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A B S T R A C T

Staged trees are a relatively recent class of probabilistic graphical models that extend Bayesian networks to
formally and graphically account for non-symmetric patterns of dependence. Machine learning algorithms to
learn them from data have been implemented in various pieces of software. However, to date, methods to assess
the robustness and validity of the learned, non-symmetric relationships are not available. Here, we introduce
validation techniques tailored to staged tree models based on non-parametric bootstrap resampling methods
and investigate their use in practical applications. In particular, we focus on the evaluation of transport services
using large-scale survey data. In these types of applications, data from heterogeneous sources must be collated
together. Staged trees provide a natural framework for this integration of data and its analysis. For the thorough
evaluation of transport services, we further implement novel what-if sensitivity analyses for staged trees and
their visualization using software.
1. Introduction

Probabilistic graphical models (PGMs) represent the interactions
between variables of interest using a graph. They decompose a joint
probability mass function (pmf) into the product of local, smaller
dimensional conditional pmfs, which are determined by the underlying
graph. Because of this decomposition, they are tailored for the integra-
tion of heterogeneous data and expert sources, since each source can
coherently and independently inform different local distributions [1–
3]. Bayesian networks (BNs) are undoubtedly the most commonly
used PGM, describing the underlying dependence structure through a
directed acyclic graph (DAG) [4].

One of the limitations of BNs is that they can formally encode
only symmetric conditional independences between variables, deter-
mined by the famous d-separation criterion (e.g. [5]). However, several
studies have now shown that more complex patterns of dependence
are required to faithfully describe the information stored in collected
data [6–9]. The most classical non-symmetric independence is context-
specific [10], where independence holds only for a specific subset
of values of the conditioning variables. More generic types of non-
symmetric independence have been defined and studied in the context
of PGMs [11].

Although it was recognized early on the need for PGMs embedding
non-symmetric independence [12,13], the development of such models
has been limited. Staged trees [14,15] are a class of non-symmetric

∗ Corresponding author.
E-mail address: manuele.leonelli@ie.edu (M. Leonelli).

PGMs that embed flexible types of non-symmetric independence by
coloring the vertices of a probability tree. There is now an extensive
toolkit of methodologies for analyzing and learning staged trees from
data, as well as user-friendly software for their use, including multiple
structural learning algorithms for the identification of non-symmetric
independence from data [16,17].

Much attention has been devoted to the development of robust
learning algorithms for BNs, often based on the use of sampling tech-
niques. Friedman et al. [18] and Caravagna and Ramazzotti [19]
investigated the use of data bootstrapping to learn the underlying DAG:
a graph is learned for each bootstrap replication and edges in the final
BN are chosen depending on how often they appeared [20]. Friedman
and Koller [21] introduced Bayesian MCMC approaches of learning,
whose use is becoming increasingly popular [22–26]. Cugnata et al.
[27] discussed the averaging of BNs learned with different structural
learning algorithms: a technique used in several practical applica-
tions (e.g. [28–30]). Cross-validation is often further used to select the
best BN structure with the aim of avoiding overfitting (e.g. [31]).

Despite the widespread use of such techniques for BNs, their use
has not been discussed for staged trees. Structural learning algorithms
are usually evaluated over the complete dataset, thus risking overfitting
and identifying relationships that do not actually represent the under-
lying dependence structure. In this direction, Strong and Smith [32]
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Fig. 1. An example of a DAG over four random variables 𝑋1 , 𝑋2 , 𝑋3 , 𝑋4.

ntroduced a Bayesian model averaging approach to jointly consider
igh-scoring staged trees for more robust modeling.

This paper introduces robust routines for learning non-symmetric
onditional independence via staged trees, discussing their methodolog-
cal and software implementation. Methodologically, we first discuss
he robust choice of a variables’ ordering using bootstrap. Once such
n order is identified, bootstrap and cross-validation are jointly used to
dentify the best staged tree model from data. Software-wise, we take
dvantage of the capabilities of the stagedtrees R package [16].

Our novel, robust learning methods are illustrated to untangle
omplex dependence patterns in survey data for the evaluation of
ransport services. BNs have been used for this task in metro [30,33–
6], railways [37], airlines [27], airport check-in [29], and air and
igh-speed rail intermodal [38] services. The comprehensive evaluation
f transport services requires the integration of heterogeneous data
ources, often collected at different spatial or temporal resolutions. This
ntegration is exemplified in our second data application below about
he quality of railway services in the European Union.

A thorough assessment of the factors related to the evaluation of
ransport services requires the use of sensitivity techniques (e.g. [39]).
n the context of BNs, what-if analyses are widely used, where specific
ertices are assumed to be observed and the effect of these observations
n output of interest is measured (e.g. [27]). In our applications below,
e showcase a novel visual way to perform what-if analyses in staged

rees.
The paper is structured as follows. Section 2 deals with PGMs,

eviewing BNs and staged trees. Section 3, after reviewing structural
earning algorithms for staged trees, introduces robust routines based
n the bootstrap. Section 4 showcases these methods over two data
pplications: the first in airline passengers’ satisfaction, the second
ased on a large-scale European survey on railways satisfaction. The
aper concludes with a discussion.

. Non-symmetric probabilistic graphical models

PGMs [40] are a popular class of statistical models that use various
raphical representations to visually depict the dependence structure
etween variables of interest. In this section, we review two instances
f PGMs: the most common BN model and the staged tree model.

.1. Bayesian networks and conditional independence

First introduced by Pearl [4], BNs are a class of PGMs that use DAGs
o formally encode independence information. They are now the gold
tandard for representing causal information and discovering it from
bservational data [41]. The variables of interest are the vertices of the
AG. The edges denote probabilistic direct dependence and, in some
ases, causal relationships. Although BNs can be used with continuous
nd mixed variables, henceforth, and as common in practice, we focus
n the categorical case. Let 𝑋 = (𝑋1,… , 𝑋𝑝) be a categorical random
ector and 𝑥 = (𝑥1,… , 𝑥𝑝) an instantiation of this vector.

One of the main features of BNs is that they decompose the joint pmf
f 𝑋, 𝑃 (𝑥), into a product of smaller-dimensional conditional pmfs. The
orm of these conditional probabilities is defined by the DAG 𝐺. Let 𝑋
𝛱𝑖

2 
e the parents of 𝑋𝑖 in 𝐺. The joint pmf of a BN with DAG 𝐺 can be
ritten as

(𝑥) =
𝑝
∏

𝑖=1
𝑃 (𝑥𝑖|𝑥𝛱𝑖

), (1)

here 𝛱𝑖 could be empty (by construction, there must be at least one
ertex with no parents in a DAG). For instance, the DAG in Fig. 1
nduces the factorization

(𝑥) = 𝑃 (𝑥4|𝑥3, 𝑥2)𝑃 (𝑥3|𝑥2)𝑃 (𝑥2|𝑥1)𝑃 (𝑥1). (2)

he great benefit associated with the decomposition in Eq. (1) is that
he number of parameters defining the model can decrease dramat-
cally. In our example, if variables are assumed to be binary, nine
arameters are required to fully characterize the BN, in contrast to
ifteen generally required to define the pmf of four binary variables
24 − 1, since probabilities must sum up to one).

