027drMJuxuhhIJ3Lx4U8epP8ua/cZtWUNEHA4/3ZpiZFyScKY3Qh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08uF372jUrFY3OhZQv0IjwULGcHaSK32sFxBNnI9hOoQ2Rcech0nJ271ogYdG+WogBWaw/L7YBSTNKJCE46V6jso0X6GpWaE03lpkCqaYDLFY9o3VOCIKj/LD53DM6OMYBhLU0LDXP0+keFIqVkUmM4I64n67S3Ev7x+qsO6nzGRpJoKslwUphzqGC6+hiMmKdF8ZggmkplbIZlgiYk22ZRMCF+fwv9Jp2o7nu213Erj6n4ZRxGcgFNwDhxQAw1wDZqgDQig4AE8gWfr1nq0XqzXZWvBWkV4DH7AevsEL6+Nog==</latexit>

U
<latexit sha1_base64="xxHUcXxyoyPHu5zhJlMKdogsEMU=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jUkPZYEMRjC/YD2lA22027drMJuxuhhIJ3Lx4U8epP8ua/cZtWUNEHA4/3ZpiZFyScKY3Qh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08uF372jUrFY3OhZQv0IjwULGcHaSK32sFxBNnI9hOoQ2Rcech0nJ271ogYdG+WogBWaw/L7YBSTNKJCE46V6jso0X6GpWaE03lpkCqaYDLFY9o3VOCIKj/LD53DM6OMYBhLU0LDXP0+keFIqVkUmM4I64n67S3Ev7x+qsO6nzGRpJoKslwUphzqGC6+hiMmKdF8ZggmkplbIZlgiYk22ZRMCF+fwv9Jp2o7nu213Erj6n4ZRxGcgFNwDhxQAw1wDZqgDQig4AE8gWfr1nq0XqzXZWvBWkV4DH7AevsEL6+Nog==</latexit>

U <latexit sha1_base64="zaH0MHHigXFcWMvyzlh/xdXt5/A=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9i0pe2xIIjHCqYtpLFstpt26WYTdjdCCQX/hBcPinj113jz37hNK6jog4HHezPMzAsSzpRG6MMqrK1vbG4Vt0s7u3v7B+XDo66KU0moS2Iey36AFeVMUFczzWk/kRRHAae9YHqx8Ht3VCoWixs9S6gf4bFgISNYG8lzbwdMaCoJ5sNyBdmo3kCoBZFda6C64+SkXq01oWOjHBWwQmdYfh+MYpJGVGjCsVKegxLtZ1hqRjidlwapogkmUzymnqECR1T5WX7yHJ4ZZQTDWJoSGubq94kMR0rNosB0RlhP1G9vIf7leakOW37GRJJqKshyUZhyqGO4+B+OmKRE85khmEhmboVkgiUmJgVVMiF8fQr/J92q7TTsxnW90r68X8ZRBCfgFJwDBzRBG1yBDnABATF4AE/g2dLWo/VivS5bC9YqwmPwA9bbJ9jSkhI=</latexit>U↭
<latexit sha1_base64="QC2qiWezJVjFIrxAuiEOiWYUPbg=">AAAB6HicdVBNSwMxEM3Wr1q/qh69BIvgacm2y7bHiiAeW7Af0C4lm6ZtbDa7JFmhLAXvXjwo4tWf5M1/Y7qtoKIPBh7vzTAzL4g5UxqhDyu3tr6xuZXfLuzs7u0fFA+P2ipKJKEtEvFIdgOsKGeCtjTTnHZjSXEYcNoJppcLv3NHpWKRuNGzmPohHgs2YgRrIzUvBsUSspHrIVSDyK54yHWcjLjlShU6NspQAis0BsX3/jAiSUiFJhwr1XNQrP0US80Ip/NCP1E0xmSKx7RnqMAhVX6aHTqHZ0YZwlEkTQkNM/X7RIpDpWZhYDpDrCfqt7cQ//J6iR7V/JSJONFUkOWiUcKhjuDiazhkkhLNZ4ZgIpm5FZIJlphok03BhPD1KfyftMu249le0y3Vr+6XceTBCTgF58ABVVAH16ABWoAACh7AE3i2bq1H68V6XbbmrFWEx+AHrLdPEV+Njg==</latexit>

A <latexit sha1_base64="z3+r9g7wVKcX786tUYqz2ItQWpw=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFSZtSLssCOKygn1AGstkOm2HTiZhZiKUUPAn3LhQxK1f486/cZpWUNEDFw7n3Mu994QJZ0oj9GEV1tY3NreK26Wd3b39g/LhUUfFqSS0TWIey16IFeVM0LZmmtNeIimOQk674fRi4XfvqFQsFjd6ltAgwmPBRoxgbSS/c9tnQlNJMB+UK8hGrodQAyK75iHXcXLiVmt16NgoRwWs0BqU3/vDmKQRFZpwrJTvoEQHGZaaEU7npX6qaILJFI+pb6jAEVVBlp88h2dGGcJRLE0JDXP1+0SGI6VmUWg6I6wn6re3EP/y/FSPGkHGRJJqKshy0SjlUMdw8T8cMkmJ5jNDMJHM3ArJBEtMTAqqZEL4+hT+TzpV2/Fs79qtNC/vl3EUwQk4BefAAXXQBFegBdqAgBg8gCfwbGnr0XqxXpetBWsV4TH4AevtE9pgkhM=</latexit>
V ↭

<latexit sha1_base64="HNiIje382p0Y2e1NZA+huYXcaVE=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK6GjLtMO2yIojLKvYB7VAyaaYNzWSGJCOUUvAD3LhQxK1/5M6/MZ1WUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhi7rfvqFQsFrd6klA/wkPBQkawNtLN+Wm/WEI2cj2EahDZFQ+5jpMRt1ypQsdGGUpgiUa/+N4bxCSNqNCEY6W6Dkq0P8VSM8LprNBLFU0wGeMh7RoqcESVP80uncETowxgGEtTQsNM/T4xxZFSkygwnRHWI/Xbm4t/ed1UhzV/ykSSairIYlGYcqhjOH8bDpikRPOJIZhIZm6FZIQlJtqEUzAhfH0K/yetsu14tnftluqX94s48uAIHIMz4IAqqIMr0ABNQEAIHsATeLbG1qP1Yr0uWnPWMsJD8APW2ydxoI2/</latexit>

