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interest. When one probability is varied, then others are proportionally covaried to respect
the sum-to-one condition of probabilities. The choice of proportional covariation is justified
by multiple optimality conditions, under which the original and the varied distributions are
as close as possible under different measures. For variations of more than one parameter

gg,g;i&network classifiers at a time and for the large class of discrete statistical models entertaining a regular
Covariation monomial parametrisation, we demonstrate the optimality of newly defined proportional
I-projections multi-way schemes with respect to an optimality criterion based on the I-divergence. We
Monomial models demonstrate that there are varying parameters’ choices for which proportional covariation
Sensitivity analysis is not optimal and identify the sub-family of distributions where the distance between

the original distribution and the one where probabilities are covaried proportionally is
minimum. This is shown by adopting a new geometric characterization of sensitivity
analysis in monomial models, which include most probabilistic graphical models. We also
demonstrate the optimality of proportional covariation for multi-way analyses in Naive

Bayes classifiers.
© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the
CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The effect of changes of a quantitative model’s inputs to outputs of interest is studied through sensitivity analysis. It is a
critical step for both the construction and the validation of a model as well as the communication of its results. Because of
the importance of the application of sensitivity analyses, their use has been constantly increasing in the past ten years [24].
The specific steps of a sensitivity analysis greatly vary depending on the quantitative model used [see 6,50, for an overview].

In the context of probabilistic graphical models, sensitivity analysis techniques are well-established [1,30,54,57] and,
especially for discrete Bayesian networks (BNs), applied in many real-world problems [14,28,33,41,44]. A comprehensive
review has been recently presented in [47]. For such models, the validation process can be broken down into two steps: the
first concerns the auditing of the validity of the conditional independences implied by the underlying graphical structure;
the second, assuming the graph is valid, checks the impact of the numerical elicited probabilities on outputs of interest. The
focus of this paper lies in this second phase.
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The impact of the input probabilities in probabilistic graphical models is studied both at a local and a global level. At
the local level, the effect of parameter variations on a specific output probability of interest is summarized by sensitivity
functions [15,54]. These correspond to the probability of interest written as a function of a varying parameter. At the global
level, the effect of parameter variations is quantified by divergences and distances between the original and the varied
model’s distribution. Common measures to quantify the dissimilarity between the two distributions are the Chan-Darwiche
distance and the Kullback-Leibler divergence [12].

Because of both its simplicity and its proven theoretical justifications, the most common investigation is the so-called
one-way sensitivity analysis, where the impacts of changes made to a single probability parameter are studied. One-way
analyses are implemented in various pieces of software, e.g. Siamlam and the bnmonitor R package [40]. When one
parameter is varied, then others are required to be adjusted, or covaried, to respect the sum-to-one condition of probabilities.
Although there are various ways to covary probabilities, the most common covariation scheme is the proportional one,
where, after a change to a parameter, the covarying parameters have the same proportion of the residual probability mass
as they originally had [37,46]. Proportional covariation in one-way analyses is “optimal” since it minimizes a large array of
divergences between the original and the varied probability distributions amongst any valid covariation scheme [12,39].

Multi-way methods, where two or more parameters are varied contemporaneously, have not been extensively studied
in the literature [see 4,5,11,13,21,32,45, for some exceptions]. This is not only because they require a much more intensive
computational power, but also, and more critically, because there are very little, if no, theoretical justifications in using a
covariation scheme over another. Output probabilities have been shown to heavily depend on the covariation scheme used
[39,46]. In [39] it has been recently proven that for specific multi-way analyses called full single conditional probability table
(CPT) analyses, which highly restrict the parameters that can be varied, proportional covariation is optimal. However, to date
there is no theoretical result guaranteeing the optimality of proportional covariation for multi-way variations.

This work provides a conclusive answer to the optimality of proportional covariation by characterizing the varying
parameter choices in multi-way analyses for which proportional covariation minimizes the I-divergence, also known as
Kullback-Leibler divergence [18]. This is achieved via a new formal, geometric characterization of sensitivity analysis in
terms of I-projections of the original distribution into a well-specified subset of the probability simplex. New flexible ways
for choosing parameters to vary are introduced in Definition 9 below and their optimality with respect to the I-divergence
is demonstrated. Although the I-divergence was considered inappropriate for bounding belief changes in some situations by
[12], we consider it in this work because of its geometric properties which are reviewed in Section 3.

We consider here the class of monomial models (MMs), where the probability of any element of the sample space is
represented by a monomial, namely a power product of positive parameters [39]. We show that BNs are a specific instance
of MMs, but many other well-known statistical models can also be cast as MMs [26,38,39]: for instance staged trees and
chain event graphs [52], context-specific BNs [7], decomposable Markov networks and probabilistic chain graphs [36] (see
Appendix B for details on the relationship between staged trees and MMs). Also, some relational models [34,35], which
generalize standard log-linear models for the analysis of contingency tables, can be cast as MMs.

We chose to work with the more abstract MM model class for two reasons. On one hand, the monomial structure enables
us to define new type of sensitivity analyses for which proportional covariation is shown to be optimal. On the other, the
derived results do not simply apply to BNs but are also valid for a larger array of widely-used probabilistic graphical models.
Although in this work the MM representation of probabilistic graphical models is used to have an abstract representation
which is exploited to study properties of the models, it can also be useful in practice. The field of algebraic statistics [43,53]
takes advantage of this abstract representation to devise efficient inferential and learning algorithms.

The optimality of proportional covariation in naive Bayes classifiers (e.g. [2]) for any combination of probabilities asso-
ciated to feature variables is also proven here. Naive Bayes models are a specific type of BN classifiers often used to assign
instances to a specific class in a classification problem. The tuning of the feature’s probabilities is often critical to ensure
that the classifier works reliably [5].

The paper is structured as follows. Section 2 includes the definition of MMs and some examples. Section 3 reviews the
essential notions from information geometry. Section 4 summarizes relevant results of sensitivity analysis in BNs. Section 5
introduces new classes of multi-way sensitivity analyses. Section 6 gives a geometric characterization of sensitivity analysis
and proves the optimality of our schemes. Our results apply to BNs, which are an important class of MMs, but more
generally apply to a wider class of models as shown in Section 6.2. Section 7 discusses an applied sensitivity analysis in a
medical application. The paper is concluded by a discussion. Longer proofs are collated in Appendix A.

2. Monomial discrete parametric models

Let P be a probability distribution over a finite set Y. Write #Y =g, call y € Y an atom and P(y) the atomic probability
of y. The generic P can be seen as a point in the interior set of the g-dimensional simplex and we write P € A4_1. Let also
[k1={1,2,...,k}. Next, to Y we associate a particular class of parametric statistical models, called monomial models, in
short MMs. Such models were introduced in [39] and here we provide a novel, more precise definition.

A MM is defined by three elements:

e a g x k matrix A with non-negative integer entries, i.e. A € Mgx(Z>0);
e a k-dimensional parameter vector § with positive real entries, i.e. 8 = (6))ic[k) € Rk>03
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e a partition S ={S1,..., Sp} of [k] such that 0s5; € Ags,—1 for all i € [n], n <k.

There is a row of A for each atom y and A, indicates the y-th row of A. The atomic probability of y € Y given 6 and A

is defined as P(y) = ]_[l-el,<J OiAy“ =04 In an MM the 6 parameters are grouped by the partition S in such a way that those
in a group sum to one. For a subset B C [k], the notation 05 = (6;);cp indicates the sub-vector of elements of 6 indexed by
B and 9;” =[lics GiAy‘i denotes the monomial associated to an event y € Y where only parameters 6; for i € B can have
non-zero exponent.

The motivation behind the use of MMs is to give an abstract representation of many probabilistic graphical models.
These usually factorize atomic probabilities via (conditional) probabilities associated to each vertex: such probabilities are
represented by the vector 6. Since components of 6 are conditional probabilities, sub-groups of & must add up to one
and these sub-groups are specified by the partition S. Furthermore, the structure of the graph specifies how (conditional)
probabilities must be multiplied with each other to derive the atomic probabilities of the model: in a MM, for each y € Y,
this is specified by the row of A corresponding to y. Therefore, the matrix A and the partition S are fixed and describe the
structure of the model, whilst the vector of probabilities 6 is allowed to vary. The class of multilinear MMs defined next
includes these graphical models.

Definition 1. Let S be as above and A € M, ({0, 1}). The class of multilinear monomial models (MMs) over Y associated
to A and S is defined as

MM(A, S) = {P €Ag1:P(y)=0%foryeYando e R’io] ;

where

=TT TTe = [0

ie[n] jeS; ie[n]

The assumption of strictly positive probabilities is often met in practice, for instance when probabilities are estimated
from data using a Laplace smoothing approach [49]. The condition is imposed here to ensure the I-divergence exists and
is finite. The word multilinear is motivated by the fact that all monomials defining the model are square-free, i.e. the
exponents of the parameters are either zero or one. The class of (non-multilinear) MMs can be defined by dropping the
assumptions that A has 0-1 entries [38].

Example 1. A simple example of a multilinear MM(A, S) over a finite set Y are the saturated models where P(y) =6, for
all y €Y, i.e. one parameter is associated to the probability of each atomic event. In this case § € Aq_1, A is the g-by-q
identity matrix and S is the largest possible partition with n =k.