The lack of edges in the DAG of a BN formally encodes sym-
etric conditional independence [42]. We say that 𝑋𝑖 is conditionally

ndependent of 𝑋𝑗 given 𝑋𝑘, and write 𝑋𝑖 ⟂⟂ 𝑋𝑗 |𝑋𝑘, if and only if

(𝑥𝑖|𝑥𝑗 , 𝑥𝑘) = 𝑝(𝑥𝑖|𝑥𝑘), (3)

or all possible values 𝑥𝑖, 𝑥𝑗 , 𝑥𝑘. The factorization of the pmf in Eq. (1)
s associated with a set of conditional independences, usually referred
o as local Markov property (e.g. [40]): each variable is conditionally
ndependent of its non-descendants given its parents. For our example
AG in Fig. 1 the lack of the edge (𝑋1, 𝑋4) is associated with the

ndependence 𝑋4 ⟂⟂ 𝑋1|𝑋2, 𝑋3, while the missing (𝑋2, 𝑋3) represents
3 ⟂⟂ 𝑋2|𝑋1. However, the conditional independences from the local
arkov property are not the only ones associated with a BN. The DAG

an be investigated to check if generic conditional independences hold
n the model via the so-called d-separation criterion (see e.g. [5] for
etails).

To better illustrate BNs, consider the following simplified scenario
f the much more complex application on railway travel satisfaction we
evelop in Section 4.2. We are interested in assessing how the length of
ational railways, average national income, and the country in which
he travel took place affect the satisfaction of railway travelers. For
implicity, we grouped European countries into four regions: southern
urope (SE), western Europe (WE), eastern Europe (EE), and northern
urope (NE). We make the assumption that conditionally on the length
f the railway and the national income, knowing the region of the
raveler is irrelevant to predicting satisfaction. Furthermore, we assume
hat conditionally on the region, the length of the railway does not
rovide any information to predict the average income. This situation
an be depicted by the DAG in Fig. 1 with 𝑋1 = Country, 𝑋2 =
ength, 𝑋3 = Income, and 𝑋4 = Satisfaction. The definition of the BN
s completed by the specification of the conditional probabilities of the
odel. In the categorical case, these are most commonly referred to as
onditional probability tables (CPTs). These tables store the conditional
robability of a variable 𝑋𝑖 for every possible combination of its parents
𝛱𝑖

. The CPTs for our railway travel satisfaction example are reported
n Table 1, assuming Length and Income are categorized into Low and
igh, while Satisfaction into Low, Medium, and High. Notice that the
PTs automatically embed the conditional independences of the model:

or instance, the CPT of Satisfaction states that, conditionally on each
ombination of Length and Income, its probability distribution is the
ame for every European region. The probability of any event can then
e computed from the CPTs: the probability of a southern European
raveler from a high-income country with a low railway track length
eing highly satisfied can be computed using Eq. (1) as 0.15⋅0.5⋅0.6⋅0.2 =
.009.

As apparent from the previous discussion, the definition of a BN
odel consists of two steps: the definition of a DAG 𝐺 establishing the
ependence structure between the variables; and the CPTs storing the
onditional probabilities of variables given their parents in 𝐺. Although
hese two steps can be performed via expert elicitation [43–46], our
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Table 1
CPTs associated to the BN in Fig. 1.

Country

SE WE EE NE

0.15 0.25 0.35 0.25

Country Length Country Income Length Income Satisfaction

Low High Low High Low Medium High

SE 0.6 0.4 SE 0.5 0.5 High High 0.1 0.4 0.5
WE 0.3 0.7 WE 0.2 0.8 High Low 0.3 0.4 0.3
EE 0.6 0.4 EE 0.7 0.3 Low High 0.5 0.3 0.2
NE 0.3 0.7 NE 0.2 0.8 Low Low 0.5 0.3 0.2
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focus here is in the case both are learned from observational data using
machine learning algorithms. Data-driven algorithms to learn the DAG
𝐺 are usually referred to as structural learning algorithms (see [47–49]
for an overview). Three classes of algorithms are common: constraint-
based algorithms (e.g. the Peter-Clark (PC) algorithm [50]), which use
conditional independence tests; score-based algorithms (e.g. the tabu
algorithm [51]), which use goodness-of-fit scores as objective functions
to maximize; and hybrid algorithms (e.g. the max–min hill climbing
MMHC) algorithm [52]) that combine both approaches. Given a DAG
, maximum likelihood or Bayesian approaches can be used to learn

he CPT tables.
BNs provide an efficient platform to answer inferential queries, mean-

ing computing (conditional) probabilities of interest from the model.
Although this is, in general, an NP-hard problem, algorithms that take
advantage of the underlying DAG structure have been defined (e.g.
[40]). In applied analyses, these types of query are usually called what-if
analysis, which are used to identify the most important factors affecting
an output of interest.

2.2. Non-symmetric conditional independence

A BN model can only formally encode symmetric types of condi-
tional independence corresponding to equalities between probabilities
as in Eq. (3). Those associated with the local Markov condition are
by construction imposed by the CPTs of the BN since probabilities are
defined conditionally on the parent variables only. However, often, the
CPTs of a BN include additional equalities between its entries, which
cannot be inferred by simply looking at the underlying DAG.

As a first example, consider the CPT for Satisfaction in Table 1.
It can be seen that the probability distribution of Satisfaction is the
same in the cases Length = Low, Income = High and Length = Low,
Income = Low. In other words, conditionally, on a low railway length,
income is irrelevant to predicting satisfaction. So this is a conditional
independence that holds for only a specific value of the conditioning
variable, Length = Low, and not for the other (Length = High). This
is usually referred to as a context-specific independence [10]. More
formally, we say that 𝑋𝑖 is context-specific independent of 𝑋𝑗 in the
context 𝑥𝑘 if

𝑝(𝑥𝑖|𝑥𝑗 , 𝑥𝑘) = 𝑝(𝑥𝑖|𝑥𝑘) (4)

for all possible values 𝑥𝑖, 𝑥𝑗 . Notice that for another value of the
variable 𝑋𝑘, say 𝑥′𝑘, we would have that 𝑝(𝑥𝑖|𝑥𝑗 , 𝑥′𝑘) ≠ 𝑝(𝑥𝑖|𝑥′𝑘).

The CPTs in Table 1 include further equalities between their rows.
For instance, the probability distribution of Length is the same for
Country = SE,EE, as well as for Country = WE,NE. This means e.g. that
the probability of Length = High is the same in Northern and Western
Europe. Similarly, there are equalities in the CPT of Income. These
types of equalities have been referred to as partial conditional indepen-
dence [11]. More formally, we say that 𝑋𝑖 is partially conditionally
independent of 𝑋𝑗 in the domain {𝑥1𝑗 ,… , 𝑥𝑙𝑗} given context 𝑥𝑘 if

𝑃 (𝑥 |𝑥𝑎, 𝑥 ) = 𝑃 (𝑥 |𝑥𝑏, 𝑥 ), (5)
𝑖 𝑗 𝑘 𝑖 𝑗 𝑘 e

3 
Table 2
Example of a CPT including a local independence.

Length Income Satisfaction

Low Medium High

High High 0.5 0.3 0.2
High Low 0.3 0.4 0.3
Low High 0.7 0.2 0.1
Low Low 0.5 0.3 0.2

for all values 𝑥𝑖 and every pair 𝑥𝑎𝑗 , 𝑥
𝑏
𝑗 in the domain {𝑥1𝑗 ,… , 𝑥𝑙𝑗}.

