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Abstract

Psychological attributes rarely operate in isolation: coaches and practitioners reason
about networks of related traits rather than single indicators. We analyze a new
dataset of 164 female volleyball players from Italy’s C and D leagues that combines
standardized psychological profiling with background information. To learn directed
relationships among mixed-type variables (ordinal questionnaire scores, categorical
demographics, and continuous indicators), we introduce a hybrid structure learning
approach that combines a latent Gaussian copula representation with a constraint-
based skeleton and a score-based refinement to produce a single directed acyclic
graph. We also study a bootstrap-aggregated variant to improve stability. In
simulation studies spanning sample size, sparsity, and dimensionality, the proposed
method achieves lower structural error and higher edge recovery than recent
copula-based alternatives while maintaining high specificity. Applied to volleyball,
the learned network organizes mental skills around goal setting and self-confidence,
with emotional arousal linking motivation and anxiety, and places key personality
traits, most notably neuroticism and extraversion, upstream of skill clusters. Scenario
analyses quantify how improvements in specific skills propagate through the network
to shift preparation, confidence, and self-esteem. Overall, the approach provides an
interpretable, data-driven framework for profiling psychological traits in sport and for
supporting decisions in athlete development.

Keywords Bayesian networks, Sports analytics, Sports psychology, Structural learning

Introduction

Elite and amateur sport increasingly recognize that psychological factors are central to
performance. Meta-analytic reviews show that key psychological constructs (such as
motivation, self-efficacy, affective states, and trained mental skills) are systematically
related to competitive outcomes [1, 2]. Personality traits and self-esteem further shape
how athletes respond to pressure and to coaching interventions [3, 4]. In parallel, the
routine collection of standardized psychological questionnaires alongside demographic,
training, and performance records has expanded, creating opportunities for data-driven
modeling of mental skills in sport [5].
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Beyond single-variable analyses, coaches and practitioners typically reason about net-
works of interrelated traits and contexts [4]. Recent work across both team and indi-
vidual sports adopts an explicitly multivariate perspective that links personality, coping
and mental skills, and performance, showing that effects frequently operate indirectly
through intermediate psychological processes [6, 7]. Understanding how psychologi-
cal attributes influence one another, and how they collectively relate to performance,
requires models that represent multivariate dependence and conditional structure.

Bayesian networks (BNs) provide such a framework: they encode conditional depen-
dencies in a directed acyclic graph (DAG) and support probabilistic reasoning under
uncertainty [8]. In psychology and psychopathology, BNs are now widely used to assess
interrelations among traits and symptoms and to probe admissible causal structures
from observational data [9]. In sport, however, particularly for modeling athletes’ psy-
chological profiles, BN applications remain rather limited [10, 11]. More broadly across
sports analytics, BN methods are still underrepresented relative to regression, SEM, and
black-box machine-learning approaches, despite successful demonstrations in outcome
prediction, performance assessment, injury prognosis, and tactical decision modeling
[12-14].

Sport psychology datasets deriving from evaluation surveys integrate multiple data
types, including Likert-scale questionnaire responses (ordinal variables), demographic
or role-related information (categorical variables), and indicators of training load or per-
formance, which are often measured on a continuous scale (i.e. [6, 7]). In much applied
BN work, this heterogeneity is handled by discretizing continuous variables or collaps-
ing categories before analysis. However, ad hoc binning can distort dependence struc-
ture, reduce statistical power, and yield graphs that change with the chosen cut points
[15, 16]. These limitations have been noted in recent performance-analytics applications
as well [13]. Accordingly, approaches that avoid ad hoc discretization are desirable.

There is growing interest in BNs for mixed-type variables, a setting historically less
developed than purely discrete or Gaussian formulations. Such data are precisely the
focus of the present work. Classical conditional linear Gaussian models allow discrete
and continuous variables but impose parent—child restrictions that limit expressiveness
[8]. More recent work leverages latent Gaussian copulas with rank-based estimation to
model mixed marginals while retaining tractable structure learning [17-20]. Most pro-
posals to date are constraint-based, recovering the graph through sequences of condi-
tional-independence tests that add, remove, and orient edges.