Not all combinations of A matrices, § vectors and partition S give rise to MMs, as illustrated by the next example.

Example 2. Let Y = [4], A be the 4 x 3 matrix with rows A; =(1,0,0), A, =(0,1,0), A3=(0,0,1) and A4 = (0,1, 1), and
S =[4], i.e. the sum of all parameters must be one. Atomic probabilities are defined by P(y) =6y for y € [3] and P(y) = 6203
for y =4, entailing P(4) = P(3) P(2). These are not MMs since it is not possible to have Z,-GH] P@i)=1.

Definition 2. Multilinear MM(A, S) are called regular if for all y € Y and all i € [n], Ay j =1 for at most one j € S; and zero
otherwise.

Regular MMs are such that for every y € Y, P(y) has at most one parameter with a non-zero exponent from every
sum-to-one group, that is for every S; € S. Henceforth we work with regular multilinear MMs. The authors have not been
able to find multilinear MMs which are not regular nor to prove that any multilinear MMs are regular. All well-known
probabilistic graphical models, such as BNs (shown in Section 2.1), staged trees (shown in Appendix B) and decomposable
Markov networks can be cast as regular multilinear MMs, since they have an equivalent BN representation by choosing a
directionality for the edges.

Example 3. Consider the simple scenario of two binary random variables Y and Y, taking values in the set {1, 2}. Define
the probabilities

P(Yi=1)=61, P(Y2=1Y1=1)=63, P(Ya=1|Y1=2)=05
P(Y1=2)=0;, P(Y2=2]Y1=1)=04, P(Y2=2|Y1=2)=0p

The atomic probabilities are 6163, 61604, 6205 and 620s. This setting can be cast as a class of MMs with parameter 6 = (6;)i¢[s),
partition S = {{1, 2}, {3, 4}, {5, 6}} and the 4 x 6 matrix A
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61 62 63 64 65 6| Py

1 0 1 0 0 0|66
1T 0 0 1 0 0| 6164
o 1 0 0 1 0 | 6205
0 1 0 0 0 1| 6066

where for clarity we labelled the columns and reported the atomic probabilities. Since no parameters belonging to a same
element of the partition S appear in the same monomial, this class of MMs is regular.

2.1. Bayesian networks

Many discrete statistical problems in a variety of domains are often modelled using BNs and there are now thousands of
practical applications of these models [3,8,22,42]. A BN expresses graphically a collection of conditional independences [20,
36]. For a random vector Y = (Y;)iem) taking values in the Cartesian product Y = X Y; and three disjoint subsets B, C,

ie[m]
and D of [m], the marginal vector Yp is said to be conditionally independent of Y¢ given Yp, and written as Yg LYc¢ | Yp,
if P((Yg=b|Yc=c,Yp=d)=P(Yg=b|Yp=d), forallbe X Y;,ce XY;andde X Y;.
ieB ieC ieD

A BN over a vector of discrete variables Y = (Y;)icm] is a pair (G, ), where: G is a DAG whose vertices are the variables
in Y and, roughly speaking, edges represent direct probabilistic dependencies between the variables; 6 is a vector of (con-
ditional) probabilities P(Y; = y;|Ym; = yn;) for each y; € Y; given a, possibly empty, vector value yp; € Ypy; of the parents
of Y; in G. The BN represents the joint distribution over Y factorized according to the structure of G:

P(Y=y)= [] P(Yi=yilYm, = ym).

ie[m]

A BN encodes conditional independences of the form Y; LYx,|Yn,, where Yy, are the non-descendants of Y; in G.

For a variable Y; with parents Yy, let GYiyrr,- =P(Y; = yi|Ym; = yx,;). The probability of any atom y = (y1,...,ym) €Y
can then be written as the monomial P(Y = y) = [[ic{m Oyiy~, [10,19]. Notice that (6y,y, )y;cy; € Awy,—1 for all i € [m]
and yr; € Y, encoding the sum-to-one condition of a conditional probability mass function, i.e. Zyieyi P(Y; =yilYn, =
ymn;) = 1. Thus a BN is a multilinear regular MM where the sets S;, i € [n], denote the conditional probability mass functions
of any vertex given a specific combination of parents, since each of the associated conditional distributions must respect
the sum-to-one condition. Thus while the classical representation of a BN uses a graph and parameter CPTs local to every
variable/node to compactly represent a joint probability distribution, its MM representation uses a matrix and a parameter
vector partitioned into sub-vectors per variable to represent a joint distribution.

Example 4. We are interested in studying how a population’s health (Y3) is affected by both sports activity (Y;) and
alcoholic drinking habits (Y;). These three variables are categorized into high, medium and low, coded with 3, 2 and 1
respectively. Health’s levels are assumed to be a function of both sports activity and drinking habits and that people who
work out a lot tend to drink less alcohol. This situation can be depicted by a BN with probabilities

P(Y1=i)=6;, P(Y2=jlY1=i)=0j;, P(Y3=IlY2=j,Y1=10)=0
where > 316k =1, D36 =1 and Y-y 36kji =1 for all i, j € [3]. The associated MM is given in Table 1 where the
monomial representation of the 27 atomic probabilities is listed. Of course the parameters 6, 6; and 6j; can be renamed

to give some (6))c[39]- The A matrix has dimension 27 x 39 and is very sparse: in each row there is a one in three positions
and zero otherwise.

3. I-projections

As a measure of closeness of two distributions we consider the I-divergence. Below we follow [18, Chapter 3].

Definition 3. Let P and Q be two probability distributions over a finite space Y. The I-divergence (or Kullback-Leibler
divergence) from P to Q is defined as

P@IP =Y a2,
yeY y

where In is the natural logarithm. It is often of interest to find the distribution that, within a given set, is closest to a
given P. [-projections formalize this idea. I-projections are used e.g. for maximum likelihood estimation in the context of
exponential families.
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Table 1

Monomial atomic probabilities for the BN of Example 4.
616116111 616116211 0160116311 616216121 616210221 016210321 616310131 616310231 010310331
626126112 026126212 026120312 626226122 026226222 026220322 626320132 026326232 026320332
036136113 036136213 036136313 036236123 036236223 036230323 036336133 030336233 030330333

Definition 4. Let L be a closed, convex set in the pointwise topology of distributions over Y. The I-projection of a distribu-
tion P over Y onto L is a distribution P* € L such that

D(P*||P) = Qei?D(QIIP)‘

If P € L then P* =P. The fact that L is closed and convex guarantees that P* exists in L and for strictly positive probabil-
ities P* is unique.

Theorem 1. For all Q € L it holds

D(QIIP) = DQI|P*) + D(P* || P), (1)

where P* is the I-projection of P in L. If the inequality (1) holds for some P* € L and all P € L, then P* is the I-projection of Q onto L.
As a straightforward consequence of Theorem 1, if the Pythagorean identity

DQIIP)=DQIIR) +DR[|P) (2)

holds for all Q € L and a specific R € L then R =P*. Theorem 1 is used extensively in Section 6 to prove the optimality of
the new multi-way covariation schemes introduced in Section 5.

4. Sensitivity analysis

Sensitivity analysis of a probabilistic model amounts to varying the values for one or more model parameters simul-
taneously and investigating the effects on a probability of interest. Varying one parameter at a time is called a one-way
sensitivity analysis. It serves to reveal the effect of the parameter under study on a probability of interest. Analyses where
n parameters are varied simultaneously are called n-way sensitivity analyses. These reveal how the n parameters interact in
their effect on a probability of interest. In this section we review relevant definitions and results about sensitivity analysis
in BNs, but rephrased in the context of monomial models.

4.1. Covariation

When some parameters of a (conditional) probability distribution are varied to a new specific value, then the remaining
parameters need to be adjusted (or to covary) to respect the sum-to-one condition of probability measures. In the binary
case when one of the two parameters is varied this is straightforward, since the second parameter will be equal to one
minus the other. But in generic discrete finite cases there are various considerations to be taken into account, as reviewed
below.

We start by giving an alternative definition of a covariation scheme to [46]. The parameters to be modified are a subset
of a simplex and only those in the same simplex are allowed to covary. The other model parameters are unchanged. Our
definition of covariation allows more than one or no parameters to be varied and maps into a probability simplex, i.e. the
scheme is valid [46]. Let k be the number of parameters in the model, #§ the empty set and for a vector v let |v| denote the
sum of its components.

Definition 5. When V = @, the y-covariation scheme is the identity function. For # # V C S C [k], let s € Ags—_1 be
partitioned as 6s = (v, 6s\v) and let 6y be such that |0y | € (0, 1). A 6y -covariation scheme is a function o from Ags_1 to
A#s_1 which fixes the subvector 8y of 05 to 9y, i.e.

0 Aps_1—> Aps

Oy, 0s\v) —> By, ).

Thus 65 denotes a vector of parameters that need to respect the sum to one condition, 6y denotes the new numerical
specification of the parameters varied, i.e. those with index in a set V, and the values of the parameters with index in [k]\ S
do not vary. Below we define some frequently applied covariation schemes.