Notice that in our example there was no conditioning context 𝑥𝑘:
this case is sometimes called marginal partial independence. If the
domain {𝑥1𝑗 ,… , 𝑥𝑙𝑗} includes all possible values 𝑥𝑗 , then Eqs. (4) and
(5) coincide. Notice that variables must take more than two values for
a non-trivial partial conditional independence to hold.

A final type of independence is the so-called local independence [12],
which simply states that some conditional probability distributions are
identical but no discernable patterns as in Eqs. (4) and (5) can be
detected. Let 𝑋𝐴 be a vector not including 𝑋𝑖 and 𝑥𝐴 and 𝑥′𝐴 two
nstantiations of 𝑋𝐴. A local independence is an equality of the form

(𝑥𝑖|𝑥𝐴) = 𝑃 (𝑥𝑖|𝑥′𝐴), (6)

or all values 𝑥𝑖. An illustration of local independence is given in
able 2. The conditional probability distribution of Satisfaction is the
ame for the case Length = Low, Income = Low and Length = High,
ncome = High.

These more generic constraints between probabilities are usually
eferred to as non-symmetric conditional independence. As noticed, BNs
re not able to graphically visualize this additional information often
ncluded in their CPTs. For this reason, extensions of BNs that can
raphically visualize non-symmetric patterns of dependence have been
roposed (e.g. [6–9]). In this paper, we focus on one specific extension
f BNs called staged tree model.

.3. Staged trees

Differently to BNs, whose graphical representation is a DAG, staged
rees [14,15] are PGMs that visualize conditional independence by
eans of a colored tree. A probability tree is associated with the vector

f interest 𝑋 = (𝑋1,… , 𝑋𝑝), denoting its sample space and probabilities.
probability tree is a rooted directed tree where each edge reports a

conditional) probability. The sum of the probabilities of edges emanat-
ng from the same non-leaf vertex must sum up to one and the product
f the probabilities of edges along a root-to-leaf path is equal to the
robability of the associated atomic event.

As an illustration, consider the tree in Fig. 2 (the coloring of
he vertices is, for now, irrelevant) representing the sample space of
ur running example in railway service satisfaction. Recall that the
ariables of interest are Country, Length, Income, and Satisfaction;
nd suppose we fix this ordering of the variables. The root of the
ree 𝑣0 is associated with the first variable Country, and the edges
manating from 𝑣 represent the possible values Country can take,
0
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Fig. 2. Staged tree for the railway service satisfaction example whose staging represents all probabilities equalities in Fig. 1 and Table 1.
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amely EE, NE, SE, WE. The probability associated with these four
dges (not reported here) must sum up to one. Now consider the vertex
1. The edges emanating from 𝑣1 denote the conditional probability

of Length given Country = EE, and again, their probabilities must
add up to one. All non-leaf vertices at the same depth in the tree
are associated with conditional distributions from the same variable.
Because of the standard chain rule of probabilities, the product of the
edge probabilities in a root-to-leaf path is the probability of an atomic
event. Consider the lowest path: this represents the event Country =
EE, Length = Low, Income = Low, Satisfaction = Low.

Conditional independences are visualized in the tree by a coloring
f the non-leaf vertices. Two vertices that are assigned the same
olor are such that their edge probabilities are the same. Further-
ore, two equally-colored vertices are said to be in the same stage.
 b

4 
Considering again Fig. 2, it can be seen that 𝑣1 and 𝑣3 are given
he same color. This means that 𝑃 (Length = High|Country = EE) =
(Length = High|Country = SE) (and similarly for Length = Low): a
arginal partial independence. Considering vertices at depth two,

t can be noticed that the stages are {𝑣5, 𝑣6}, {𝑣7, 𝑣8}, {𝑣9, 𝑣10}, and
𝑣11, 𝑣12}. This implies, for instance (vertices {𝑣5, 𝑣6}), that the condi-
ional distribution of Income given Country = EE and Length = Low is
he same as the one given Country = EE and Length = High. However,
t can be seen that this happens for every value of Country (EE, NE,
E, WE). Altogether, this means that Income and Length are condition-
lly independent given Country: a symmetric, traditional conditional
ndependence. By investigating further the coloring of the staged tree
n Fig. 2 additional symmetric and non-symmetric independences can
e identified.
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This example clearly illustrates that staged trees can embed both
symmetric and non-symmetric types of independence via their coloring.
BNs can be seen as a subclass of staged trees [15,53] since all BNs
can be represented as staged trees, but not vice-versa since staged trees
can graphically represent non-symmetric independences. By a thorough
investigation of the staged tree in Fig. 2, it can be noticed that its
staging is such that the only equalities between probabilities it enforces
are the two symmetric conditional independences from the DAG in
Fig. 1 and the constraints in the CPTs in Table 1. Therefore, the staged
tree in Fig. 2 gives a complete graphical representation of the BN,
including the equalities enforced in its CPTs.

Although staged trees could be expert-elicited, our focus here is
on data-driven structural learning algorithms. In the context of staged
trees, these require three steps: (i) learning an optimal ordering of the
variables; (ii) learning the staging of the non-leaf vertices; (iii) learning
the edge probabilities. Step (iii) is similarly conducted as in BNs using
either frequentist or Bayesian approaches. Step (i) is computationally
challenging due to the factorial explosion of the number of orderings.
For a small number of variables, the ordering can be found using a
dynamic programming approach [54,55]. In more complex scenarios,
a fraction of the space of orderings could be explored [56]. Step (ii) is
discussed in detail in Section 3.1.

One important consideration is that structural learning of generic
staged trees is hard, due to the explosion of the model search space
as the number of variables increases (see e.g. [57]). For this reason,
recent research has focused on sub-classes of staged tree models: Carli
et al. [58] defined naive staged trees that have the same number of
parameters of a naive BN over the same variables; Leonelli and Varando
[59] considered simple staged trees which have a constrained type
of partitioning of the vertices; Duarte and Solus [57] defined CStrees
which only embed symmetric and context-specific types of indepen-
dence; Leonelli and Varando [60] introduced k-parents staged trees,
which limit the number of variables that can have a direct influence
on another.

A wide array of methods to efficiently investigate real-world ap-
plications are now available for staged trees, including user-friendly
software [16,17], inferential and sensitivity routines [61–63], dealing
with missing data [64], causal reasoning [65] and identification of
equivalence classes [66], to name a few. Such techniques are, in
general, not available for other graphical models embedding non-
symmetric independences, thus making staged trees a viable as well
as efficient option for applied analyses.