Building on these developments, we adopt the “hybrid” strategy familiar from discrete
and Gaussian BNs, where a constraint-based phase is followed by a score-based refine-
ment whose search space is restricted by the first phase, e.g., Max—Min Hill-Climb-
ing (MMHC) [21]. To our knowledge, we are the first to bring this approach to mixed
data under a latent Gaussian copula: we extend latent—copula learners [18, 19] with a
constrained score-based refinement. We term the resulting algorithm latent MMHC.
Unlike purely constraint-based copula learners, which may leave some edge directions
unresolved, latent MMHC returns a single oriented DAG. We also study a bootstrap-
aggregated “stable” variant that repeats the procedure on resamples and aggregates
edge-selection frequencies to produce a consensus DAG [22].

In this paper, we study the problem of learning interpretable dependency structures
from mixed-type data in settings where ad hoc discretization is undesirable. We evaluate
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the proposed approach through a comprehensive simulation study spanning sample size,
sparsity, and dimensionality, focusing on structural accuracy, edge recovery, and compu-
tational cost. To support reproducibility and applied use, we provide an open-source R
implementation of the proposed approach.

The methodological development is motivated by a common problem in applied sport
psychology: routinely collected profiling data combine ordinal questionnaire responses,
aggregated continuous scores, and categorical background variables, yet practitioners
are interested in understanding how psychological traits conditionally relate to one
another rather than in isolated associations. In the next section, we introduce a dataset
of female volleyball players and employ it to illustrate the substantive goals and model-
ing challenges that motivate the proposed approach.

The paper is structured as follows. Section "Motivating application and data" intro-
duces the volleyball dataset and discusses the substantive goals and modeling challenges
that motivate the proposed framework. Section "Methodology" presents the mixed-type
BN framework and introduces the latent MMHC algorithm and its stable variant. Sec-
tion "Simulation study" benchmarks the proposed methods across sample sizes, spar-
sity levels, and dimensions. Section "Modeling psychological traits of volleyball athletes"
applies the approach to the volleyball dataset to derive interpretable, coaching-relevant
insights. Section "Conclusions" summarizes the findings and outlines avenues for future
work.

Motivating application and data

Psychological profiling data in volleyball

To illustrate the applied setting that motivates the methodological framework developed
in this paper, we consider a dataset of competitive volleyball athletes that combines psy-
chological profiling with background information. The data consist of 164 female play-
ers competing in the C and D leagues of the Campania region in Italy, collected in 2020
within the Laboratory for Statistical Data Analysis (LASt) at the University of Naples
Federico II. Alongside demographic and sport-related variables (e.g., age group, playing
role, weekly training volume, competition level), the study collected standardized psy-
chological measures commonly used in applied sport psychology. Due to the limited
sample size, playing positions were aggregated into two functional groups: hitters (mid-
dle blocker, outside hitter, opposite hitter) and non-hitters (setter, libero).

Personality traits were assessed through the NEO Five-Factor Inventory [23], a 15-item
short form that evaluates the Big Five dimensions: extraversion, agreeableness, conscien-
tiousness, neuroticism (emotional stability), and openness. Mental skills were measured
using the sport performance psychological inventory (IPPS-48) [24], which covers eight
psychological skill areas: self-talk, goal setting, self-confidence, emotional arousal con-
trol, cognitive anxiety, concentration disruption, mental practice, and race preparation.
Finally, self-esteem was evaluated with the Rosenberg Self-Esteem Scale [25], a 10-item
uni-dimensional scale capturing global self-worth.

For each construct, we computed the average of the underlying item responses,
yielding continuous scores that reflect the latent trait rather than individual ordi-
nal responses. This aggregation is standard practice in psychometrics and reflects the
assumption that the latent constructs are inherently continuous. The resulting variables,
however, still retain features of their ordinal measurement origin, such as bounded
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support and asymmetric distributions. The full list of variables is given in Table 1 and

the empirical distributions of the continuous variables are reported in Appendix A.

Together with demographic and experience variables, these measures form a hetero-

geneous dataset comprising continuous, ordinal, and binary variables, which is repre-

sentative of routinely collected psychological profiling data in sport.

Modeling challenges and methodological implications

The volleyball dataset described above highlights a set of modeling challenges that are

typical in applied sport psychology and, more broadly, in behavioral and social sciences.