Definition 6. In the notation of Definition 5
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Fig. 1. Graphical representation of uniform and proportional covariation in Example 5 for two generic points 6s1, 652 € Aj.

o the Gy -proportional covariation scheme Opro(0s) = Oy, QNS\V) is defined by setting

- 1—1by]

=——0; foralljeS\V.
=1 e Jes

e The Ay -uniform covariation scheme, oypi(6s) = By, ég\v) is defined by setting

- 1-1by| :
= — foralljeS\V.
TT#S —#v Jes\
Different covariation schemes may entertain different properties which, depending on the domain of application, might
be more or less desirable [see 39,46, for a list].

Example 5. Consider 6s = (61, 62,03) € Az, V ={1} and Oy = 0.4. The simplex A, is given by the surface in Fig. 1, whilst the
dark full line denotes the image of any 6y -covariation scheme o which fixes ; = 0.4, i.e. the set defined by the intersection
of the simplex with the line defined by 6; = 0.4. That is, this line describes all possible ways 6, and 63 can be covaried.
When o is the uniform covariation scheme any 6s € A, is projected to the same point, as illustrated by the dotted lines
in Fig. 1. Conversely, the dashed lines refer to the proportional covariation scheme which can project points s € A; to
different elements.

The order-preserving covariation scheme in Definition 7 follows from changing one parameter and its definition is slightly
convoluted. Let thus V = {v} have just one element and consider S D V such that |6s| = 1. Assume that 6, is not the largest
component of 6s and order the components of 65 from the smallest to the largest. Without loss of generality by reorganising
the indices in 6, we can assume that the ordered components of 6s are 61 <--- <6, < --- < 0as.

Definition 7. In the notation of Definition 5 the 6y -order preserving covariation scheme is defined, according to whether 6,
is increased or decreased, by setting

6 .
9—‘/9]‘, if j<vandf, <6y,
v ~
1 — Ogyc 6 0; -
. —9]‘&—" L, if j>vandé@, <6,,
9j= Gsuc~ Oy Osuc
Omax — 0 i
jM, ifj<vand®, >6,,
gmax_ev _9
(Omax — O0y) 22— 4 Orax,  ifj > vanddy, > 6,
emax_ev

where Opax = 1/(1 + #S — v) is the upper bound for 8, and gy = Zﬁvﬂ ) is the original total mass of the parameters
in s larger than 6,.

The order-preserving covariation scheme preserves the order (from smallest to largest) of the parameters, whilst pro-
portional and uniform ones do not. This is useful in situations where there is qualitative information about one probability
being larger than another: it then makes sense to preserve this order during sensitivity analysis.

Definitions 5 to 7 assume 6s € Axs_1. Next we specialise them to apply to the parameter vector 6 of a MM.

Deﬁnjtion 8. In the notation of Definitions 2 and 5, let § be the parameter vector of a MM. For V C [k], let V; =S; NV and
o; a Oy,;-covariation scheme for each i € [n]. Then:
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Table 2
Probabilities associated to the BN in Example 4.

61 =0.2 6, =03 63 =0.5 611 =0.2 61 =03 631 =0.5
612 =03 6 =03 632 =0.4 613 =0.7 63 =0.2 633 =0.1
6111 =0.1 6211 =0.2 6311 =0.7 6112 =0.1 6212 =0.3 6312 =0.6
6113 =0.2 6213 =0.3 6313 =0.5 6121 =0.1 6221 =04 6321 =0.5
6122 =0.3 6222 =0.6 6322 =0.1 6123 =0.3 6223 =0.5 6323 =0.2
0131 =0.8 6231 =0.1 6331 =0.1 6132=0.7 632=02 633,=0.1
0133 =04 6y33=05 6333=0.1

e a Oy -covariation scheme for # is a function o : X Ags,—1 — X Asgs;—1 such that ojs; = oj, where o|s; denotes the
ie[n] ie[n]
restriction of o over Ags;_1.

e a fy-covariation scheme for 6 is called proportional if o; is a évi-proportional covariation scheme whenever V; # .

Definition 8 formalizes how parameters in a MM need to covary for any choice of varied parameters 8y . For instance, in
a BN model the sets S;, i € [n], denote the conditional probability distributions of any vertex given a specific combination
of parents. If a full single CPT analysis is performed then 6y includes one parameter from each conditional distribution
associated to a given vertex. For such distributions, since V; is non-empty, a standard o; covariation scheme is applied. In
all other cases V; is empty and the y-covariation scheme for 6 returns the original value of the parameters since o; is
defined as the identity function.

Our definition of a covariation scheme for a MM model encompasses all types of sensitivity analyses usually considered
in BN models: one-way sensitivity analysis if V consists of one element only, full single CPT analyses as illustrated in the
previous paragraph, multi-way analyses where multiple parameters from the same conditional distribution are varied, or
generic multi-way analyses where any combination of parameters can be varied.

Our definition of a éyi—covariation scheme o guarantees that if P € MM(A, S) then o (P) € MM(A, S) for all covariation
schemes o, i.e. o (P) belongs to the same monomial model.

4.2. Global dissimilarity

In a sensitivity analysis, once a parameter is varied and those that must respect the sum-to-one condition are covaried,
it is of interest to assess how close the original and varied BN distributions are. This closeness can be quantified using
different distances or divergences. The most commonly used distance in sensitivity studies is the so called Chan-Darwiche
(CD) distance [12]. The CD distance is equal to the DeRobertis distance, which has been used for quite some time in the
Bayesian inference literature [27]. For two probability distributions P and Q over a finite space Y this is

Dcp(P, Q) = Inmax <M> — Inmin <m> = max In (W)
yeY Q(y) yeY Q(y) y,yeY p(y/) Q(y)

where In is the usual natural logarithm. Until recently, proportional covariation had a theoretical justification only for
one-way analyses in BN models, since this scheme minimizes the CD distance between the original and the varied distribu-
tions [12]. In [39] it is proven that this is also true for full single CPT analyses in any multilinear MM.

Proportional covariation also minimizes the ¢-divergence from the original to the varied distribution in full single CPT
analyses [39]. The ¢-divergence from P to Q is defined as

Dyp(QIIP)= > P(y)¢ (%) $e,
yeY Y

where ® is the class of convex functions ¢ (x), x > 0, such that ¢(1) =0, 0¢(0/0) =0 and 0¢ (x/0) = limy_,« ¢ (x)/x. The
I-divergence in Definition 3 can be seen as a special instance of ¢-divergences for ¢ (x) = xIn(x).

Example 6. The BN of Example 4 is refined with the numerical specification of its parameters given in Table 2. Fig. 2
reports the CD distance and I-divergence for variations of 6, under different three covariation schemes. These plots show
the optimality of proportional covariation (short-dashed line) which for both metrics takes smaller values than the other
schemes.

5. A novel categorization of multi-way sensitivity analyses

Full single CPT analyses, for which the optimality of proportional covariation has been already proven, highly restrict the
parameters that can be varied. To our knowledge, the only attempt in defining other multi-way sensitivity analyses is given
in [5], where balanced analyses are introduced. In a nutshell, these reduce a multi-way problem into a one-way analysis by
restricting the possible parameter variations.
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Fig. 2. Measures of dissimilarity for the BN in Example 4 under different covariation schemes: CD distance (left) and I-divergence (right).

Because of the monomial structure of their atomic probabilities, more general ways to choose parameters to be varied

can be defined for MMs. These new multi-way analyses depend on the partition {Sq,..., Sy} of the k parameters of a MM
and on the sets Vi =V NS;, where V C [k] andie[n].Let C= |J S; be the union of all S; for which V; is not empty
ie[n]:V;#0

and F =[k]\ C. The set F includes the indices of the parameters that do not need to be covaried, whilst C is the index set
of the (co)varied parameters. Definition 9 gives special ways to choose V which depend on the model structure. Below by
division we mean standard division between monomials [17].

Definition 9. A sensitivity analysis is said to be

o simple if, for all i, j € C, 6;6; does not divide 64 for any y € Y;
o complete if, for all H € Xie[n}.v;¢Si, there exists at least one y € Y such that 6y divides 04y,

e ordered if, given an ordered sequence of sets Sy,,...,Si such that Vi, =V NS, #0, i €[l], and {Sg,,..., Sk} S
{S1,..., Sy}, for all H in the set
Sk \ V) Uiy {xgemVig (k0 \ VH Ui Vi), 3)

there exists at least one y € Y such that 8y divides 64v.

Recall that the set C in a simple sensitivity analysis includes the indices of the varied or covaried parameters. In a
complete analysis all sets H € Xe[n).v;20Si include the same number of indices, equal to Zie[n] 1(s;nvxp). Conversely in an
ordered analysis different sets H include a different number of indices. This implies that all monomials 6y have the same
degree in complete analyses, whilst they have different degrees in ordered ones.?

Example 7. For an ordered analysis suppose {Sk,, ..., Sk} ={S1, S2, S3}. Then (3) becomes
{SI\VIU{V1 x {S2\ VHU{V1 x Vo x {S3\ V}HU{Vq x Vy x V3}

Although the definition of such new analyses may appear obscure, these have a very simple graphical interpretation and
include some well-known sensitivity analyses. In a simple sensitivity analysis no (co)varied parameters appear in the same
monomial. It thus includes the following analyses in BN models:

one-way sensitivity analyses: one parameter of a CPT of a vertex is varied;

full single CPT analyses: one parameter from each conditional distribution of a vertex is varied;

multi-way analyses where two or more parameters from one conditional distribution are varied;

multi-way analyses where parameters from CPTs associated to incompatible parent configurations are varied. To see this
consider the BN of Example 4 and suppose the parameters 65, and 6311 are varied, implying respectively that Y; =2
and Y = 1. From Table 1 we can see that no two parameters from the associated conditional probability mass functions
appear in the same monomial.