2.4. Asymmetry-labeled DAGs

An additional challenge in modeling categorical data with staged
trees is that the sample space, and therefore the size of the tree to
be plotted, grows super-exponentially with the number of variables.
In our simple example with one quaternary, one ternary, and two
binary variables, the tree becomes already relatively big. In practice,
it becomes almost impossible to visualize it and, therefore, graphically
assess the learned dependence structure with more than seven binary
variables.

To address this visualization challenge, Varando et al. [53] intro-
duced a compression of a staged tree into a DAG, called asymmetry-
labeled DAG (ALDAG) having the following properties: (i) 𝑋𝑖 ⟂⟂ 𝑋𝑗 |𝑋𝑘
s implied by the staging of the tree if and if only 𝑋𝑖 and 𝑋𝑗 are d-
eparated by 𝑋𝑘 in the ALDAG; (ii) the ALDAG is minimal, in the sense
hat there are no other DAGs with a smaller number of edges respecting
roperty (i); (iii) the edges of the ALDAG are labeled/colored to denote
he type of non-symmetric independence existing between the relevant
ariables.

Another interpretation of ALDAGs is as an embellishment of a stan-
ard BN, letting edges denote the existence of additional probability
qualities in its CPTs. To illustrate this, consider the running railway

ervice satisfaction example with BN in Fig. 1 and CPTs in Table 1. w

5 
Fig. 3. ALDAG associated with the staged tree in Fig. 2, or, equivalently, with the
DAG in Fig. 1 with CPTs in Table 1. Labels: black - symmetric dependence; red -
context-specific; green - partial.

As already noticed, the CPTs include additional probability constraints
that cannot be visualized from the DAG. The ALDAG representing
this extra information is reported in Fig. 3, which, by construction,
has the same edge set as the original DAG. The CPT of Length in-
cludes the partial independences 𝑃 (Length = High|Country = EE) =
(Length = High|Country = SE) and 𝑃 (Length = High|Country = WE)
𝑃 (Length = High|Country = NE): thus the edge is labeled partial. A

imilar observation can be made for the CPT of Income. Concerning the
PT of Satisfaction, we already noticed that the probability distribution
f Satisfaction does not depend on Income when Length = Low. For
his reason, the edge from Income to Satisfaction is given the label
ontext-specific. On the other hand, if the value of Income is kept
ixed to either High or Low, changing Length from Low to High has
n effect on the probability of Satisfaction. For this reason, the edge
rom Length to Satisfaction is given a symmetric label since this is the
ype of relationship that graphically can be described by the DAG and
ymmetric conditional independence.

The ALDAG in Fig. 3 would also be obtained by applying the
ompression algorithm of Varando et al. [53] to the staged tree in
ig. 2, since it specifically embeds the probability equalities defined by
he DAG and CPTs considered before. The conversion of a staged tree
nto its associated ALDAG has the advantage that the many routines
vailable for inference over BNs, for instance, the already-mentioned
ast inferential algorithms and what-if analyses, can be straightfor-
ardly used for staged trees as well. In our applications below, we

howcase the use of what-if analyses over the associated ALDAG of a
earned staged tree.

Leonelli and Varando [56] noticed that for staged trees learned
rom observational data, their associated ALDAGs are usually complete
nless some sparsity is imposed during the structural learning algo-
ithm. The interpretational advantages of compressing the tree would
asically be lost with a complete ALDAG. For this reason, Leonelli
nd Varando [60] introduced 𝑘-parents staged trees that are staged
rees such that the maximum in-degree in the associated ALDAG is
. Restricting the number of parents makes sense from an applied
oint of view since, most often, only a limited number of variables
an be expected to have a direct influence on another. The option of
etting a maximum number of parents is also available in the standard
nlearn software [67]. Furthermore, by considering 𝑘-parents staged

rees for a small 𝑘, the model search space is drastically reduced, and
omputationally efficient structural learning algorithms are available.

Limiting the number of parents has the advantage that, by applying
he local Markov condition over the ALDAG, irrelevant variables can
e removed from the visualization of the staging of a variable of
nterest. Varando et al. [53] introduced the so-called dependence subtree,

hich, for each variable, shows its staging using only the relevant
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parent variables. By visualizing the ALDAG and the dependence sub-
trees, the whole, complex, non-symmetric dependence structure can be
investigated even in situations with a large number of variables.

3. Robust learning algorithms for staged trees

It is now common practice in applied structural learning of BNs
to assess the strength of the learned relationships, i.e. validate the
learned network. The most common approach is to resample with
replacement the data via non-parametric bootstrap and to estimate
a BN for each of the resampled datasets [18,19]. Edges that appear
a frequency of times above some threshold are then retained in the
final DAG [68]. Although there are now theoretical methods to choose
such a threshold [20], most often it is manually fixed at some pre-
specified level (e.g. [69]). Furthermore, the validity of the model is
often assessed by evaluating out-of-sample predictions using a 𝑘-fold
cross-validation [31]. The above-mentioned resampling strategy is then
applied within each iteration of the cross-validation. Both resampling
and cross-validation can be easily implemented in the learning of BNs
using the bn.boot and bn.cv functions of the bnlearn R package.

Despite their widespread use for learning BNs, such techniques have
not been applied for learning staged trees from data. The quality of
a staged tree model is most often evaluated over the training dataset
without an out-of-sample assessment of the validity of the model.
Before discussing how this could be implemented in practice, we review
standard structural learning algorithms for staged trees.

3.1. Structural learning for staged trees

In Section 2.3 above we started discussing the learning of staged
trees from data. The first step is choosing an ordering of the variables
in the tree. For a small number of variables, all possible orderings can
be evaluated by taking advantage of a dynamic programming approach
(implemented in the search_best function in the stagedtrees
R package) [54,55]. Otherwise, the space of possible orderings can
be initially pruned, for instance by only selecting orders compatible
with a learned BN, so that the optimal ordering selection can also be
performed when more variables are studied [56]. However, most often,
the order is selected using common knowledge, expert opinion, and, if
available, the natural causal ordering of the variables.

Once an ordering has been selected, an optimal staging of the
vertices has to be learned. By construction, only vertices at the same
depth of the tree, i.e. vertices representing the conditional distributions
of the same variable, can be merged in the same stage. Practically,
this comes down to finding an optimal clustering of the vertices by
exploring the space of vertices’ partitions. Although distance-based [58]
and 𝑘-means [70] methods have been proposed, staged trees are most
commonly learned using greedy hill-climbing techniques which opti-
mize a model score (most often the BIC as discussed in [71]). In its
most general form (implemented in the stages_hc function of the
tagedtrees R package) every possible merging and splitting of
tages is considered at each iteration.

The most common greedy search routine is, on the other hand,
he backward-hill climbing (or agglomerative hierarchical clustering)
lgorithm [72] which, starting from the tree where every vertex is in
ts own stage, at each iteration merges the pair of stages leading to
he best score increase until no improvement is found. This routine is
mplemented in the stages_bhc function of the stagedtrees R
ackage and is henceforth referred to as BHC. Notice that the learning
f the staging can be performed independently and in parallel for
ertices at different depths in the tree because the likelihood (and hence
ost model’s scores as BIC) separates across the variables.