A→ <latexit sha1_base64="dDXFKRQIpdUeImORN6+ptZRZQS4=">AAAB73icdVDLSgMxFM3UV62vqks3wSK6GjLtMO2yIojLCvYB7VAyadqGZjJjkhHKUPAb3LhQxK2/486/MZ1WUNEDFw7n3Mu99wQxZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bweRi7rfvqFQsEjd6GlM/xCPBhoxgbaTO+Wk/VUkw6xdLyEauh1ANIrviIddxMuKWK1Xo2ChDCSzR6Bffe4OIJCEVmnCsVNdBsfZTLDUjnM4KvUTRGJMJHtGuoQKHVPlpdu8MnhhlAIeRNCU0zNTvEykOlZqGgekMsR6r395c/MvrJnpY81Mm4kRTQRaLhgmHOoLz5+GASUo0nxqCiWTmVkjGWGKiTUQFE8LXp/B/0irbjmd7126pfnm/iCMPjsAxOAMOqII6uAIN0AQEcPAAnsCzdWs9Wi/W66I1Zy0jPAQ/YL19AlRNkJw=</latexit>A→
sub

<latexit sha1_base64="xxHUcXxyoyPHu5zhJlMKdogsEMU=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jUkPZYEMRjC/YD2lA22027drMJuxuhhIJ3Lx4U8epP8ua/cZtWUNEHA4/3ZpiZFyScKY3Qh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08uF372jUrFY3OhZQv0IjwULGcHaSK32sFxBNnI9hOoQ2Rcech0nJ271ogYdG+WogBWaw/L7YBSTNKJCE46V6jso0X6GpWaE03lpkCqaYDLFY9o3VOCIKj/LD53DM6OMYBhLU0LDXP0+keFIqVkUmM4I64n67S3Ev7x+qsO6nzGRpJoKslwUphzqGC6+hiMmKdF8ZggmkplbIZlgiYk22ZRMCF+fwv9Jp2o7nu213Erj6n4ZRxGcgFNwDhxQAw1wDZqgDQig4AE8gWfr1nq0XqzXZWvBWkV4DH7AevsEL6+Nog==</latexit>

U
<latexit sha1_base64="xxHUcXxyoyPHu5zhJlMKdogsEMU=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jUkPZYEMRjC/YD2lA22027drMJuxuhhIJ3Lx4U8epP8ua/cZtWUNEHA4/3ZpiZFyScKY3Qh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08uF372jUrFY3OhZQv0IjwULGcHaSK32sFxBNnI9hOoQ2Rcech0nJ271ogYdG+WogBWaw/L7YBSTNKJCE46V6jso0X6GpWaE03lpkCqaYDLFY9o3VOCIKj/LD53DM6OMYBhLU0LDXP0+keFIqVkUmM4I64n67S3Ev7x+qsO6nzGRpJoKslwUphzqGC6+hiMmKdF8ZggmkplbIZlgiYk22ZRMCF+fwv9Jp2o7nu213Erj6n4ZRxGcgFNwDhxQAw1wDZqgDQig4AE8gWfr1nq0XqzXZWvBWkV4DH7AevsEL6+Nog==</latexit>

U <latexit sha1_base64="zaH0MHHigXFcWMvyzlh/xdXt5/A=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9i0pe2xIIjHCqYtpLFstpt26WYTdjdCCQX/hBcPinj113jz37hNK6jog4HHezPMzAsSzpRG6MMqrK1vbG4Vt0s7u3v7B+XDo66KU0moS2Iey36AFeVMUFczzWk/kRRHAae9YHqx8Ht3VCoWixs9S6gf4bFgISNYG8lzbwdMaCoJ5sNyBdmo3kCoBZFda6C64+SkXq01oWOjHBWwQmdYfh+MYpJGVGjCsVKegxLtZ1hqRjidlwapogkmUzymnqECR1T5WX7yHJ4ZZQTDWJoSGubq94kMR0rNosB0RlhP1G9vIf7leakOW37GRJJqKshyUZhyqGO4+B+OmKRE85khmEhmboVkgiUmJgVVMiF8fQr/J92q7TTsxnW90r68X8ZRBCfgFJwDBzRBG1yBDnABATF4AE/g2dLWo/VivS5bC9YqwmPwA9bbJ9jSkhI=</latexit>
U↭

<latexit sha1_base64="HNiIje382p0Y2e1NZA+huYXcaVE=">AAAB6XicdVDLSgMxFM3UV62vqks3wSK6GjLtMO2yIojLKvYB7VAyaaYNzWSGJCOUUvAD3LhQxK1/5M6/MZ1WUNEDFw7n3Mu99wQJZ0oj9GHlVlbX1jfym4Wt7Z3dveL+QUvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfhi7rfvqFQsFrd6klA/wkPBQkawNtLN+Wm/WEI2cj2EahDZFQ+5jpMRt1ypQsdGGUpgiUa/+N4bxCSNqNCEY6W6Dkq0P8VSM8LprNBLFU0wGeMh7RoqcESVP80uncETowxgGEtTQsNM/T4xxZFSkygwnRHWI/Xbm4t/ed1UhzV/ykSSairIYlGYcqhjOH8bDpikRPOJIZhIZm6FZIQlJtqEUzAhfH0K/yetsu14tnftluqX94s48uAIHIMz4IAqqIMr0ABNQEAIHsATeLbG1qP1Yr0uWnPWMsJD8APW2ydxoI2/</latexit>

A→
<latexit sha1_base64="z3+r9g7wVKcX786tUYqz2ItQWpw=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFSZtSLssCOKygn1AGstkOm2HTiZhZiKUUPAn3LhQxK1f486/cZpWUNEDFw7n3Mu994QJZ0oj9GEV1tY3NreK26Wd3b39g/LhUUfFqSS0TWIey16IFeVM0LZmmtNeIimOQk674fRi4XfvqFQsFjd6ltAgwmPBRoxgbSS/c9tnQlNJMB+UK8hGrodQAyK75iHXcXLiVmt16NgoRwWs0BqU3/vDmKQRFZpwrJTvoEQHGZaaEU7npX6qaILJFI+pb6jAEVVBlp88h2dGGcJRLE0JDXP1+0SGI6VmUWg6I6wn6re3EP/y/FSPGkHGRJJqKshy0SjlUMdw8T8cMkmJ5jNDMJHM3ArJBEtMTAqqZEL4+hT+TzpV2/Fs79qtNC/vl3EUwQk4BefAAXXQBFegBdqAgBg8gCfwbGnr0XqxXpetBWsV4TH4AevtE9pgkhM=</latexit>