It is straightforward to see that no two (co)varied parameters appear in the same monomial representing the probabilities
of a BN for all choices listed above. For instance, in a one-way sensitivity analysis, the (co)varied parameters belong to

2 The degree of a monomial is the sum of the exponents of all its unknowns.
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Fig. 3. A BN to illustrate complete and ordered sensitivity analyses.

the same conditional distribution and cannot appear jointly in the same atomic probability. Similarly, in a full single CPT
analysis all (co)varied parameters belong to one CPT of a vertex of a BN and again these probabilities cannot appear in the
factorization of the same atomic probability. The same reasoning applies for the other cases.

Complete sensitivity analyses are such that all possible combinations of (co)varied parameters in different sets S;, for
i € [n] such that V; # (), appear in at least one monomial. The simplest possible example of such analyses is in the case
of a BN consisting of two independent random variables where one parameter from each distribution is varied. But more
generally such analyses are associated to varied parameters in CPTs implying disjoint parent sets. To illustrate this consider
the BN in Fig. 3. The variation of one parameter from the distribution of Y3|Y; and another from the distribution of Ys|Y;
would give a complete sensitivity analysis since the conditioning variables are different. As an additional example, consider
the BN of Example 4 and suppose 61 and 613, are varied. Notice that (01, 62, 03) € Az and (6122, 6222, 0322) € A». This choice
of parameters would be a complete analysis if every element of

(010122, 010222, 010322, 020122, 020222, 020322, 030122, 030222, 030322)

appeared in at least one monomial in Table 1. Since this is not the case, this choice of parameters does not correspond to
a complete sensitivity analysis. More generally, it can be seen that for any choice of two parameters each from a different
conditional distribution (possibly in the same CPT) there is no pair of ’s such that all combinations of covaried parameters
appear in the same monomial.

Ordered analyses imply an order over the varied parameters. A varying parameter needs to be a probability which
is conditional on the events associated to preceding varying parameters in this order. An example from Fig. 3 illustrates
this for BNs. Suppose the parameter associated to P(Y, = y,) is varied. Then in an ordered analysis any parameter from
P(Y5 = y5|Y2 = y2) can be varied and, if so, also any parameter from P(Yg = yg|Y5 = ¥5, Y2 = ¥2). As an additional example,
consider again the BN in Example 4 and suppose the parameters 67 and 6311 are varied, defining the set V of varied indexes.
Let 05, = (61, 62,63) and Os, = (6111, 6211, 6311). For this choice of parameters (3) can be written as S1\V U{V; x {Sz2\ V}}U
{V1xV3}, where V; =S;NV, for i =1, 2. The monomials indexed by S1\V are (6, 63), those indexed by V{ x {V{ x{S2\V}}
are (616111, 616211) and those indexed by V1 x V5 are (#10311). This choice of parameters corresponds to an ordered analysis
since any of these monomials divides at least one monomial atomic probability in Table 1. Conversely, the choice of varied
parameters 61 and 6122, for instance, would not correspond to an ordered sensitivity analysis.

6. The optimality of proportional covariation

After the variation of some parameters of a MM with indices in V to a value 6y, a 6y -covariation scheme needs to
be applied to respect all sum-to-one conditions of the model. In this section, given P € MM(A, S) and its §y -proportional
covariation P we first determine a family L of Q densities for which the Pythagorean equality D(Q||P) = D(Q||P) +D(P|| Q)
holds. This will later allow us to demonstrate for which cases a 6y -proportional covariation scheme is optimal.

6.1. A geometric characterization of sensitivity analysis

In the notation of Definition 8, let ##V C[k], C= |J Siand F=[k]\C.Let Af= X Ags_1 and A =
ie[n]:Vi#0 ie[n]:Vi=0
X Ags;—1. The set [k] is so partitioned into V, C\ V and F, namely the index set of the varied, covaried and fixed
ie[n]:Vi#0
parameters. A generic parameter vector can be written as 6 = (6, 6y, 6c\v) and for P € MM(A, S) the atomic probability of
y €Y can be written as P(y) = Q?Y'FH‘/;”VG?{“,C\V. For any given 0r € AF, Slice(6F) is the subset of densities in MM(A, S)

for which the parameters indexed by F take value 6f, namely

Slice(6f) = {P e MM(A, S) : P(y) = Q?Y'FO?”‘C for some 6c € A€ and all y € Y} ,

where 677 =0, 62" It holds MM(A.S) = Slice(6p).
OreA

Example 8. Consider the BN in Example 4 with monomial atomic probabilities given in Table 1. Suppose the parameters 61,
611 and 6117 are varied. Then 6y = (01, 611, 6111), Oc\v = (62, 63, 621, 631, 6211, 0311) and
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Or = (62, 013, 0i21, 0i31, Bi12, 022, 023, 613, 0123, 0i33)ie[3]-
In Slice(6F) the entries in 6F are fixed to the values given in Table 2 and are not allowed to vary, whilst those in 6y and

fc\v can vary. Atomic probabilities in Slice(6r) are still written as P(y) = 6;6;i6;;, for appropriate choices of the indexes i, j
and [

Theorem 2 shows that P € MM(A, S) and its 6y -proportional covariation mass function belong to the same slice.

Theorem 2. Let 6 = (6, Oy, 6c\v) be the parameter vector of P € MM(A, S) and let 6 = (F, by, éC\V) be the parameter vector of
the @y -proportional covariation of P called P. Then P € Slice(6r), that is 6 = 6.

Proof. The proof follows straightforward from Definition 8. Indeed 6r = 6F, 6y is given and éc\v =

1—16y, |
<<19v;|9j), ) - O
JESi

ie[n]

Theorem 2 guarantees that proportional covariation schemes in MMs do not affect probabilities that customarily are not
changed in sensitivity analysis, i.e. those in 6. Next, let

Lsensi(OF, Ov) = Slice(0) N {P € MM(A, S) : 8y =6y},

denote the family of distributions where only the parameters 6c\y can vary. This is the set of distributions which are
considered in sensitivity analysis, where only parameters that must be covaried after a parameter variation are allowed to
change. In other words, Leensi(OF, 8y) includes all distributions that do not assume a specific covariation scheme. It follows
from Theorem 2 that P € Leensi(0F, Ov).

Example 9. Consider the setup of Example 5 where 6 = (61,62,03) € Az, V =1 and fy = 0.4. Since this situation corre-
sponds to a simple discrete probability distribution, Slice(fg) = A,, i.e. there are no parameters in 6r. So Slice(fr) is the
simplex represented in Fig. 1. The space Leensi(0F, Gy) is represented by the full line traversing the simplex, corresponding
to the intersection of 6; = 0.4 with Aj.

The above example highlighted that Leensi(0F, 8y) includes the model’s distributions where only the parameters in C\ V,
those that need to be covaried, can vary. Henceforth, we thus consider distributions in Lsensi(OF, v ).

Now the objective is to identify if, for a distribution P € MM(A, S), proportional covariation is its I-projection into
Lsensi(OF, 6y), meaning that out of all possible covariation schemes the proportional scheme is the one minimizing the I-
divergence. We achieve this by checking if the Pythagorean equality in (2) holds for the proportional covariation scheme.
The following subsection illustrates our approach in a simple example.

6.2. A comprehensive example

Consider the following setup: a student can either fail (coded as 1), pass (coded as 2) or obtain a distinction (coded as 3)
in an exam. If the student fails, she is given an additional chance where again she can either fail, pass or get a distinction.
The probabilities for the two tries are assumed to be different.

The above scenario can be modelled by a MM(A, S) with parameters (61, 62, 63, V1, Y2, ¥3) such that [(61,62,603)| =1
and | (Y1, Y2, ¥3)| =1, and matrix A

|61 6 63 Y1 Y2 Y3 | P
Y1 1 0 0 1 0 0 91 W]
vyl 1 0 0 0 1 0|61y @)
y3 | 1 0 0 0 0 1 013
ya | O 1 0 0 0 0 6>
ys | O 0 1 0 0 0 03

where for clarity we labelled the columns and the rows with the associated parameters and events, respectively, and re-
ported the atomic probabilities. The parameters 6’s represent the outcome of the first try, whilst the parameters ¥’s of
the second one. For illustration purposes, we consider the following five choices of varied parameters 0y : (61), (62), (Y1),
(61, ¥1) and (82, ¥1), where in the last two cases the two parameters are varied simultaneously. For P, P, Q € MM(A, S), we
denote by (6;, ¥i)ie[3]» ©, &i)ie[g] and (6;, &,-)ieg] the parameter vectors of P, P and Q respectively. The I-divergence from P
to Q takes the form

5o (O 5 - b1 vi
D@QIIP)= ) _ Giln <9—) +01 ) ¢iln(9”//i>~

i=2,3 i€[3]
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The Pythagorean equality in equation (2) can then be written as

Ze,m( >+6121//,1n(21$> Ze,m( ) 01Z¢,1n(91l”1>

i=2,3 ie[3] i=2,3 ie[3] 01

5 ~ 19
_Z‘e,m( )—elzwi1n<gjwi)=o. (5)

i=2,3 i€[3]

Next we look at the form of the above equality for each of the possible varied parameter choices. For each case, we
consider only densities Q € Lgensi(0F, Oy ), that is all possible ways to covary relevant parameters.