Because of the size of the data applications we study in Section 4, we
ill also use the techniques to learn 𝑘-parents staged trees introduced

n [56] and reported in the Appendix. For each variable, these first
elect 𝑘 parents that maximize the conditional mutual information and
hen run the BHC to select an optimal staging. Notice that the resulting
ree is guaranteed to be 𝑘-parent since no additional parents can be

dded during the learning of the staging. v

6 
.2. Robust learning of a variables’ ordering

We now describe how non-parametric bootstrap resampling tech-
iques can be used in the context of learning staged trees from data,
tarting by deciding on a variables’ ordering. Suppose a dataset  of 𝑁

observations of the variables of interest 𝑋1,… , 𝑋𝑝 is available. We con-
struct 𝑀 synthetic versions of  each of size 𝑁 , called (1),… ,(𝑀),
using non-parametric bootstrap.

Suppose we chose a specific learning algorithm for the staging of the
tree (e.g. BHC). For 𝑖 = 1,… ,𝑀 , we apply the dynamic programming
approach using (𝑖) to learn an optimal ordering of the variables 𝑋(𝑖)

𝜎 .
his gives us 𝑀 variables’ orderings.

For every pair (𝑟, 𝑠), 𝑟, 𝑠 = 1,… , 𝑝, we compute the frequency that
𝑟 preceded 𝑋𝑠 in the order, i.e.

𝑟𝑠 =
1
𝑀

𝑀
∑

𝑖=1
1𝑋(𝑖)

𝜎(𝑟)≺𝑋
(𝑖)
𝜎(𝑠)

The final ordering of the variables 𝑋𝜎 is then uniquely defined by the
𝑁𝑟𝑠 ≥ 0.5.1

Of course, this routine has a factorial complexity and can be im-
plemented only for a small number of variables (see [55,56] for a
discussion of the time required to learn a variable ordering). However,
we showcase in Section 4.2 that the order selection can also be per-
formed in complex scenarios by using expert information to group the
variables.

3.3. Robust learning with a fixed ordering

A non-parametric bootstrap is then used to estimate the staging
of the tree. Again, assume that a staging learning algorithm has been
chosen, (1),… ,(𝑀) synthetic copies of  have been generated, and
that an optimal ordering 𝑋𝜎 has been fixed. For each (𝑖), we estimate
and optimal staged tree 𝑇 (𝑖) with an optimal variable ordering 𝑋𝜎 . Call
𝑈 (𝑖)
𝜎(𝑗) the staging of the vertices at depth 𝑗 in the 𝑖th bootstrap replicate,

𝑗 = 1,… , 𝑝 − 1, 𝑖 = 1,… ,𝑀 .
Given the 𝑀 learned stagings at a chosen depth of the tree 𝑗,

𝑈 (𝑖)
𝜎(𝑗), 𝑖 = 1,… ,𝑀 , a method to combine them into a unique one

must be adopted. This comes down to finding an optimal way to
summarize 𝑀 different partitions of the same set, a problem that has
been addressed in Bayesian clustering (e.g. [73]). In this work, we
apply a novel methodology that resembles the one to choose a final
BN after bootstrapping:

• Create a matrix 𝑍𝑗 whose columns are 𝑈 (1)
𝜎(𝑗),… , 𝑈 (𝑀)

𝜎(𝑗) ;
• Compute the pairwise dissimilarity matrix 𝐷𝑗 , giving for each

pair of elements the frequency of times they are not in the same
subset (the psm function from the salso R package is used [74]);

• A standard agglomerative hierarchical clustering is run over 𝐷𝑗
using the hclust R function;

• The associated dendrogram is cut at a pre-specified height: we
draw a horizontal line across the dendrogram at the chosen height
and the number of vertical lines this horizontal line intersects
with corresponds to the number of stages. Each intersection rep-
resents a cluster so that all vertices below that intersection point
belong to the same cluster, giving the final staging 𝑈∗

𝜎(𝑗).

The averaged staged tree model is then 𝑇 ∗ with staging 𝑈∗
𝜎(𝑗), 𝑗 =

1,… , 𝑝−1. Notice that if the above method is used in conjunction with
algorithms to learn 𝑘-parents staged trees, the resulting tree 𝑇 ∗ is not
necessarily within the same model class, and its associated ALDAG can
have a maximum in-degree larger than 𝑘. However, as illustrated by

1 In the rare event of ties when 𝑁𝑟𝑠 = 0.5 the ordering of the associated
ariables can be randomly chosen.
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Fig. 4. Boxplots of BIC scores (train dataset) and log-likelihood (test dataset) from a 10-fold cross-validation over the airline dataset.
Table 3
Ordering of the variables for different staged tree learning algorithms using the
bootstrap approach over the airline dataset.

Algorithm BHC 1-parent 2-parents 3-parents 4-parents

1st crew crew crew crew crew
2nd cabin cabin cabin cabin cabin
3rd meal meal meal meal meal
4th booking departure departure departure departure
5th departure check-in booking check-in booking
6th check-in booking check-in booking check-in

our applications below, the resulting staged tree and ALDAG are still
sparse.

As our routine computes 𝑀 different staged trees, they can each be
converted into their ALDAG representation 𝐺(𝑖). As in BNs, these can
be used to assess the strength of the relationship between every pair of
variables. Furthermore, as they are ALDAGs, the strength of symmetric
and non-symmetric relationships can be assessed by computing the
frequency of each possible type of edge.

The complexity of learning staged trees given a variables’ ordering
has been extensively studies and investigated in simulation studies (e.g.
[56]). The bootstrap approach presented here requires learning a staged
tree 𝑀 times and thus the complexity of our routines increases linearly
with the number of bootstrap replications. Thanks to already imple-
mented functions in R, the agglomerative hierarchical clustering step
and the dendrogram construction are performed almost instantaneously
and do not add any significant computational time. A simulation study,
reported in Appendix A, illustrates the time required by our routines
and their quality in model estimation.

4. Applications

We now showcase the use of our newly defined methods to analyze
customer satisfaction surveys. BNs have been used extensively for
this task (e.g. [75,76]). Here, we demonstrate the additional insights
staged trees and ALDAGs can provide to untangle complex dependence
patterns between the factors that affect customer satisfaction.

4.1. Airline passengers’ satisfaction

We first analyze a simpler dataset considered in [27] about the
satisfaction of airlines’ passengers. The questionnaire contains ques-
tions on the passengers’ satisfaction with their overall experience and
six specific service dimensions (departure, booking, check-in, cabin
environment, cabin crew, and meal). The evaluation of each item is
based on a four-point scale (from extremely dissatisfied to extremely
satisfied), which, for simplicity, is merged into two levels (low/high).
A total of 9720 responses are available. The aim of the analysis is to
7 
evaluate the importance of these six service dimensions on the overall
experience. PGMs provide an intuitive platform for this type of analysis
since these service dimensions cannot be assumed independent.