V ↭

<latexit sha1_base64="xxHUcXxyoyPHu5zhJlMKdogsEMU=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jUkPZYEMRjC/YD2lA22027drMJuxuhhIJ3Lx4U8epP8ua/cZtWUNEHA4/3ZpiZFyScKY3Qh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08uF372jUrFY3OhZQv0IjwULGcHaSK32sFxBNnI9hOoQ2Rcech0nJ271ogYdG+WogBWaw/L7YBSTNKJCE46V6jso0X6GpWaE03lpkCqaYDLFY9o3VOCIKj/LD53DM6OMYBhLU0LDXP0+keFIqVkUmM4I64n67S3Ev7x+qsO6nzGRpJoKslwUphzqGC6+hiMmKdF8ZggmkplbIZlgiYk22ZRMCF+fwv9Jp2o7nu213Erj6n4ZRxGcgFNwDhxQAw1wDZqgDQig4AE8gWfr1nq0XqzXZWvBWkV4DH7AevsEL6+Nog==</latexit>

U
<latexit sha1_base64="xxHUcXxyoyPHu5zhJlMKdogsEMU=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU9jUkPZYEMRjC/YD2lA22027drMJuxuhhIJ3Lx4U8epP8ua/cZtWUNEHA4/3ZpiZFyScKY3Qh1VYW9/Y3Cpul3Z29/YPyodHHRWnktA2iXksewFWlDNB25ppTnuJpDgKOO0G08uF372jUrFY3OhZQv0IjwULGcHaSK32sFxBNnI9hOoQ2Rcech0nJ271ogYdG+WogBWaw/L7YBSTNKJCE46V6jso0X6GpWaE03lpkCqaYDLFY9o3VOCIKj/LD53DM6OMYBhLU0LDXP0+keFIqVkUmM4I64n67S3Ev7x+qsO6nzGRpJoKslwUphzqGC6+hiMmKdF8ZggmkplbIZlgiYk22ZRMCF+fwv9Jp2o7nu213Erj6n4ZRxGcgFNwDhxQAw1wDZqgDQig4AE8gWfr1nq0XqzXZWvBWkV4DH7AevsEL6+Nog==</latexit>

U <latexit sha1_base64="zaH0MHHigXFcWMvyzlh/xdXt5/A=">AAAB8nicdVBNS8NAEN3Ur1q/qh69LBbBU9i0pe2xIIjHCqYtpLFstpt26WYTdjdCCQX/hBcPinj113jz37hNK6jog4HHezPMzAsSzpRG6MMqrK1vbG4Vt0s7u3v7B+XDo66KU0moS2Iey36AFeVMUFczzWk/kRRHAae9YHqx8Ht3VCoWixs9S6gf4bFgISNYG8lzbwdMaCoJ5sNyBdmo3kCoBZFda6C64+SkXq01oWOjHBWwQmdYfh+MYpJGVGjCsVKegxLtZ1hqRjidlwapogkmUzymnqECR1T5WX7yHJ4ZZQTDWJoSGubq94kMR0rNosB0RlhP1G9vIf7leakOW37GRJJqKshyUZhyqGO4+B+OmKRE85khmEhmboVkgiUmJgVVMiF8fQr/J92q7TTsxnW90r68X8ZRBCfgFJwDBzRBG1yBDnABATF4AE/g2dLWo/VivS5bC9YqwmPwA9bbJ9jSkhI=</latexit>
U↭ <latexit sha1_base64="z3+r9g7wVKcX786tUYqz2ItQWpw=">AAAB8nicdVDLSsNAFJ3UV62vqks3g0VwFSZtSLssCOKygn1AGstkOm2HTiZhZiKUUPAn3LhQxK1f486/cZpWUNEDFw7n3Mu994QJZ0oj9GEV1tY3NreK26Wd3b39g/LhUUfFqSS0TWIey16IFeVM0LZmmtNeIimOQk674fRi4XfvqFQsFjd6ltAgwmPBRoxgbSS/c9tnQlNJMB+UK8hGrodQAyK75iHXcXLiVmt16NgoRwWs0BqU3/vDmKQRFZpwrJTvoEQHGZaaEU7npX6qaILJFI+pb6jAEVVBlp88h2dGGcJRLE0JDXP1+0SGI6VmUWg6I6wn6re3EP/y/FSPGkHGRJJqKshy0SjlUMdw8T8cMkmJ5jNDMJHM3ArJBEtMTAqqZEL4+hT+TzpV2/Fs79qtNC/vl3EUwQk4BefAAXXQBFegBdqAgBg8gCfwbGnr0XqxXpetBWsV4TH4AevtE9pgkhM=</latexit>V ↭

<latexit sha1_base64="N3cYIFnUQCwBdHfEuex+xwjVvEA=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjJ9TO2uUBCXFewD2qFk0rQNzWTGJFMoQ8G/cONCEbd+jDv/xkzbhYoeuHA4517u4fgRZ0oj9GllNja3tneyu7m9/YPDo/zxSVuFsSS0RUIeyq6PFeVM0JZmmtNuJCkOfE47/rSR+p0ZlYqF4k7PI+oFeCzYiBGsjeT1A6wnBPOksRiUBvkCsqvIcUoORHbRdSsoJchxa+WaIeWaW6kWC2CN5iD/0R+GJA6o0IRjpXoOirSXYKkZ4XSR68eKRphM8Zj2DBU4oMpLlqEX8MIoQzgKpRmh4VL9fpHgQKl54JvNNKT67aXiX14v1qMrL2EiijUVZPVoFHOoQ5g2AIdMUqL53BBMJDNZIZlgiYk2PeVMCY6NloD/k3bRdlzbvS0X6tcPqzqy4Aycg0vggCqogxvQBC1AwD14BM/gxZpZT9ar9bZazVjrCk/BD1jvX1Pwkuw=</latexit>C3