1. For 6y =6, we consider Q such that Q € Slice(y1, Y2, ¥3) and 6; = ;. Then P has parameter vector (6;, ¥)ic(3}, whilst
Q has parameters (01, 62, 03, ¥1, Y2, ¥3). Under these conditions and noticing that ¥ =y = v, (5) can be simplified to

91 ~ él) 91

6;In — Oiln| = 6; In =0 6

S () - Lam(3)- i ®
ie[3] ie[3] ie[3]

By substituting 6; = 6;(1 — 61)/(1 — 61) into the logarithms, (6) reduces to

< 01)2(01_91)_

i=2,3

which holds for all Q € Leensi((¥1, Y2, ¥3), 61) since Y ;5 36i=3";_5 30 =1—6;.

2. For 6y = 65, we consider Q such that Q € Slice(y1, Y2, ¥3) and 6, = §,. Then P has parameter vector (6;, Yidie[3]»
whilst Q has parameters (67, 62, 03, Y1, ¥2, ¥3). Under these conditions and noticing that 1// ¥ =, (5) can be
written as equation (6) which can be simplified as in the previous case to show that the equality holds for all

Qe Lsenm((‘/’l Y2, V¥3), 92) ~ . .
3. For Oy = V1, we consider Q such that Q e Slice(6, 6, 63) and ¥ = 1. Then P has parameter vector (6, Yi)ier3), whilst
Q has parameters (01, 62, 63, 1//1, ¥, ¥3). Under these conditions and noticing that 6 =6, (5) can be written as

Zw,ln@') Z‘w,ln('”') Zw,m( ) =0,

i=2,3 i=2,3 l i=2,3

which can be simpliﬁed as in the two previous cases to show that the equality holds for all Q € Leensi((61, 62, 63), ¥1).

4. For 6y = (61, 1/;1) we consider Q such that §; = §; and Y= wl, since there are no parameters with index in F. Then
P has parameter vector (6;, wl),ep], whilst Q has parameters (61, 62, 63, ¥1, V2, ¥3). Under these conditions, (5) can be
written as

Z@Jn( )—éﬂn(ﬁ) 911n<zl_)
i=2,3 Oi !

- éﬂpi 91% 911#1
Z wiln(@ﬂpi) Z Wz ( 11ﬁ1> Z 1//1 (9 1//1> =0.

i=2,3 i=2,3 i=2,3

The above equation can be simplified by combining the steps used in the previous cases to show that the equality holds
for all Qe Lsen51( (91 , 101)) _ .

5. For 8y = (92 tpl) we consider Q such that 8, =6, and Y1 = Y, since there are no parameters with index in F. Then
P has parameter vector (6;, ¥;)ic[3}, Whilst Q has parameters (61,62, 63, V1, V2, ¥3). Under these conditions and using
similar steps to the previous points, (5) can be written as

1—6, 1—9
In (1_—> (93—93)4-1#111'1(51 1—o )(91 —91)+(1—1//1)1n< vl )(91 -61)=0 (7)

T—y11-6

Although the terms in (5) can be re-arranged differently, the equality cannot be derived and consequently for the choice
Oy = (62, Y1) the family of distributions for which the Pythagorean identity holds is restricted.

Notice that the first four choices of parameters corresponded to the analyses introduced in Definition 9, namely simple
in the first three cases and ordered in the fourth, whilst the last choice of parameters does not correspond to any of the
sensitivity analyses of Definition 9.
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Fig. 4. I-divergences for the examples of Section 6.2 (case 4: left; case 5: right). The star represents the minimum I-divergence and the dot represents
proportional covariation.

Suppose we now refine the model definition with the following probability specifications: 6; = 0.2, 6, = 0.5, 63 = 0.3,
Y1 =0.4, ¥ =0.4 and 3 = 0.2. Next consider the choices of parameters varied in points 4 and 5 above. First suppose
that §; = 0.4 and ¢ = 0.2. For this choice of varied parameters we showed that the Pythagorean identity holds for all
Q € Leensi(+, (61, ¥1)). In this case proportional covariation minimizes the I-divergence between the original and the varied
distribution, as reported on the left of Fig. 4. Consider now case 5 and suppose §, = 0.3 and ¥/; = 0.2. We showed that the
Pythagorean identity does not hold for all Q € Lgensi(-, (B2, ¥1)). The identity holds in the restricted family of distributions
characterized by (7). In this case the I-divergence is not minimized by proportional covariation as reported on the right
of Fig. 4. It can be further showed that the CD distance is minimized by proportional covariation for the choice of varied
parameters in point 4, whilst it is not for the varied parameters of point 5.

6.3. Proportional covariation and I-projections

Given a P € MM(A, S) and its 6y -proportional covariation P, Theorem 3 identifies the set of distributions Q € Leens; that
satisfy the Pythagorean identity in (2). This is the first step towards the proof of optimality of proportional covariation. For
H C C define

Yy={yeY:A,;j=1forallie Hand Ay;=0forallie C\H}.
Given a parameter vector 0y including some of the covaried parameters, H C C, Yy denotes the subset of the sample space
including atomic probabilities where all elements of 6 have a non-zero exponent.

For y € Y, with a slight abuse of notation, if A, ; =1 for all i € B C [k] we write 9{;” =Tlics QiAy‘i = 0. Thus the symbol
0p might indicate the vector (6;);ecp and the square-free monomial [ [;_; 6;. The context clarifies which interpretation applies.

In particular for all y € Yy and B € H we write 9;”‘5 =6p and P(y) = G?Y’FGH for any P € MM(A, S).

Theorem 3. Let # # V C [k], P € MM(A, S), with parameter vector (6, 8y, 6c\v), and P the Oy -proportional covariation of P with
parameter 6 = (0, By, Oc\v). For any H C C, define fyny = 1if VN H =@ and Y yevs 9;‘” =0 if Yy = 0. A probability mass
function Q € Lgensi (0F , Ov) with parameter 6 = (0F, Oy, Oc\v ) satisfies

. _ . 2 A
Z OvnH Oic\v)nH — bc\vynk) In (05 HVOH> Z 0:"" =0, (8)
HCC,H#) VOH T yevy
wherea = ] [T (—16v;D/(0 —6y,]), ifand only if DQ||P) = D(Q||P) + D(P|| Q.

ie[n]:SiNHAD je{Si\V}NH

The proof is in Appendix A.1. The first condition that Q € Leensi(fF, fy) corresponds to consider every possible way to
covary parameters. The second condition given in (8) has one term only depending on the probability mass function Q,
namely 6;c\v)nn, Whilst all others can be derived straightforwardly once 6y and P € MM(A, S) are given.

Example 10. Consider the setup of Section 6.2, where it was showed that for the variation of the parameter 6; the
Pythagorean identity holds. Conversely, for the simultaneous variation of parameters 6, and v it did not hold. Therefore,
the equality in (8) must hold in the first case, but not in the second. We next check this is indeed the case.
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Table 3

Elements of the sample space (left column) and contri-
bution to (8) (right column) for the setup in Example 10
when 6, and /1 are varied.

0, §2(1—1)1n(1.9—2)-1
62
0 1-(f3 — )1 -6 1)
3 (63 —63)In =6, 1)
A vi1-6,
0 6 —édnin 2 1
1¥1 Y1 (61 1)“(1011702)
5T 3 1-911-6,
6192 1-(911#2—911//2)“1(1711/1 1702>-1
5T s 1-911-6,
013 1-(91103—911//3)111(1_1//] 1_92>'1

When 6, is varied, the set C of (co)varied parameters is such that 6¢c = (61, 62, 63). The summation in (8) considers all
subsets H of C such that Yy is non-empty: this is the case only for the indexes of 6, and 3. So (8) can be written as

16 é)lnll_él 1+1-@ é)lnll_é] 1 (9)
h — 6 -6, 3 — 03 -6, .

Since 6, 4+ 03 =6, + 63 =1 — 61, (9) is equal to zero, as expected.

When 6, and v are varied, the set C of (co)varied parameters includes all model's parameters and the summation in
(8) considers all subsets H of C coinciding with the sample space given in (4). So (8) can be written as the sum of the
expressions on the rhs of Table 3. It can be noticed that this sum is equal to (7): the first row of Table 3 is zero, the second
row is equal to the first term in (7), the third row is equal to the second term in (7) and the sum of the fourth and fifth
rows is equal to the third term in (7) since ¥ + 3 = ¥r» + ¥3 = 1 — Y. As already noticed, for this choice of parameters
the Pythagorean identity does not hold for all distributions in Leensi(0F, 6v).

Corollary 1. In the notation of Theorem 3, the probability mass function Q € Leensi (0F, Gv) satisfies

5z 5 Ovon A
D~ vru@e\vinn — Bie\vynw) In (060 ) >0 =0, (10)
HCC, H0 VOH | ey

ifand only if D(Q||P) > D(Q[|P) + D(P|| Q.