We consider five different structural learning algorithms for staged
trees: the BHC and the 𝑘-parent staged trees learning algorithm for
𝑘 = 1, 2, 3, 4. We start by choosing the best ordering for each algorithm
among the six specific service dimensions, while the overall experience
is fixed as the last variable in the ordering since the aim is to understand
the effect the dimensions have on it. Table 3 reports the learned
order for each of the used algorithms using the procedure outlined in
Section 3.2. It can be seen that the first three variables are equally
ordered for all methods, while the last three may have a different
ordering depending on the algorithm used.

Having selected the orderings, we then run a 10-fold cross-validation
for the five staged tree algorithms of above and three BN structural
learning algorithms for BNs: MMHC, PC and tabu implemented in the
bnlearn R package. For each of the 10 folds, we run a non-parametric
bootstrap of 200 iterations and the thresholds for both BNs and staged
trees were set at 0.5. For each fold, we then computed the BIC of the
models over the training data and the predictive log-likelihood over
the test data. Fig. 4 reports the results. Staged trees learned with the
BHC (ST_BHC) and the algorithm for 4-parents staged trees (ST_K4)
outperform all BN approaches in both fitting and predictive tasks. Of
course, since it is considered the most general class of models, ST_BHC
outperforms ST_K4, but the difference appears to be marginal. Thus, the
presence of asymmetric dependence is critical to fully understand the
relationship between the service dimensions and the overall experience.

As common in BN applied structural learning (e.g. [31]), we then
applied the non-parametric bootstrap approach over the full dataset for
the ST_BHC and ST_K4 models. Fig. 5 reports the edge strengths for
the ST_BHC algorithm. As already noticed, unless sparsity is imposed in
the learning of staged trees, the learned ALDAGs are fully connected,
as evidenced by all weights being equal to one. In parenthesis, the
proportion of times edges are of symmetric, context-specific, or local
types is reported (since all variables are binary no partial dependence
can exist). The data clearly shows the presence of non-symmetric
dependence that BNs cannot model because of their assumption of
symmetric conditional independence.

Fig. 6 reports the edge strengths for ALDAGs learned from 4-parents
staged trees. The edges’ width and color are proportional to their
strength. It can be clearly seen that now the learned ALDAGs were not
necessarily fully complete. Again, context-specific and local edges are
more common than symmetric ones.

The ALDAG associated with the averaged staged tree 𝑇 ∗ learned
with the algorithm for 4-parents staged trees is reported in Fig. 7. It
is not fully connected; it has two missing edges (Check-in, Overall) and
(Meal, Check-in), three edges with symmetric labels, six with context-
specific labels, and ten with local labels. The ALDAG intuitively shows
that the check-in has no effect on the overall experience conditionally
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Fig. 5. Edge strengths of the ALDAGs learned with the ST_BHC algorithm over the airline dataset. In parenthesis, the proportion of times edges are given labels symmetric,
context-specific, and local.
Fig. 6. Edge strengths of the ALDAGs learned with the ST_K4 algorithm over the airline dataset. In parenthesis, the proportion of times edges are given labels symmetric,
context-specific, and local.
on all other service dimensions. It also shows that there are complex
dependence patterns beyond symmetric ones.

Because the number of variables in the data is still limited, the
averaged staged tree 𝑇 ∗ can still be visualized and is reported in Fig. 8.
t shows a complex staging embedding non-symmetric dependence
atterns, which can be identified by investigating the coloring of the
on-leaf vertices. A complete interpretation of this tree is beyond the
cope of this illustrative example and will, therefore, not be pursued.
he staging of the averaged tree was chosen using the a priori fixed
hreshold of 0.5. However, the bootstrap approach allows for the inves-
igation of a user’s preferred staging using the heatmap of the pairwise
issimilarity matrix. As an illustration, Fig. 9 shows the heatmap for the
taging of the variable Check-in quite strongly confirming the presence
f seven stages as reported in the staged tree in Fig. 8.

Through the ALDAG, we can also perform what-if analyses using
he fast propagation routines available for BNs and visualize the results
oncisely. The model estimates the marginal probability of a passenger
8 
being satisfied (high) as 70%. As an illustration, suppose we are in-
terested in assessing how this probability changes for passengers who
are dissatisfied with the departure service. This is showcased in Fig. 10
reporting the ALDAG together with introduced evidence (gray node)
and the updated marginal probabilities. The probability of a satisfied
passenger dramatically decreases to around 37%. This type of what-if
analysis is often said to be based on hard evidence [27].

As an additional illustration, the learned ALDAG states that the
two service dimensions passengers are less satisfied with are the meal
and the cabin (probability of 57% and 61% respectively). Consider
passengers who are known to be slightly more likely to be satisfied
with these two dimensions and that these probabilities are assumed to
be equal to 70%. Fig. 11 reports this scenario and demonstrates that
the probability of an overall satisfied passenger increased from 70%
to 84%. In this case, the what-if analysis is said to be based on soft

evidence.
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Fig. 7. Averaged ALDAG learned from 4-parents staged trees over the airline dataset.
4.2. Railway travelers’ satisfaction

Our second application analyzes the satisfaction of railway travelers
in the European Union. A similar analysis using BNs was developed
in [37] using data collected between 2010 and 2014.

4.2.1. The data
The Flash Eurobarometer 463 [77] collected information about

Europeans’ satisfaction with passenger rail service at the beginning
of 2018 (this is the latest survey available about rail services). The
Flash Eurobarometer were launched by the European Commission
in the late eighties and are ‘‘small scale’’ surveys conducted in all
EU member states at times, occasionally reducing or enlarging the
scope of countries as a function of specific topics. The overall sat-
isfaction of around 21 thousands railway travelers across the Euro-
pean Union is recorded on a three-level scale (low/medium/high).
Individual information about the surveyed travelers is also recorded:
gender (male/female), age (dichotomized to 15–54/more than 54),
education (dichotomized to university/no university), community (ru-
ral/small/large), occupation (self-employed/employee/unemployed),
and country. Additional information about the location of the travelers
was available for some countries at different spatial resolutions: na-
tional (e.g. Estonia and Croatia), NUTS1 (Nomenclature of territorial
units for statistics) (e.g. Germany and Italy), or NUTS2 (e.g. Spain and
Poland).2 This different geographical resolution was important when
integrating additional data sources as discussed next.

As in [37], we included three macroeconomic indicators, namely
disposable income of households expressed in PPP (purchasing power
parity), population density, and unemployment rates. Data was re-
trieved from the Eurostat Regional Database [78] and was available
at the NUTS2 geographical resolution. Therefore, for countries whose
data was available with less resolution, data aggregation and averaging
were performed. These variables were included since the economic and
social environment is known to have an effect on individuals’ satis-
faction [79]. The variables were then dichotomized using the quantile
method into low/high.

We further included three variables characterizing the rail infras-
tructure in which the travel took place, as in [37]. The length of the

2 See https://ec.europa.eu/eurostat/web/nuts/overview for details about
hese geographic divisions.
9 
railway (proportionally to the size of the region) was retrieved from
the Eurostat Regional Database and measured at NUTS2 resolution.
The demand for rail transport was measured by passenger-per-capita-
kilometre and retrieved from the Independent Regulators’ Group -
Rail [80]. Rail fares were measured as passenger revenue per passenger-
kilometer, expressed in euros and converted to a common currency
using purchasing parity exchange rates [81]. This variable was also
retrieved from the Independent Regulators’ Group - Rail and measured
at the national level. Geographical resolution aggregations were also
carried out for these variables, which were ultimately dichotomized
into low/high.