<latexit sha1_base64="fLQP8y/txsIakVfwLxh8H8ACnXM=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ1Lbqd0VCuKygn1AO5RMmmlDMw+TTKEMBf/CjQtF3Pox7vwbM20XKnrgwuGce7mH48WCK43Qp7W2vrG5tZ3bye/u7R8cFo6O2ypKJGUtGolIdj2imOAha2muBevGkpHAE6zjTRqZ35kyqXgU3ulZzNyAjELuc0q0kdx+QPSYEpE25gM8KBSRXUUYX2KI7JLjVFBGEHZq5Zoh5ZpTqZaKYIXmoPDRH0Y0CVioqSBK9TCKtZsSqTkVbJ7vJ4rFhE7IiPUMDUnAlJsuQs/huVGG0I+kmVDDhfr9IiWBUrPAM5tZSPXby8S/vF6i/Ss35WGcaBbS5SM/EVBHMGsADrlkVIuZIYRKbrJCOiaSUG16ypsSsI0WgP+TdsnGju3clov164dlHTlwCs7ABcCgCurgBjRBC1BwDx7BM3ixptaT9Wq9LVfXrFWFJ+AHrPcvUOiS6g==</latexit>C1

<latexit sha1_base64="ews9/UW4O1Esecg7iPeBLINY+qs=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ1Lbqd0VCuKygn1AO5RMmmlDMw+TTKEMBf/CjQtF3Pox7vwbM20XKnrgwuGce7mH48WCK43Qp7W2vrG5tZ3bye/u7R8cFo6O2ypKJGUtGolIdj2imOAha2muBevGkpHAE6zjTRqZ35kyqXgU3ulZzNyAjELuc0q0kdx+QPSYEpE25oPSoFBEdhVhfIkhskuOU0EZQdiplWuGlGtOpVoqghWag8JHfxjRJGChpoIo1cMo1m5KpOZUsHm+nygWEzohI9YzNCQBU266CD2H50YZQj+SZkINF+r3i5QESs0Cz2xmIdVvLxP/8nqJ9q/clIdxollIl4/8REAdwawBOOSSUS1mhhAquckK6ZhIQrXpKW9KwDZaAP5P2iUbO7ZzWy7Wrx+WdeTAKTgDFwCDKqiDG9AELUDBPXgEz+DFmlpP1qv1tlxds1YVnoAfsN6/AFJskus=</latexit>C2

<latexit sha1_base64="ZTy/Wrr3ZG4TEyMTPdD8jqmfrSk=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6ZOp3ZXKIjLCvYB7VAyadqGZjJjkimUoeBfuHGhiFs/xp1/Y6btQkUPXDiccy/3cIKYM6UR+rTW1jc2t7ZzO/ndvf2Dw8LRcUtFiSS0SSIeyU6AFeVM0KZmmtNOLCkOA07bwaSe+e0plYpF4k7PYuqHeCTYkBGsjeT3QqzHBPO0Pu+7/UIR2RXkOJcORHbJ88ooI8jxqm7VELfqlSulIlih0S989AYRSUIqNOFYqa6DYu2nWGpGOJ3ne4miMSYTPKJdQwUOqfLTReg5PDfKAA4jaUZouFC/X6Q4VGoWBmYzC6l+e5n4l9dN9PDKT5mIE00FWT4aJhzqCGYNwAGTlGg+MwQTyUxWSMZYYqJNT3lTgmOjBeD/pFWyHc/2bt1i7fphWUcOnIIzcAEcUAE1cAMaoAkIuAeP4Bm8WFPryXq13para9aqwhPwA9b7F1V0ku0=</latexit>C4
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Figure 3: Memory-efficient sequential singular value decomposition to obtain a TT from a 4D input tensor of shape (N1×N2×N3×N4)
with given ranks (R1,R2,R3) using column subsampling.

cient to use only N1 linearly independent columns of A to find the
left singular vectors forming U. Moreover, we are only interested
in the first R1 < N1 most significant left singular vectors, which
can be computed from a subset of linearly independent columns
Asub [OT10]. Based on this observation, we propose an adapted,
improved version of the SSVD-based TT decomposition.

As shown in [CW19], it is possible to compute the left-singular
vectors of A on R1 + p vectors, with an oversampling parameter p.
Each of the R1 + p vectors is defined as a linear combination of
the columns of A using random Gaussian weights. This approach
has the advantage of a computable error bound for the resulting
approximation of A. The downside of this method is that we still
have to access all N1 ·N2 ·N3 ·N4 elements in the unfolded tensor T ,
which is too costly for large 4D tensors.

Instead of computing the R1 + p columns from linear interpola-
tions of all columns as in [CW19], we propose an adapted random
sampling algorithm for selecting a subset of R1 + p columns of A
forming Asub. We will discuss different selection techniques be-
low in Section 3.1.2. Using the sampling algorithm, we can now
compute U using SVD on a much smaller submatrix Asub. U then
defines the first TT core C1.

For the next step of the SSVD TT construction, we need the right
factor of A = U ·V⊺. As we compute the SVD only from Asub with
a reduced number of columns, the linear space of the right singular
vectors of A is not spanned properly. That is, we cannot directly
use the right singular vectors of the SVD of Asub. Instead, we re-
construct the correct right singular vectors V⊺ as follows. Let

A = U ·V⊺ (2)

denote the factorization with V⊺ being the matrix to compute. By
definition, U is an orthonormal matrix, hence U⊺ ·U = I with I

being the identity matrix. It follows that

U⊺ ·A = U⊺ ·U ·V⊺⇒ V⊺ = U⊺ ·A. (3)

Hence, we can compute the required matrix V⊺ from the product
of the transposed left singular vectors U⊺ and A. This avoids the
expensive SVD computation on the full matrix A.

V⊺ ∈ RR1×(N2·N3·N4) builds the basis for the next step of SSVD.
Therefore, it needs to be reshaped into A′ such that

reshape(V⊺) =: A′ ∈ R(R1·N2)×(N3·N4). (4)

However, this reshaping operation can be expensive in terms of
memory and time if it requires an explicit memory copy of the
large matrix V⊺. In our approach, we avoid this overhead by ex-
ploiting column-major storage, which enables implicit reshaping.
Given a matrix in column-major format, the columns are stored
contiguously in memory. Hence, reshaping the matrix from shape
RR1×(N2·N3·N4) to shape R(R1·N2)×(N3·N4), as illustrated in Figure 4,
merely concatenates sequential columns into longer columns. Con-
sequently, the reshaping reduces to an index reinterpretation, re-
quiring no explicit memory access ot data movement.