Table 1 List of variables used in the BN analysis of volleyball athletes, with descriptions and states

Group Variable Description States/Range
Sports league_division Competition level of player’s team CD
num_competitions Number of official competitions None, 1-3,4-10,
played 11-20,>20
player_position Volleyball playing position Non_Hitter, Hitter
plays_other_sports Whether the player practices other No, Yes
sports
referee_experience Whether the player has experienceas  No, Yes
a referee
weekly_training_hours Weekly training volume <3h, 3-6h, 6-9h, >%h
Lifestyle age_group Age group of respondent 18-19, 20-24, 25-29,
30+
drinks_alcohol Alcohol consumption status No, Yes
in_relationship Whether the player is in a relationship ~ No, Yes
working_status Main life activity Not_Working, Working
smokes Smoking status No, Yes
Big five agreeableness Compassion, helpfulness, and Continuous average,
cooperation original range 1-5
conscientiousness Self-control, diligence, attention to Continuous average,
detail original range 1-5
extraversion Boldness, energy, and social Continuous average,
interactivity original range 1-5
neuroticism Moodiness, irritability, and emotional ~ Continuous average,
instability original range 1-5
openness Curiosity, creativity, and openness to Continuous average,
new ideas original range 1-5
Self-esteem self_esteem Global evaluation of self-worth Continuous average,
original range 1-4
IPPS-48 concentration_issues Difficulties in maintaining attentional ~ Continuous average,

emotional_arousal
goal_setting
match_preparation
mental_practice
self_confidence
self_talk

worry

focus

Regulation of emotional activation
during play

Tendency to define and pursue perfor-
mance goals

Strategies used before competition for
mental readiness

Use of imagery or mental rehearsal
strategies

Belief in own performance capacity

Use of internal or external speech for
focus

Cognitive and emotional concern dur-
ing performance

original range 1-6
Continuous average,
original range 1-6
Continuous average,
original range 1-6
Continuous average,
original range 1-6
Continuous average,
original range 1-6
Continuous average,
original range 1-6
Continuous average,
original range 1-6
Continuous average,
original range 1-6

Continuous variables correspond to averaged psychometric scores and retain their original ordinal range
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First, the data comprise variables of heterogeneous measurement types, including cat-
egorical background characteristics, ordinal questionnaire responses, and continuous
scores obtained by aggregating multiple ordinal items. Second, the available sample size
is moderate relative to the number of variables, a common situation in applied settings
where data collection is resource-intensive and target populations are specialized.

A common strategy in applied BN modeling is to discretize continuous variables and
proceed with a fully discrete analysis. While this approach simplifies estimation, it can
substantially increase model complexity. In discrete BNs, the number of free parameters
grows rapidly with both the number of parents and the number of categories per vari-
able, leading to highly parameterized models even for moderately sized graphs. In small
to medium samples, this can result in unstable structure learning, sensitivity to arbitrary
choices of cut points, and the inclusion of spurious dependencies [15, 16]. Moreover,
when data are sparse relative to the size of the conditional probability tables, parameter
estimates become strongly influenced by the choice of prior or smoothing scheme (e.g.,
Laplace or Dirichlet priors), so that inferred probabilities may reflect prior assumptions
as much as, or more than, empirical evidence.

To illustrate this issue in a setting closely aligned with our application, we conducted
a simple experiment based on the variables in the volleyball dataset. We considered the
full set of sport, lifestyle, and psychological variables reported in Table 1, imposing basic
structural constraints consistent with domain knowledge. Specifically, we prevented
psychological traits (Big Five, self-esteem, and IPPS-48 scores) from acting as parents of
sport and lifestyle variables. Within this constrained space, we generated random DAGs
with varying edge probabilities and, for each graph, counted the number of free param-
eters required under two modeling strategies: a fully discrete specification using the
original categorical ranges of all variables, and a mixed-data formulation based on latent
Gaussian representations of the psychological scores, as commonly adopted in recent
BN literature.

Table 2 reports the median number of free parameters as a function of graph den-
sity under these two formulations. Even for relatively sparse structures, the fully discrete
specification leads to a dramatic increase in the number of parameters, whereas mod-
els that retain continuous representations for psychological scores remain substantially
more parsimonious. This gap widens rapidly as graph density increases, exacerbating the
risk of overfitting and unstable estimation in finite samples.