This result follows by substituting the equalities in the proof of Theorem 3 with inequalities.
Since for P, P and all the distributions Q characterized by (10) the Pythagorean inequality holds, then it can be proven
that P is the I-projection of P into this well-specified family of distributions. Let

Leonstr (OF, év) = Lsensi (OF, év)

~ - ~ év H A
N4{Q eMM(A,S): E Ovnn Bic\vinH — Oc\vinu) In (069 & ) E 07" >0
HCC, Ho0 VOH | ey

Corollary 2. In the notation of Theorem 3, P is the I-projection of P in the set Leonstr (OF, 9~v)~

Proof. Let L be the smallest convex and closed subset of Ag—1 which includes Leonstr (OF, év). From Section 3, there exists a
unique P* € L such that D(Q||P) > D(Q|| P*) + D(P* || P). But since P € Leonstr (O, Oy) < L satisfies the Pythagorean identity
then P=P*. O

Csiszar and Shields [18] proved that the I-projection satisfies the Pythagorean identity using the fact that L is closed
and convex. Here we took a different approach by taking advantage of the specific monomial form of the statistical models
we study. By characterizing the class of distributions for which the Pythagorean identity holds, we have then been able to
prove that proportional covariation is the I-projection within this family.

Although Corollary 2 demonstrates that proportional covariation minimizes the I-divergence between the original dis-
tribution and those in the set Leonstr, it does not provide information on whether Leonstr(9F, 8y) includes all distributions
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®

(a) A Naive Bayes classifier. (b) A SPODE classifier with super parent Ysp. (c) A generic BN classifier.

Fig. 5. Examples of BN classifiers.

of interest in sensitivity analysis or not. More explicitly, Corollary 2 does not specify whether, given P € MM(A, S) and
Gy, P is the I-projection of P in Leensi(6F, Bv). This is the case if and only if Leensi(0F, Ov) = Leonstr(OF, Oy), i.e. if for all
Q € Leensi (O, By) the condition in (10) holds. Theorem 4 below states that for the multi-way analyses in Definition 9,
proportional covariation is indeed the I-projection of the original distribution in Leensi (O, 6y). Namely for such analyses
Lsensi(gﬁ 9V) = LCOﬂStl’(gFa 9V)~

Theorem 4. In the notation of Theorem 3, if Gy is chosen according to a simple, complete or ordered sensitivity analysis, then P is the
I-projection of P in Lgensi(OF, 6v).

The proof is given in Appendix A.2. The result holds for regular MMs and consequently for all graphical models enter-
taining a regular monomial parametrization. Illustrations of this result were given in Section 6.2: in the first four cases,
corresponding to simple or ordered analyses, the Pythagorean identity holds for all Q € Leensi(fF, fy) and thus the Gy -
proportional covariation scheme is the I-projection over the set of all distributions of interest. Conversely, in the fifth case
of Section 6.2, which does not correspond to any of the new multi-way analyses of Definition 9, the Pythagorean identity
holds in a restricted set of distributions, namely Leonsir(6F, Oy ). Thus, as specified by Corollary 2, proportional covariation is
the I-projection over this restricted space only.

6.4. BN classifiers

BN classifiers are BNs whose graph entertains some specific properties designed for classification problems. BN classifiers
have been successfully used in a wide array of real-world applications, with a competitive predictive performance against
other classification techniques, because of their intuitiveness and computational efficiency [see e.g. 2, for a review]. A BN
classifier is defined by partitioning the BN vertex set into the set of features and the classes. It is customary that the edge
set of a BN classifier is such that feature variables are not allowed to have class children. For simplicity here we focus
on univariate classification problems where there is a single class variable. However our results apply to multidimensional
classes since in a BN classifier the class variables can be collapsed into a unique vertex.

BN classifiers range from the simplest naive Bayes classifier where the features are conditionally independent given the
class variable (given in Fig. 5a), to generic dependence structures between the features (as for example in Fig. 5c¢). A BN
classifier of interest is the super-parent-one-dependence estimator (SPODE) [31] where all features depend on one specific
feature called super-parent (see Fig. 5b).

Since BN classifiers are BN models, they can be represented as MMs as shown in Example 4 [although other monomial
representations exist 55,56]. Therefore, we can apply our methodology and deduce the following result.

Theorem 5. Consider a naive Bayes classifier with features Yre,, ..., Yre,. In the notation of Theorem 3, if Gy is chosen so that
V C Xicim Yre;, then P is the I-projection of P in Lgensi (O, Oy ).

Proof. This result follows from Theorem 4 by noticing that (co)varied parameters conditionally on different values of Y
never appear in the same monomial, thus giving a simple sensitivity analysis. For each instantiation of Y, the feature
variables are independent, thus giving a complete sensitivity analysis. Since for these two analyses the 8y -proportional
covariation scheme is optimal the result then follows. O

Thus in a naive Bayes classifier for any choice of conditional probabilities from the feature variables to be varied,
proportional covariation is optimal. This result can be extended straightforwardly to SPODE classifiers by excluding the
super-parent node from the feature variables set. Then for any variation of probabilities of the other features, proportional
covariation is optimal. For generic BN classifiers the optimality of proportional covariation holds for the cases formalized in
Theorem 3 and Theorem 4.
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Fig. 6. Learnt BN for the cachexia dataset using hill-climbing.

7. Areal-world application

In this section we study a subset of the dataset of Eisner et al. [23] including metabolomic information of 77 individuals:
47 of them suffering of cachexia, whilst the remaining do not. Cachexia is a metabolic syndrome characterized by loss of
muscle with or without loss of fat mass. Although the study of Eisner et al. [23] included 71 different metabolics which
could possibly distinguish individuals who suffer of Cachexia from those who do not, for our illustrative purposes we focus
on only six of them: Adipate (A), Betaine (B), Fumarate (F), Glucose (GC), Glutamine (GM) and Valine (V). These metabolics
are measured in a continuous scale and have been recently investigated in the context of Gaussian BNs [25]. The variables
are discretized into three levels using the equal frequency method [see e.g. 48]. A BN over these variables together with the
variable muscle loss (ML, taking values “yes” for individuals who suffered of cachexia and “no” otherwise) is learnt using
the Bayesian hill-climbing method implemented in the bnlearn R package [51] and reported in Fig. 6. Since there are six
ternary and one binary variables, the model has 1458 atomic probabilities. Furthermore, because of the network structure
there are 54 parameters, and consequently the BN in Fig. 6 could be represented by a MM with associated matrix A of
dimension 1458 x 54.

Eisner et al. [23] reports that the variables Adipate (A) and muscle loss (ML) have the largest mutual information. The
estimated conditional probability of ML given A and computed using the gRain package [29] is

ML |A | low | average | high

yes 0.49 0.64 0.70

no 0.51 0.36 0.30

As the level of Adipate increases, the probability of having the disease increases and the probability of having the disease
given a high level of Adipate is estimated as 0.70. Since Adipate is marginally a powerful predictor for muscle loss, due to
the largest value of mutual information, it is of particular interest to estimate correctly the probability of ML = yes given A
= high and to investigate the effect of misspecifications of this probability. Using the sensquery function of bnmonitor
R package [40] the required individual parameter changes to obtain a conditional probability of either 0.68 or 0.72 are
computed together with the associated CD distances and I-divergences. These are reported in Table 4. The software reports
only one parameter change per CPT and uses proportional covariation, since the scheme is optimal for one-way analyses.
There are multiple parameter changes that independently meet the constraint of the probability of ML = yes given A =
high being equal to either 0.72 or 0.68. Although the interval of new probabilities of interest ([0.68,0.72]) is narrow and
chosen so to best illustrate our methodology, the required changes in the CPTs defining the BN are on average equal to 0.25
and all require a change larger or equal to 0.1, with the exception of F = low for an increase to 0.72. The CD distances
are comparable for both changes of +0.02, but the I-divergence is overall slightly larger when the conditional probability is
decreased.

For ease of exposition we next consider only 2-way sensitivity analyses considering the parameters that bnmonitor
suggested changing in one-way sensitivity analysis. Table 5 reports the results for every pair of parameters varied and using
proportional covariation. The following conclusions can be made:

e the required changes to the parameters are smaller in absolute value compared to one-way analyses;

e the CD distance and the I-divergence takes a value in between those of the one-way analysis of the corresponding
parameters;

e the vast majority of pairs of varied parameters correspond to the novel sensitivity analyses introduced in Section 5. For
all these choices of parameters, Theorem 4 guarantees that proportional covariation minimizes the I-divergence between
the original and the varied BNs;
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Table 4

Required parameter changes in one-way sensitivity analysis to entertain constraints on the conditional probability
of ML = yes given A = high. Columns: Parameter - varied probability; Old Value - original probability value; New
Value - required probability change; Abs. Diff. - absolute value of the difference between Old Value and New
Value; CD Dist. - CD distance between the original and the varied BN; I-Diver. - I-divergence between the original
and the varied BN.