The previous procedure is then repeated iteratively with A′,
where in each step the left singular vectors are reshaped and stored
as a 3D TT core and the right singular vectors serve as a starting
point for the next iteration, leading to a new A′. We continue until
we have obtained three TT cores like that, and the fourth and last
TT core is then defined as the last matrix V⊺ of the last factoriza-
tion. The TT cores Ci=1...4 have shapes RRi−1×Ni×Ri , respectively,
with R0 = R4 = 1. Hence, the first and last TT cores are matrices,
while the two inner TT cores are 3D tensors.

© 2026 The Author(s).
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mode-1 unfolding
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reshaping to tensor
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matrix reshaping
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Figure 4: mode-1 unfolding of a tensor of size (K1×K2×K3) and
reshaping of a (K1× (K2 ·K3))-matrix.

3.1.2. Column Sampling

As outlined above, the computation of the SVD on large matri-
ces is expensive, but wide, imbalanced matrices have their column
space highly over-defined. This allows us to compute the left sin-
gular vectors from a subset of columns, as long as the set is chosen
wisely. We present two efficient methods to select such a submatrix,
the first using completely random column selection and the second
using the maximum volume approximation approach [MO15].

Random sampling is the more efficient and simpler approach of
the two proposed approaches. In each iteration, let A ∈RM×N with
M≪ N be the matrix of which we want to obtain the first Ri left
singular vectors by applying SVD. We propose to randomly select
Ri + p of the columns of A which define the submatrix Asub, where
p≥ 0 is a predefined oversampling parameter. The first Ri left sin-
gular vectors can be computed using SVD on the submatrix Asub.
This works in most cases because the chance that Ri of the selected
Ri + p columns are linearly independent is very high. This is be-
cause with p > 0, we choose more columns than needed, of which
only Ri need to be linearly independent. When computing the SVD,
we can automatically check whether the input matrix has full rank.
If not, we know that the selected set does not contain Ri linearly
independent vectors, and we select a new set of random columns.

While random column sampling is very time- and memory-
efficient, it does not guarantee the best possible set of columns.
Hence, we might find a set of left singular vectors that do not
necessarily represent our matrix well. Therefore, we introduce a
second approach. It is based on the maximum volume approxima-
tion (maxvol) approach [MO15]. The idea is based on the fact that
the best choice of Ri + p vectors is defined by spanning a volume
larger than any other set of Ri + p chosen columns. Therefore, we
try to improve the choice of columns iteratively, alternating be-
tween choosing optimal columns and optimal rows. Furthermore,
we apply random preselection before applying the maxvol algo-
rithm. That is because for an input matrix A ∈ RM×N with M < N,
maxvol computes a matrix of size N×N as an intermediate step. As
in our case, the dimension N can become quite large for large input
matrices, we propose to randomly subsample the columns or rows,

respectively, before applying the maximum volume algorithm. The
complete process is shown in Algorithm 1.

Algorithm 1 Calculate a submatrix of a given matrix using alter-
nating maximum volume approximation.

1: Input: Matrix A ∈ RM×N ,M < N, rank R, oversampling pa-
rameter p, oversampling factor F

2: Let Asub := A[:, Ic], for Ic being (R+ p) random, uniform col-
umn indices of A.

3: for i = 0 to max_iter do
4: \\ Sample rows
5: I← (F · (R+ p)) random row indices of Asub
6: A′sub← Asub[I, :]
7: Ir←maxvol(A′sub) \\ indices returned by maxvol
8: Let R← A[Ir, :]
9: \\ Sample columns

10: I← (F · (R+ p)) random column indices of R
11: R′← R[:, I]
12: Ic←maxvol(R′) \\ indices returned by maxvol
13: Asub← A[:, Ic]
14: end for
15: return Asub

3.2. Interactive Reconstruction and Rendering

After decomposing the large 4D volume T into TT format with
cores C1,C2,C3,C4, we need to decode them for visualization. We
assume the visualization of a 3D volume is using DVR, showing
one time step at a time, and providing a time slider for interactive
choice of, or random access to, the time steps. Naively, we could
reconstruct the complete 4D data before visualization through
three tensor-tensor multiplications [Ose11,LLLZ22]. However, that
would defeat the purpose of limiting memory usage, as the full
4D tensor would be recreated. Alternatively, one could reconstruct
each required time step on demand. This reconstruction requires
two tensor-tensor multiplications and one tensor-vector multiplica-
tion. The amount of multiplications needed for this approach makes
it too slow for interactive time access, as soon as we have to deal
with large datasets.

To enable fast interactive time access, we propose a more ef-
ficient on-the-fly partial decoding approach. In the following, we
assume, w.l.o.g., that the first three dimensions of the input data
refer to the spatial dimensions, while the last dimension defines
the time. We can observe that all TT cores C1,2,3 but the last one
C4 are independent of time. Hence, we propose a partial decod-
ing step, in which the first three TT cores C1,2,3 are multiplied
together. The result is stored as a reduced base tensor T̂ of di-
mensions N1×N2×N3×R3, where R3 is the third TT decompo-
sition rank (see Figure 2). Even though T̂ is still a 4D tensor, it is
significantly smaller than the fully reconstructed 4D volume, since
R3 ≪ N4. This allows us to render data that can be up to multiple
times larger than available memory, even without any asynchronous
loading or out-of-core data management.

The partial decoding into T̂ requires two tensor-tensor multipli-
cations but only happens once. Furthermore, the multiplications of

© 2026 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
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6 of 12 C. Hartmann & R. Ballester-Ripoll & R. Pajarola / TT4D

the elements are linear operations, independent of each other per
tensor multiplication. Thus, this can be parallelized and highly ac-
celerated using GPU computation.

At runtime, for each required time step, we only need to multi-
ply the 4D base tensor T̂ with one column vector of the last TT
core C4, requiring a single tensor-vector multiplication to obtain
the 3D volume of a specific time step. As these multiplications are
vector dot products, which are independent linear operations again,
they can also be parallelized on the GPU. The reduced number of
operations necessary per reconstructed time step and the GPU ac-
celeration allow us to achieve an interactive, flexible reconstruction
of any requested time step.