Observations with missing values were dropped from the data.
Ireland and the UK were not included in the study since some of the rail
infrastructure and macroeconomic variables were not available. The
final dataset includes 20 995 observations and 13 variables.

Fig. 12 shows the satisfaction responses per country, highlighting
quite strong differences between countries. For instance, travelers in
the Baltic countries are strongly satisfied with the service. On the other
hand, travelers from Bulgaria and Romania are the most dissatisfied
with the service. Because of these similarities, and to simplify the
analysis with staged trees, which heavily depends on the sample space
size, we categorized countries into four regions (Eastern, Western,
Southern, and Northern Europe)3

Instead of visualizing the relationship between each predictor and
satisfaction via barplots as in Fig. 12, we use PGMs to integrate all
data sources and study the joint effect of all predictors, as well as their
interdependencies, on the travelers’ satisfaction.

4.2.2. Model selection
Model selection was performed in a similar way as in Section 4.1.

However, the large number of variables considered made impossible
the investigation of all possible orders. For this reason, we grouped
variables into three groups: demographics, rail-related, and macroe-
conomic. An optimal order among the variables in each group was
identified using resampling. Once these were identified, an optimal
order of the three groups was found using resampling again.

All algorithms considered in Section 4.1 were investigated, with
the exception of BHC which would not be feasible with this larger
number of variables. The results of the cross-validation are reported

3 Using the division from https://en.wikipedia.org/wiki/Regions_of_Europe.

https://ec.europa.eu/eurostat/web/nuts/overview
https://en.wikipedia.org/wiki/Regions_of_Europe
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Fig. 8. Averaged staged tree using the 4-parents algorithms over the airline dataset. Though colors are repeated, only vertices at the same depth can be in the same stage.
in Fig. 13. Compared to the airline application, BNs learned with the
tabu algorithm are the best scoring model. Staged trees learned with
the algorithm for 4-parents staged trees are the second-best scoring
approach. Including an additional parent (𝑘 = 5) might have provided
he best scoring model, but this avenue was not pursued to avoid having
n overly complex ALDAG. We have two reasons to believe this. First,
he average number of parameters of the learned BNs with tabu is 324,
hile for staged trees it is only 232. Second, the BN learned with the

abu algorithm over the full dataset has three vertices with five parents.
n our experience, it is usually the case that learned BNs have way
maller in-degrees than staged trees that comparably well fit the data.
or illustrative purposes, we select the staged tree obtained with the
-parents routine as our favorite one. Of course, in applied modeling
ith staged trees the choice of the preferred number of parents can
10 
depend on additional considerations. For instance, if the model is to be
mostly used for predictive or classification purposes, a higher 𝑘 could
be chosen, for instance based on the results of a cross-validation study
as in Section 4.1. On the other hand, if the model is to be used for
decision support by local authorities, then a lower value of 𝑘 could be
preferred to enhance ease of interpretation and results’ communication,
at the cost of a perhaps lower predictive accuracy.

Because of the larger number of variables the averaged staged
tree cannot be fully visualized: it would include more than 50 thou-
sands root-to-leaf paths. Fig. 14 reports the ALDAG associated with
the averaged staged tree. There are 45 edges, of which one has label
symmetric (black), 26 have label context-specific (red), 13 have label

partial (blue), and 5 have label local (green). The maximum in-degree is
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Table 4
Maximum change in satisfaction probabilities computed by what-if analyses using each predictor. The color represents the direction of the
change. The last column reports the mutual information between each predictor and satisfaction.
Predictor Satisfaction Mutual info

Low Medium High

Country (SE/EE/WE/NE) 0.046 0.160 0.202 0.015996
Length (Low/High) 0.014 0.054 0.041 0.001788
Density (Low/High) 0.006 0.054 0.048 0.001474
Income (Low/High) 0.015 0.042 0.027 0.001289
Passengers (Low/High) 0.016 0.038 0.022 0.001259
Fares (Low/High) 0.012 0.035 0.024 0.000873
Unemployment (Low/High) 0.007 0.005 0.002 0.000156
Community (rural/small/large) 0.001 0.018 0.018 0.000127
Education (no university/university) 0.004 0.010 0.014 0.000116
Occupation (not working/self-employed/employee) 0.002 0.009 0.011 0.000060
Age (15–54/more than 54) 0.002 0.006 0.004 0.000029
Gender (Male/Female) 0.001 0.001 0.000 0.000002
Fig. 9. Heatmap of the pairwise dissimilarity matrix of the staging of the variable
Check-in.

five, so that sparsity is still retained even when using resampling tech-
niques. The ALDAG shows a great level of interdependence between
the predictors of satisfaction, which would be, in general, overlooked
by ‘‘traditional’’ methods such as logistic regression.

4.3. Model interpretation

The ALDAG in Fig. 14 shows that railway length, country, income
of households, and the demand/proportion of passengers have a direct
effect on service satisfaction; all other predictors are conditionally
independent of satisfaction. This confirms the conclusions of Perucca
and Salini [37], who observed that country has a direct effect on
satisfaction, while all other demographic information is only relatively
informative.

The actual relationship between satisfaction and its parents can be
visualized using the dependence subtree, reported in Fig. 15. Again, a
complete interpretation of this tree is beyond the scope of this paper,
but a few interesting patterns can be mentioned. The stage with the
highest probability of low satisfaction is number five, corresponding to
passengers coming from regions with a high demand/passenger pro-
portion, low track length, and low income from Southern and Eastern
Europe. On the other hand, passengers with the highest probability
of high satisfaction come from regions of Northern Europe with low
demand and length, irrespective of household income (Stage 9).
11 
We then performed an extensive what-if analysis to assess the effect
of each predictor on satisfaction. Table 4 reports the maximum absolute
change in the probability that satisfaction is equal to a specific value
when each predictor is fixed to any of its levels. The color describes the
direction of the change: red-decrease, blue-increase, black-no uniform
pattern. For instance, for the predictor Length and Satisfaction Low,
the value of 0.014 in red means that the probability of Satisfaction
equal to Low decreases by 0.014 when Length is changed from Low to
High. It can be seen that changes are small, with the exception of the
variable Country. By changing country from Southern Europe to North-
ern Europe the probability of a highly satisfied traveler increases by
0.202. By changing the value of Fares, Passengers, Length, Density, and
Income from Low to High, the probability of Low or High Satisfaction
decreases, while the probability of a Medium Satisfaction increases.

Table 4 further reports the mutual information between the output
variable Satisfaction and each of the predictors computed from the
model. Mutual information is a standard sensitivity measure to assess
the strength of relationship in PGMs (e.g. [82]). Again, Country has
clearly the strongest effect on Satisfaction, followed by Length and
Density.