P(ML = yes | A = high) = 0.72

Parameter Old Value New Value Abs. Diff. CD Dist. I-Diver.
P(F = low) 0.34 0.25 0.09 0.42 0.0018
P(ML = yes | GC = low) 0.39 0.51 0.12 0.50 0.011
P(GC = high | F = low) 0.04 0.14 0.10 1.31 0.025
P(V = low | GC = average) 0.08 0.35 0.27 179 0.091
P(GM = low | V = low) 0.80 0.97 017 2.08 0.043
P(A = low | GM = average) 0.19 0.67 0.48 213 0.181
P(ML = ys | A = high) = 0.68
Parameter Old Value New Value Abs. Diff. CD Dist. I-Diverg.
P(F = low) 0.34 0.44 0.10 0.43 0.022
P(ML = yes | GC = low) 0.39 0.23 0.16 0.74 0.019
P(GM = low | V = low) 0.80 0.55 0.25 119 0.055
P(V = low | GC = low) 0.88 0.58 0.30 1.65 0.094
P(A = low | GM = low) 0.79 0.34 0.45 2.01 0.156
P(GC = average | F = low) 0.19 0.72 0.53 237 0.219
Table 5

All possible 2-way sensitivity analyses for the varied parameters in Table 4. Columns: Parameter1 - first varied prob-
ability; Parameter2 - second varied probability; Type - type of sensitivity analysis (either simple, complete, ordered
or none); Avg. Change - mean of the absolute difference between the old and the new probabilities; CD Dist. - CD
distance between the original and the varied BN; I-Diver. - I-divergence between the original and the varied BN.

P(ML = cachexic | A = high) = 0.72

Parameter1 Parameter2 Type Avg. Change CD Dist. I-Diver.
P(F = low) P(ML = yes | GC = low) complete 0.06 0.50 0.008
P(F = low) P(GC = high | F = low) ordered 0.05 1.03 0.015
P(F = low) P(V = low | GC = average) complete 0.06 0.78 0.017
P(F = low) P(GM = low | V = low) complete 0.05 0.48 0.018
P(F = low) P(A = low | GM = average) complete 0.19 171 0.102
P(ML = yes | GC = low) P(GC = high | F = low) none 0.06 047 0.009
P(ML = yes | GC = low) P(V = low | GC = average) simple 0.09 1.07 0.028
P(ML = yes | GC = low) P(GM = low | V = low) complete 0.08 150 0.027
P(ML = yes | GC = low) P(A = low | GM = average) complete 0.10 0.95 0.016
P(GC = high | F = low) P(V = low | GC = average) none 0.12 1.57 0.064
P(GC = high | F = low) P(GM = low | V = low) complete 0.08 173 0.024
P(GC = high | F = low) P(A = low | GM = average) complete 0.12 192 0.042
P(V = low | GC = average) P(GM = low | V = low) ordered 0.13 1.70 0.079
P(V = low | GC = average) P(A = low | GM = average) complete 0.19 233 0.079
P(GM = low | V = low) P(A = low | GM = average) none 0.15 193 0.047
P(ML = cachexic | A = high) = 0.68
Parameter1 Parameter2 Type Avg. Change CD Dist. I-Diver.
P(F = low) P(ML = yes | GC = low) complete 0.07 0.69 0.015
P(F = low) P(GM = low | V = low) complete 0.10 1.05 0.035
P(F = low) P(V = low | GC = low) complete 0.06 0.63 0.020
P(F = low) P(A = low | GM = low) complete 0.25 0.64 0.020
P(F = low) P(GC = average | F = low) ordered 0.23 2.00 0.166
P(ML = yes | GC = low) P(GM = low | V = low) complete 0.08 0.83 0.012
P(ML = yes | GC = low) P(V = low | GC = low) complete 0.09 1.08 0.017
P(ML = yes | GC = low) P(A = low | GM = low) complete 0.19 1.70 0.100
P(ML = yes | GC = low) P(GC = average | F = low) none 0.23 193 0.124
P(GM = low | V = low) P(V = low | GC = low) ordered 0.15 115 0.044
P(GM = low | V = low) P(A = low | GM = low) ordered 0.16 115 0.047
P(GM = low | V = low) P(GC = average | F = low) complete 0.21 2.05 0.074
P(V = low | GC = low) P(A = low | GM = low) complete 0.19 212 0.070
P(V = low | GC = low) P(GC = average | F = low) none 0.21 1.64 0.081
P(A = low | GM = low) P(GC = average | F = low) complete 0.27 2.55 0.157

o five out of the 30 pairs of varied parameters do not correspond to any of the novel sensitivity methods of Section 5.
For such pairs, it can be shown that indeed proportional covariation does not minimize neither the CD distance nor the
I-divergence.
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8. Discussion

The representation of a wide array of statistical models in terms of the defining atomic monomial probabilities has
proven useful for a variety of applications, including sensitivity analysis. In this paper, we took advantage of this represen-
tation to develop a formal geometric approach for sensitivity analysis which uses elements of information geometry. This
approach has enabled us to demonstrate the optimality of proportional covariation for novel multi-way choices of varied pa-
rameters defined by the characteristics of the monomial atomic probabilities. Attention was devoted to BN classifiers where
the tuning of the feature probabilities is often critical to ensure the classifier works reliably.

Although in this work we focused on models having multilinear atomic probabilities, our geometric approach could be
used to investigate more general classes of models, for instance dynamic BNs whose atomic probabilities are not necessarily
multilinear. Preliminary results suggest that the I-divergence exhibit different properties than in the multilinear case, with
the potential of even more informative sensitivity investigations.

We concentrated on I-divergences but other measures of closeness between distributions could have been considered, for
instance the already mentioned ¢-divergences and CD distances. It is yet unknown whether our newly introduced covaria-
tion schemes would be optimal under these other measures. The example in Section 6.2 shows that in general proportional
covariation does not minimize the CD distance in multi-way analyses. Furthermore, the choice of varied parameters not
minimizing the CD distance is the same as for the I-divergence and therefore it may be expected that our newly introduced
sensitivity analyses are such that proportional covariation is also optimal when considering the minimization of the CD
distance as optimality criterion.

The bnmonitor R package was used in a real-world application to understand the relationship between various
metabolics and muscle loss. However, its current implementation only provides a user-friendly implementation of one-
way sensitivity methods. In a future version of bnmonitor we plan to also implement multi-way methods to provide a
more comprehensive toolbox for sensitivity analysis in BNs.
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Appendix A. Proofs
A.1. Proof of Theorem 3

Substituting 8y = 6y and Q € Slice(¥F), we can write D(Q||P) as

Ayr=Ayy =A 9Ay Fé\/:y’vé?\y(/c\v Ay <Ay =A Ay Vé?\yvc\v

Yy, F Y, V y,Q\V ¥y, F Y, V y,C\V

D(Q”P) Z 9 V C\V In QAy FQA"V VHA%C\V Z 9 V C\V In QAy VgAy»C\V ' (Al)
yeY F C\V yeY 174 C\V

For all ## H C [k], define Y; ={y e Y :A,; =0, for all i € H}. Now (A.1) can be split as

5Ay. VOAy Vv ~/‘\y.ve-Ay,C\v

0 %
_ Ay F5Ay v ;Ay.c\v \"% C\V Ay F Ay 1% Ay C\V 14 C\V
DQIP) = Z OF QV GC\V In = Ay, VGAy v Z 9 V C\V In OAy'VeAy‘C\V ’ (A2)
yeY\YZ v Yawv yeYg& v Yawv
but since for all y e Yz and i e C A, ; =0, the second term on the rhs of (A.2) is equal to zero. The set Y \ Y includes all
events y for which A, ; =1 for at least one i € C. Thus Y\ Y- = |J Yy, recalling that Yy is the set of events y for
HCC,H#D
which Ay ;=1 forieH and A, ; =0 for i € C \ H. Furthermore since these sets Yy, for H C C, are disjoint we have that
L, é‘Ay,V H—Ay.cw
- Av vy ghvew v Oaw
D(Q”P) - Z Z 9 V C\V In QAy'VQAy’C\V ’ (A3)
HCC,H#0 yeYy v Yawv

where terms in the internal sum are only for Yy # 0. For any H C C, P € MM(A, S) and y € Yy, by multilinearity it holds
A A
V= 1_[ 0; =OvnH. 9C\y"/c\v = 1_[ 0; = Oc\vinH- (A4)
ieVNH ie(C\V}nH

Substituting (A.4) and using properties of the logarithm, (A.3) simplifies to

AyFs 5 bv Oic\vinH
DQJIP) = E 0:"" Ovnnbic\vinu ln9 VOH E 6’p "0vrnOic\vynu In o (CAVIDH (A.5)
HCC H#D VOH  yec Ha (C\V}NH
yeYy yeYy
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Analogously
5 0;c
PP = Y. Y 605 bvanbicvinn L (A6)
HCC,H#0 yeYy V}OH
~ Ayrs = 5va Ayrs = fic\vinu
D(P||P) = Z GF'V'FGVQHQ{C\V}ﬂH lne + Z gpy.FQVﬂHQ{C\V}ﬂH In % (A7)
HCC, H#0 VOH (C\V)nH
yeYy yeYy

In (A.6) we used the assumption that 6y =6y and in (A.6) and (A.7) we used Theorem 2. Next we use the fact that 5{C\V}my
is computed via proportional covariation. For H C C it holds that