3.2.1. Multiresolution Volume Sampling

For large data, the above reconstruction strategy may achieve in-
teractive rates but may not reach fully smooth and fluid rendering
for quickly changing time steps. Therefore, we propose an adaptive
and progressive spatial reconstruction scheme. We assume that dur-
ing fast interactions with the time selector, the full resolution of the
3D volume is not ultimately necessary to give a dynamic overview
of the time-varying data. Hence, during active sliding through time,
an adaptive lower spatial resolution of the data is reconstructed,
which is progressively increased to full resolution as soon as the
time sliding slows down.

The progressive decoding partially reconstructs a subsampled
3D time-slice from the 4D base tensor T̂ for rendering. Hence,
only a fraction of the spatial volume resolution is initially recon-
structed, and the remaining voxels are progressively decoded as
soon as possible based on frame rendering times. Note that this
subsampled reconstruction can be obtained efficiently by reading
out and decoding only a fraction of the full base tensor, based on a
spatial subsampling pattern. As tensor-vector multiplication, a spa-
tial subtensor of T̂ is multiplied with the respective time column
vector of the last TT core C4, resulting in the values of a subset
of voxels of the full data. These values are then copied to the non-
computed voxels, which are not part of the subset. The subsampling
only happens in the spatial dimensions.

Our progressive sampling is based on a repetitive cube scheme,
dividing the full 3D volume into small cubes as indicated in
Figure 5. A subsampling ratio of 1 : 8 divides the volume into
2× 2× 2 cubes and then decodes only one of the eight voxels per
cube, and the other seven are mere copies. Progressively, we can
easily increase the sampling to 1 : 4 by decoding the cube’s diag-
onal element. Other patterns and sampling ratios could also be de-
fined, especially for larger cubes. The benefit of this approach over
a more complex interpolation scheme is that we compute a subset
of the final data values. Hence, when going from a lower resolu-
tion to a higher resolution, e.g., 1 : 8 to 1 : 4 and then 1 : 1, all the
previously computed values can be reused and do not have to be
recomputed again.

Furthermore, the subsampling scheme is adaptive, and the tar-
geted resolution is based on the speed of computation. Starting
from a predefined resolution of, e.g., 1 : 8, we adaptively refine
the resolution of the current time step until the computation time
exceeds 30ms. Stopping the time slider eventually leads to the com-

<latexit sha1_base64="HfvhfWUER6+kHoFtxGS2GBTwadg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEavFU8OKxgqmFNpTNdtMu3WzC7kQooeA/8OJBEa/+IG/+G7cfB219MPB4b4aZeWEqhUHX/XYKa+sbm1vF7dLO7t7+QfnwqGWSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSv4Qjm6m/sMj10Yk6h7HKQ9iOlAiEoyilXyPXJN6r1xxq+4MZJV4C1KBBZq98le3n7As5gqZpMZ0PDfFIKcaBZN8UupmhqeUjeiAdyxVNOYmyGfHTsiZVfokSrQthWSm/p7IaWzMOA5tZ0xxaJa9qfif18kwqge5UGmGXLH5oiiTBBMy/Zz0heYM5dgSyrSwtxI2pJoytPmUbAje8surpHVR9WrV2t1lpdF8msdRhBM4hXPw4AoacAtN8IGBgGd4hTdHOS/Ou/Mxby04iwiP4Q+czx9Ln44o</latexit>
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1 : 1

Figure 5: 8 (2×2×2)-cubes with different subsampling resolution.
Blue: computed voxels, white: copied voxels.

putation of the full resolution. This scheme allows for smooth real-
time rendering of lower resolution versions of the volume, even for
fast-changing time values, while still providing the full resolution
for detailed analysis of single time steps.

4. Implementation

Our TT4D tensor train decomposition is implemented in Python,
using numpy and pytorch for matrix and tensor operations,
and teneva for the alternating maximum volume approximation
(maxvol) algorithm [ten,CRO23]. The real-time rendering pipeline
is implemented in C++ using VTK for DVR [VTK] and parallelized
tensor reconstruction performed directly on the GPU using Metal
compute shaders.

The TT cores are stored as 16-bit floats and also reconstructed
as such. The decomposition itself and the visualization are done
with 32-bit floats, as we currently rely on external functionalities
of pytorch and VTK that cannot handle 16-bit floats.

5. Result

We tested our method using the four datasets shown in Table 1. All
experiments were conducted on a machine equipped with an Apple
M2 chip (10-core) and 32GB of unified memory.

Name Dimensions Type GB Source
isotropic 1284 float-32 1 [LPW∗08, PBLM07]
jet 1292×104×150 float-64 2 [GGYC11]
turbulence 5123×64 float-32 32 [LPW∗08, PBLM07]
channel 5123×128 float-32 64 [LPW∗08, PBLM07, GKY∗16]

Table 1: 4D volume datasets used for testing.

5.1. Decomposition

Table 2 shows the accuracy of our TT4D tensor compression ap-
proach for different compression ratios. For T being the input data
and T ′ the reconstructed 4D data, the relative error is defined as
norm(T −T ′)/norm(T ), the peak signal-to-noise ratio (PSNR)
as 20 · log10((max(T )−min(T ))/

√
mean((T −T ′)2)), and the

structural similarity index (SSIM) as proposed in [WBSS04]. The
last rank of the compression, for the time dimension, can be de-
fined lower than the first two ranks for the spatial dimensions to
achieve faster reconstruction during rendering. Especially the high-
resolution datasets turbulence and channel exhibit only moderate
changes over time. However, that is typical for high-resolution sci-
entific datasets and consequently allows for higher compression ra-
tios with higher accuracy. But we note that this advantage holds for
all compared methods. The compression ratios are given in com-
parison to the original data size.

As a baseline reference to state-of-the-art compression meth-
ods, we compare TT4D to three other methods: ZFP [Lin14], us-
ing the fixed-rate compression which allows for random partial

© 2026 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
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Figure 6: Comparison of peak memory and runtime during compression of different methods with two exemplary compression ratios. “X“
denotes values that we were not able to compute due to memory issues or too low provided compression ratios, as ZFP fixed-rate compresses
only up to 1 : 128 for 32-bit floats. Note that the computation time is given on a log scale.