5. Discussion

Staged trees have proven to be a powerful PGM to describe complex
patterns of dependence in tabular data. Furthermore, the associated
ALDAG and dependence subtrees provide an intuitive graphical rep-
resentation to visualize these complex patterns for larger applications
such as the one in railways evaluation investigated here. As a PGM,
staged trees are naturally suited for the integration of heterogeneous
data sources, since each variable of the associated ALDAG can be
informed by its own data source.

Because of the complexity and size of the model search space, it
has been noticed that staged trees tend to overfit the training data and
have lower performance over test sets. In this paper, we have provided
a solution to this problem by introducing robust modeling approaches
based on data resampling and cross-validation, which can be applied
to learn both the variables’ ordering in the tree and the staging of the
vertices once the order is fixed. These methods were implemented using
the stagedtrees R package and we plan to include them in the next
release of the package on CRAN.

The two data analyses showcased the applied use of these routines
and the insights staged trees, coupled with their ALDAG representation,
can provide in practice. Sensitivity methods and what-if analyses that
are standard in BNs have been used for the first time in staged tree
models by taking advantage of the underlying ALDAG. We plan to also
include such capabilities in the next release of stagedtrees.

Just as for BNs, an alternative approach for robust learning of staged
trees would be to take a fully Bayesian approach and use MCMC algo-
rithms to create a posterior sample of staged trees. Bayesian clustering

methods could be almost directly applied to the Bayesian structural
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Fig. 10. What-if sensitivity analysis using hard evidence for the airline passengers’ satisfaction.
Fig. 11. What-if sensitivity analysis using soft evidence for the airline passengers’ satisfaction.
Fig. 12. Barplot of the percentage of satisfied rail passengers by European country. ISO 3166-1 alpha-2 codes are used, see https://en.wikipedia.org/wiki/List_of_ISO_3166_country_
codes.
learning of staged trees, coupled with standard clustering averaging
methods to identify a stage tree point estimate from the sample [73].

One drawback of the approach proposed here is that in order to
impose sparsity we used algorithms to learn 𝑘-parents staged trees,
but their averaged estimate does not necessarily fall within the same
class of models. This issue could be avoided using the above-mentioned
12 
Bayesian approach by defining appropriate prior distributions and sam-
pling schemes that would only explore models within the required class.
The development of this approach is the focus of current research and
will be reported in the near future.

An alternative approach to analyze the interdependence between
the factors affecting customer satisfaction is the use of multivariate Item

https://en.wikipedia.org/wiki/List_of_ISO_3166_country_codes
https://en.wikipedia.org/wiki/List_of_ISO_3166_country_codes
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Fig. 13. Boxplots of BIC scores (train dataset) and log-likelihood (test dataset) from a 10-fold cross-validation over the railway dataset.
Fig. 14. ALDAG associated to the averaged staged tree learned using 4-parents staged tree algorithm over the railway dataset. Unempl. is an abbreviation for ‘‘Unemployement’’.
Response Theory (IRT) [83]. Furthermore, the imposition of sparsity as
in 𝑘-parents staged trees could be similarly obtained by using LASSO
penalizations or Spike and Slab prior distributions (e.g. [84]). A com-
parison of the conclusions that could be drawn from staged trees and
IRT approaches was beyond the scope of this paper, but we plan to
carry it out in future work.
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Appendix A. Simulation study

The performance of the proposed routines was evaluated through
a simulation study. Staged trees with binary variables were randomly
generated for 𝑝 = 4, 5, 6 variables and 𝑘 = 2, 3, 4, 5 parents in the associ-
ated ALDAG representation. Samples of sizes 𝑁 = 100, 250, 500, 750, 1000
were generated from the tree to estimate various models, while 1000
observations were generated to assess the predicted performance of the
estimated models. We replicate each combination of inputs 25 times.
We consider the BHC algorithm without bootstrap (BHC), the BHC with
bootstrap (BOOT), and the 𝑘-parents staged trees learning algorithm
with bootstrap (BOOT_K). For each model we compute the BIC over the
training data, the likelihood over the test data (TestLik), the Kullback–
Leibler divergence between the true and estimated probabilities (KL),
the Hamming distance between the true and estimated staged trees
(Hamming), and the time required to estimate the model. The average
among the 25 replications is finally computed.

Fig. A.16 reports the result of the experiment for staged trees with
𝑝 = 6 variables. In terms of performance, it can be noticed that
𝑘-parents staged trees have overall a competitive performance with
BHC algorithms (both with and without bootstrap) even when the
true generating model has actually more than 𝑘 parents. In terms of
Hamming distance, there is small difference between the approaches,
but the 𝑘-parent staged tree with the correct 𝑘 tends to outperform
the others. The BOOT approach is considerably slower than the others
requiring around one minute, while all others are much faster and
comparable to the BHC (especially in the case of 𝑘 = 1, 2, 3).
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Fig. 15. Dependence subtree associated to the variable satisfaction in the ALDAG in Fig. 14.
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Fig. A.16. Results of the simulation study in the case of 𝑝 = 6 variables. Rows are the number of parents in the underlying staged tree 𝑘, columns are different metrics, and the
𝑥-axis is the sample size 𝑁 used to estimate the model.
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Appendix B. Algorithm to learn k-parents staged trees

Algorithm 1: Learning algorithm for k-parent staged trees using
CMI
Input : A dataset  over categorical variables 𝑋1,… , 𝑋𝑝 and

𝑘 ∈ Z+
utput: A staged tree 𝑇
or 𝑖 ← 1 to 𝑝 do

𝛱𝑖 ← ∅;
if 𝑖 ≤ 𝑘 + 1 then

𝛱𝑖 ← [𝑖 − 1];
else

for 𝑗 ← 1 to 𝑘 do
𝑚𝑎𝑥 ← −∞;
for 𝑠 ∈ [𝑖 − 1] ⧵𝛱𝑖 do

if 𝐼(𝑋𝑖, 𝑋𝑗 |𝑋𝛱𝑖
) > 𝑚𝑎𝑥 then

𝑛𝑒𝑤 ← 𝑠;

𝛱𝑖 ← 𝛱𝑖 ∪ {𝑠};

Construct 𝐺 using [𝑝] and 𝛱1,… ,𝛱𝑝;
Transform 𝐺 to its equivalent staged tree 𝑇 with staging
𝑈1,… , 𝑈𝑝−1;

𝑠𝑐𝑜𝑟𝑒 ← 𝐵𝐼𝐶(𝑇 ); 𝑇 ∗ ← 𝑇 ;
for 𝑖 ← 1 to 𝑝 − 1 do

𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟 ← 1;
while 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟 ≠ 0 do

for every pair of stages 𝑢𝑗 , 𝑢𝑠 ∈ 𝑈𝑖 do
construct 𝑇 ′ by merging 𝑢𝑖 and 𝑢𝑗 ;
if 𝐵𝐼𝐶(𝑇 ′ ) < 𝐵𝐼𝐶(𝑇 ∗) then

𝑠𝑐𝑜𝑟𝑒 ← 𝐵𝐼𝐶(𝑇 ′ ); 𝑇 ∗ ← 𝑇 ′ ;

if 𝑇 = 𝑇 ∗ then
𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟 ← 0

else
𝑇 ← 𝑇 ∗

return 𝑇
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