1—|5vi| 1—16v,|
C\V l_[ l—[ — |9VV|9{5,-\V}OH = 1_[ 1_[ m Q{C\V}(‘]H

ie[n]: je{S;i\Vin ! ie[n]: je{S;\Vin
SiNH#Y SiNH£Y
= afc\v)nH (A8)

Substituting (A.8) into the logarithms in (A.6) and (A.7) and re-arranging the factors yields

- Ayrs = Oic\v NH _—
DQJIP) = Z 0:"" Ovnbic\vinH 1H () Z 9 TOvanbic\vinn Ina (A.9)
HCC,H£D bewvine e H44)
yeYy yeYy
- Ayrx =~ bvon Avrr
D(P||P) = Z 9py’F9vnH9{C\V}mHlﬂ9 + Z 0:"" Ovnbic\vynn Ina (A.10)
HCC, H#AD VOH  jec Haw
yeYy yeYy

At this stage the result is proven if under the condition in (8) the rhs of (A.5) is equal to the sum of the rhs of (A.9) and
(A.10). Since the second term on the rhs of (A.5) is equal to the first term on the rhs of (A.9), we can write D(Q||P) =
D(QI[P) + D(P||P) as

> 07" 9va9C\V}mH1H + > 07" Bynnbic\vinn Inr
HEC HAD HCSC HAH
yeYy yeYy

Z 9 GVQHG (C\VINH 11‘1 Z 9 éVmHé{C\V}mH Ine =0. (Al11)
HCC, H#) VOH  Hec Hzp
yeYy yeYy

By rearranging the terms in (A.11) we have that

Ayk g = OvaH | - 5 Ovru
Z 0:"" Ovrn (9{C\V}mH In QVZH +0c\vynH Ina 4+ 6ic\vynn In GVZH

HCC,H#)
yeYy

+ é{C\V}ﬂH lna> =0, (A12)

which yields

Ayr~ - ~ Ovon
Z 0:"" 0vonOic\vynn — Ocvvyon) In | o =0. (A13)
HCC,H£D Ovon

yeYy

Noticing that (A.13) equals (8), since only 9?” depends on the event y € Yy, proves the result.

A.2. Proof of Theorem 4

The result is proven if the condition in (8) holds for all Q € L. For a simple analysis, for all i, j € C, the monomial
0;0; does not divide 04y for any y € Y. Thus all sets H in condition (8) that need to be considered, i.e. those such that
Yy is non-empty, have one element only because of regularity. If H is an element of V then é{c\va - é[c\va =0 by
construction and the result thus follows. Conversely, if H is an element of C \ V, condition (8) holds if and only if
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> Gi—6;=o0. (A14)

jeC\v
Next, (A.14) can be rewritten as
> =10yl —1+10y,| =0,
ie[n]:Vi#0

which is always true. This proves Theorem 4 for simple analyses.
In a complete sensitivity analysis all sets H in condition (8) that need to be considered, i.e. those such that Yy is
non-empty, are in Xiepn).v;20Si, by regularity. Thus, (8) can be written as

~ - ~ A
Z Ovan (Bic\vin A ( ) Z 00" = (A15)
HeXem).v;205i yeYy
H£0

Suppose with no loss of generality that the sets S; such that V; # ) are those with index in the set [r], r <n. Notice that

X si=J {xvx X {Ci\ Vi) } (A16)

i€[r] Rc[r] lier ie[r]\R

Thus the result is proven if (A.15) holds for each R C [r], i.e. if

s - A
> Y vanGewving —Giewiny) In (06 va) > o = (A17)

HeR Je[r\R yeYiuug)

for H and J such that Y{gyjy # @. First notice that if R = [r], then é{c\v}m — é{C\V}ﬁ] =0 by construction and the result
follows. Now fix an R C [r] and suppose k € [r] \ R. So, (A.17) can be written as

VNH A
Z Z Z QVQH(Q (C\V} mjgj _Q{C\V 019])11'1 (Ol@ n ) Z QFY’F =0. (A18)

VNH
HeR Je[r]\R\{k} jeC\Vi yeYinujugy

Noticing that 3" icc,\v, 05 = 2 jecov, 07 =1 — 10y, |, (A.18) can be rearranged as

0 A
Z Z Ovon (9{C\V}mj(1 —10v, ) = Ocvvyny (1 — |9vk|)) In (a 0V0H> Z 07" =0. (A19)

VNH
HeR Je[r]\R\{k} yeYinujun

By applying the same steps as in (A.18)-(A.19) for all k € [r] \ R, we have that

3 _ - 6
dbven | T] a=16vh— J] a—16v,D 1n<a6V“”) Y e =0, (A.20)

VNH
HeR ke[rI\R ke[rI\R yeYinujugy

which always holds, thus proving Theorem 4 for complete analyses.
The proof for ordered analyses follows from the one of complete sensitivity analyses by noticing that the sets R C [r] for
which condition (A.17) needs to hold is a subset of those already demonstrated in the complete case.

Appendix B. Staged trees as monomial models

This appendix illustrates how staged trees can be cast as monomial models. To this end, we consider another plausible
statistical model for the public health application in Example 4 is supported on the tree in Fig. B.7 as follows. The edges em-
anating from vertex v denote the different levels of sports activity, whilst the edges emanating from v1, v, and v3 denote
the levels of alcohol consumption conditional on the level of activity. Edges emanating from vy, ..., v1y are associated to
the population’s health conditional on both preceding variables. A (conditional/transition) probability is associated to each
edge and probabilities from edges emanating from the same non-leaf vertex must sum to one. The atomic probabilities are
then simply given by the product of the edge probabilities along a root-to-leaf path.

Staged trees [9,52] are a particular class of trees where conditional probability distributions emanating from differ-
ent vertices are identified. This is denoted by framing vertices whose distributions are identified by the same shape. In
Fig. B.7 the transition probabilities from vertex v; to vy and from vg to v,5 are equal because v; and vg are in the same
stage, i.e. vertices whose distributions are identified. Setting transition probabilities equal can be thought of as representing
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Fig. B.7. Staged tree representation of the application in Example 4. Vertices in the same stage are framed in the same shape.

Table B.6
Monomial atomic probabilities of the staged tree in Fig. B.7.
0‘/0V1 9V1‘/49V4V13 0V0V1 9V1V49V4V14 0V0V1 0‘/1V49V4V15
ngw 6V1V50V5V15 0V0V16V1V59V5V17 0V0V10V1V59V5‘/18
VDV19V1V66V6V19 OVUVIGVIVGQVSVZU 9V0V|0V1V69V6V21
VoV 9V2V70V7V22 OVOVZ 9‘/2‘/7 9‘/7‘/23 0V0V2 0V2V7 9‘/7"24
0‘/0‘/2 9V2V80V8V25 OVOVZ 6"2‘/8 9V8V26 OVOVZ 0‘/2 vg GVS‘/U
ngvz 9V2V90ngzs 9v0vz 9V2 Vg 9V9V29 0‘,0\,2 9V2V9 9V9V30
0‘/0‘/39‘/3‘/109‘/10‘/31 0‘/0‘/39‘/3‘/109‘/10‘/32 6V0V30V3V109V10V33
0V0V30V3V119V11V25 0V0V30V3V11 0V11VZG 0V0V30V3V116V11V27
0V0V39V3V129V12V28 0V0V36V3V126V12V29 0V0V30V3V120V12V30

context-specific conditional independence information. Staged trees are capable of representing all conditional independence
hypotheses within discrete BNs [52]. At the same time they are a larger class of statistical models, as illustrated next.
In Example 4 suppose the following equalities are believed to hold

P(Y3=y3|Y2=3,Y1 =2)=P(Y3=y3|]Y2=2,Y1 =2), (B.1)
P(Y3=y3|Y2=3,Y1=1)=P(Y3=y3]Y2=2,Y1=1), (B.2)

for all y3 € [3]. For instance, equation (B.2) states that the probability distribution of health for individuals with high alcohol
consumption and low physical activity is equal to that of individuals with medium alcohol consumption and low physical
activity. Such context-specific independence constraints cannot be explicitly represented in a BN model. Conversely they
have a straightforward representation in the staged tree reported in Fig. B.7 [which is stratified according to the definition
of 16].

The atomic probabilities of this staged tree are multilinear monomials in the parameters associated to edges, where pairs
of parameters from two vertices in the same stage are identified. Letting 6,y ; denote the transition probability from v; to
v, the staged tree in Fig. B.7 has the following probabilities identified:

Ovyvyy = 9V8V25 ’ 9V7V23 = 9V8V26’ Ovyvay = 9V8V27 ’ (B.3)
Ovigvar = Oviqvass Oviovsy = Oviivass Oviovss = Oviivae-

The parameter equalities in the first row of equation (B.3) derive from equation (B.1). Similarly, the bottom row of (B.3)
is associated to (B.2). Given these constraints, the atomic probabilities of the staged tree in Fig. B.7 are those reported in
Table B.6. For a formal derivation see [26]. The A matrix has dimensions 27 x 33, is very sparse (again in each row there
are 3 ones and zeros otherwise).

In general staged trees may not be multilinear MMs since two vertices in the same stage can possibly be along a same
root-to-leaf path. However, staged trees that are multilinear are also regular since no parameters associated to emanating
edges from vertices in the same stage appear in one atomic probability monomial.
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