Dataset co
m
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es

si
on

ra
tio

ra
nk

s
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tiv
e
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r

PS
N

R
(d

B
)

SS
IM

isotropic 1:15 (88,1894,57) 0.2331 41.8430 0.9563
1:297 (47,195,25) 0.3923 37.32 0.8595

jet 1:15 (90,3613,68) 0.2077 52.4951 0.9984
1:294 (62,305,34) 0.4229 46.3173 0.9913

turbulence 1:50 (255,2280,18) 0.0281 61.2764 0.9995
1:1000 (125,250,7) 0.1676 45.7819 0.981

channel 1:128 (384,1258,32) 0.2383 50.2252 0.9935
1:1000 (172,344,21) 0.6416 41.6221 0.944

Table 2: Accuracy after compression of different datasets with dif-
ferent compression ratios using TT4D maxvol column sampling.

decompression, TTHRESH [BRLP20], and TT decomposition via
tntorch [UBRS22]. We omit the comparison to the SZ compressor
as ZFP has been shown to have very similar compression ratios
and accuracy [BRLP20]. We also compare our maximum volume
column sampling to plain random sampling and to a basic imple-
mentation of the sequential singular value decomposition (SSVD)
without sampling.

Figure 6 compares the observed compression time and peak
memory usage for two exemplary target compression ratios of
1 : 128 and 1 : 300. Note that ZFP fixed-rate compression does not
allow for compression ratios more than 1 : 128 for 32-bit floats.
Moreover, due to too much memory consumption of some meth-
ods, we were not able to compress all datasets with all methods.
All methods which were running out of memory or could not com-
plete the task are indicated with × in the charts. As can be seen,
our TT4D decomposition method has a significantly lower mem-
ory usage than TTHRESH, tntorch, and the default SSVD, leading
to the possibility of processing notably larger datasets than these
methods. Furthermore, our TT4D decomposition approaches are
faster than all compared methods, except for ZFP at the lower com-
pression rate. ZFP achieves a slightly faster compression using less
memory but it can not compress more than 1 : 128 for 32-bit float
data, which is a disadvantage for large datasets. We can also see
that random column sampling is slightly faster than the maximum
volume approximation, due to the iterative nature of the latter. Ran-
dom column sampling also uses slightly less memory than maxvol
sampling due to additional auxiliary matrices that are needed in
the implementation of the matrix maximum volume approxima-
tion [ten, CRO23] we used.

Putting the achievable compression ratios in relation to other
methods, we observe that TTHRESH can achieve higher compres-
sion ratios, showing a similar accuracy with respect to the relative
error (Table 3). This is to be expected since our method is not de-
signed to achieve maximal compression, as we do not exploit any
variable-bit length, sparse coding, or vector quantization. Instead,
our method is optimized for low time and memory usage. Further-
more, our method allows more compression domain data process-
ing operations than other methods. The experiments also show that
we can achieve much better compression ratios for the same accu-
racy using no column subsampling. At the same time, the maximum
volume approximation, compared to random column sampling, al-
lows us to achieve almost twice the compression ratio. In our exper-
iments, we used a maximum of 15 iterations and an oversampling
parameter of 10 for the maximum volume approximation. Increas-
ing these parameters could lead to compression ratios even closer to
the basic SSVD. For the two larger datasets, turbulence and chan-
nel, TT4D maxvol sampling can provide the highest compression
based on similar accuracy compared to the other methods that are
capable of compressing such large datasets in these experiments.

Figure 7 shows the effect of our oversampling parameter p on
the reconstruction accuracy. As expected, the relative error can be
reduced with a higher oversampling parameter. However, increas-
ing p requires the processing of larger matrices, which reduces the
overall efficiency of the decomposition, and it has a limited effect
on the larger data sets.

One key advantage of our decomposition is that after loading and
partial initial decoding of the data, we do not need much additional
memory, allowing us to decompose large datasets. Figure 8 shows
the memory consumption over time, exemplary for the decomposi-
tion of the isotropic dataset. We compare random and maxvol col-
umn sampling, as well as tntorch and SSVD with no sampling. The
red lines indicate the peak memory consumption for each method.
Note that the time axes show the different overall decomposition
running times, which are significantly longer for tntorch and SSVD,
while TT4D random sampling is a bit faster than the maxvol vari-
ant. We can see that TT4D needs less memory in total as it does
most operations in-place or on small submatrices, while tntorch
and basic SSVD make copies of the data or rely on large intermedi-
ate matrices, and therefore use even more memory than the initial
amount.

© 2026 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
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Dataset relative
error

ZFP
fixed-rate TTHRESH tntorch SSVD TT4D random

sampling
TT4D iterative

maxvol sampling

isotropic 0.25 1 : 64 1 : 1,461 - 1 : 78 1 : 14 1 : 22
0.50 1 : 128† 1 : 72,934 1 : 1,753 1 : 4,542 1 : 671 1 : 1,016

jet 0.20 * 1 : 2,279 - 1 : 47 1 : 21 1 : 44
0.50 * 1 : 44,328 1 : 144 1 : 1,440 1 : 406 1 : 573

turbulence 0.02 * - - - 1 : 12 1 : 23
0.17 1 : 14 - - - 1 : 515 1 : 1,000

channel 0.25 1 : 16 - - - 1 : 89 1 : 150
0.50 1 : 32 - - - 1 : 420 1 : 610

Table 3: Comparison of compression ratios for the same relative reconstruction error. “-“ denotes values the method was not able to complete
due to memory or singularity issues. “*“ denotes cases where the low target error could not be achieved. “†“ indicates that 1 : 128 is the
maximum compression ratio supported by ZFP fixed-rate compression for 32-bit floats and higher ratios are therefore unavailable.
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Figure 7: Analysis of the oversampling parameter p for random
and iterative maxvol column sampling.
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Figure 8: Memory profiling of decomposition of the isotropic
dataset (1GB) over time with compression 1 : 300.

5.2. Reconstruction

We claim that the TT4D compression domain visualization ap-
proach is suitable for fast reconstruction, even of random single
time steps, supporting interactive rendering. To demonstrate this,
we show a comparison of reconstruction times for different com-
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isotropic 22.1 7,767 154 2.3 1.1 153
jet 18.8 8,547 334 2.3 1.1 334
turbulence 2,000 - 14,243 105 14.4 13,271
channel 1,997 - 36,332 156 20.8 34,675

Table 4: Reconstruction times in ms of different methods for a com-
pression ratio of 1 : 128. For ZFP, we measured the time to decode
the smallest possible amount of blocks, equalling 4 time steps, but
report the time amortized for one time step. Naive reconstruction
refers to reconstruction without any preprocessing, being the mul-
tiplication of the first 3 tensor cores with one column vector of
the last tensor core. Subsampled reconstruction denotes the time
to reconstruct one subsampled time step. Partial Decoding refers
to the time needed to construct the base tensor as described in Sec-
tion 3.2. Entries “-“ denote cases where the compression was not
possible due to memory issues.

pression techniques in Table 4. Since ZFP does not allow for single
time step reconstruction, we measure the time for reconstructing
4 time steps, which is the smallest possible reconstruction size, but
report the amortized time per time step. As we can see, our method
provides fast full-resolution reconstruction of individual time steps
and is much faster than the other compared methods. Even ZFP’s
amortized single time step reconstruction is still an order of mag-
nitude slower than our TT4D. To demonstrate the effectiveness of
our approach, we also report the naive reconstruction of individual
time steps from the fully compressed TT format. In the last col-
umn, we additionally report the partial decoding time, which is a
startup cost required only once when loading a new dataset. One
can see that our partial decoding introduced in Section 3.2 reduces
the reconstruction time per time step significantly.

Note that even with our fast reconstruction from a partial de-
coding, the reconstruction time for the much larger turbulence and
the channel datasets can be more than 100ms. This demonstrates
the necessity of our proposed subsampled reconstruction, see Sec-
tion 3.2.1, to allow for fluent reconstruction during fast user inter-
actions. For example, a 1 : 8 subsampled time slice of the (1 : 128)-
compressed channel dataset can be decoded in an average time of
only 20.8ms (see Table 4).

Furthermore, we state that TT4D allows for faster time step re-
construction under similar accuracy. Figure 9 shows that TT4D
provides significantly faster reconstruction than ZFP fixed-rate and

© 2026 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
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Figure 9: Comparison of compression ratio to reconstruction time and comparison of reconstruction time to accuracy in terms of PSNR and
SSIM between ZFP, TTHRESH, and TT4D maxvol. For ZFP, we measure the time to decode the smallest possible amount of blocks, equalling
4 time steps, but report the time amortized for one time step. TTHRESH is not able to compress the turbulence and channel datasets. ZFP
fixed-rate does not allow for higher compression than 1 : 128 for 32-bit floating points. Note the logarithmic scale for the reconstruction
times and compression ratios.

TTHRESH for similar compression ratios. The graph also shows
that for all but one dataset, we achieve higher accuracy in terms
of PSNR and SSIM than ZFP. TTHRESH provides more accu-
rate compression, however, the reconstruction times are too slow
to support any interactive reconstruction and exploration of the
dataset. Moreover, TTHRESH cannot handle the compression of
large datasets, such as the turbulence and channel dataset.

In Figure 10, the reconstruction results of our method are com-
pared visually to the original datasets and to the reconstruction re-
sults of TTHRESH. While our method can provide high-quality
reconstructions of the key visual features, TTHRESH provides a
slightly better reconstruction in the fine details and high frequen-
cies. However, using our method, the 4D data is never completely
reconstructed, leading to less memory usage and the possibility
to decompose and visualize significantly larger datasets than with
TTHRESH, as shown in Figure 11. It is important to note that, al-
though we present our results using VTK for rendering, our method

is independent of the rendering framework and could be integrated
with different basic volume renderers of the user’s choice.

Beyond basic reconstruction and rendering, the linearity of ten-
sor decompositions allows for interactive and efficient application
of convolutional filtering operations in decomposed space, avoiding
processing the full-size dataset. It even allows for the application
of filters along the time dimension without ever needing to recon-
struct multiple time steps. For more information on the application
of basic filtering operations to decomposed tensors, see [BRSP18].
Figure 12 shows the application of a one-dimensional Difference of
Gaussian filter kernel along the time dimension, showing the areas
of major changes over time. The application of the filter leads to
virtually no additional effort, being computed in less than 2ms for
the shown datasets.

© 2026 The Author(s).
Computer Graphics Forum published by Eurographics and John Wiley & Sons Ltd.
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(a) original (b) TTHRESH (c) TT4D
Figure 10: Comparison of the reconstruction results of TT4D to
TTHRESH and the original isotropic (top) and jet (bottom) data
for a compression ratio of 1 : 128.

5.3. Limitations

While SSVD may achieve higher accuracy compared to TT4D’s
random or maxvol column sampling, it is impractical for larger
4D volume data. Nevertheless, more parameter tuning and higher
oversampling parameters might help to close that difference. In any
case, the accuracy of the results depends on the choice and distri-
butions of the ranks, which are user-defined. Further exploration
could help to find more optimal rank configurations that may lead
to more accurate compression. A second limitation is that TT4D’s
smooth and flexible reconstruction relies on computing and storing
an intermediate reduced-size fourth-order base tensor for fast ren-
dering. This tensor is up to multiple factors smaller than the full 4D
dataset, but for very large spatial dimensions and high decomposi-
tion ranks, it could still be large and a limiting factor.

6. Conclusion

We introduced TT4D, a tensor train-based method for compress-
ing 4D time-varying volume data. By leveraging different column
subsampling strategies, TT4D operates on submatrices during the
decomposition, avoiding expensive computations on large matri-
ces and eliminating costly reshaping operations. Our results have
shown that TT4D reduces memory and time consumption com-
pared to existing state-of-the-art compression methods.

Moreover, TT4D introduces flexible, on-the-fly reconstruction of
individual time steps without ever requiring the reconstruction of
the full dataset. Through adaptive multiresolution reconstruction,
TT4D enables real-time updates, outperforming naive reconstruc-
tion approaches, allowing for interactive exploration of the data
even for large datasets. Exploiting the advantages of tensor trains,

(a) original (b) TT4D
Figure 11: Comparison of reconstruction results to the original
turbulence (top) and channel (bottom) data for a compression ratio
of 1 : 128.

(a) isotropic (b) jet (c) turbulence (d) channel

Time: 0.9ms, 0.7ms, 1.2ms, 1.4ms
Figure 12: 1D difference of Gaussians filter over time dimension. 
Reconstruction ratio 1 : 128. The indicated time refers to the time 
needed to apply the filter. Red regions indicate positive peaks, while 
blue regions indicate negative peaks. Top: filter, b ottom: recon-
struction without filter.

TT4D allows for efficient application of filter operations in the de-
composed domain.
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