Table 2 Median number of free parameters as a function of edge probability for latent Gaussian
and fully discrete Bayesian networks, computed over randomly generated DAGs on the volleyball
dataset variables

Edge probability Latent Gaussian BN Discrete BN
0.05 40 496

0.10 55 1,964

0.15 71 14,408

0.20 84 55,954

0.25 102 185,110
0.30 116 969,489

0.35 131 6,183,270
0.40 146 21,509,442
045 158 78,031,660

0.50 177 277,928,138
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These considerations motivate the need for structure learning approaches that can
accommodate mixed-type data without relying on ad hoc discretization, while retain-
ing interpretability and scalability. In the next section, we introduce a hybrid structure
learning framework that is designed to address these challenges.

Methodology

This section introduces the modeling framework and learning procedure used through-
out the paper. We first review DAG-based BNs and standard structure-learning strate-
gies, then describe the latent Gaussian copula representation that enables mixed-type
learning, and finally present the proposed latent MMHC algorithm and its stable boot-
strap variant.

Graphical models and directed acyclic graphs
Let X =(X1,...,X,) be a vector of random variables. A directed acyclic graph
(DAG) G = (V, E) consists of a set of nodes V = {1,...,p} and a set of directed edges
E CV x V with no directed cycles. Each node j € V' corresponds to a random variable
X, and an edge (4, j) € E indicates a directed link from i to j, so that X is a direct par-
ent of X;.

The DAG encodes a factorization of the joint distribution P of X according to the local
Markov property [8]:

p
P(X) = HP(XJ | Xpa(j))a (1)
j=1

where pa(j) denotes the set of indices corresponding to the parents of node j in G. The
presence of a directed edge (i, j) therefore indicates that X; enters directly into the con-
ditional distribution of X; through conditioning on its parents. The overall collection of
conditional independence relations encoded by the graph is not specified edge by edge,
but emerges from the global structure of the DAG. By breaking down the joint distribu-
tion into local components, the DAG provides a compact and interpretable represen-
tation of potentially high-dimensional dependencies. In our application, the learned
parent sets pa(j) identify which background and psychological variables directly predict
each trait in the conditional sense of Eq. (1), providing an interpretable map of condi-
tional relationships among athlete-profile measures.

The set of conditional independencies encoded by the DAG can be formally character-
ized using the concept of d-separation [8]. Let 7 be a path between nodes i and j in the
graph. The path 7 is said to be blocked by a set of nodes S C V if there exists a node k on
the path such that one of the following conditions holds:

1. Thepathpassesthroughachainorforkstructure X,, - X — X, or X,, + X — X,,
and X, € S.

2. The path passes through a collider structure X,, — X} < X, and neither X}, nor
any of its descendants belong to S.

If all paths between X; and X; are blocked by S, we say that X; and X are d-separated
given S in G, and denote this by X; 1l X | Xg. The global Markov property, stating that
all d-separation statements in the graph correspond to conditional independencies in
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the distribution, is equivalent to the local Markov property expressed in Eq. (1) under
standard assumptions [8]. These two characterizations offer distinct but equivalent per-
spectives on the dependency structure encoded by the DAG.

In practice, several different DAGs can encode the same set of conditional indepen-
dencies. This motivates the notion of Markov equivalence: two DAGs are said to be Mar-
kov equivalent if they entail the same set of d-separation statements [8]. A fundamental
result establishes that two DAGs are Markov equivalent if and only if they have the same
skeleton (i.e., the undirected graph obtained by removing edge directions) and the same
set of colliders. The collection of all DAGs that are Markov equivalent forms a Markov
equivalence class, which can be uniquely represented by a completed partially directed
acyclic graph (CPDAG) [26]. A CPDAG is a mixed graph in which an edge is directed
if its orientation is shared across all DAGs in the equivalence class, and undirected if at
least one DAG assigns each possible orientation. Fig. 1 illustrates these concepts.

Learning graphical models from data

Learning a DAG is a central task in probabilistic modeling when the dependence struc-
ture among a collection of variables is unknown and must be inferred from data. Given a
dataset D = {x(1), ... x(™} consisting of # independent observations of a random vec-
tor X, the goal is to recover a DAG G whose structure encodes a set of conditional inde-
pendence relations that are compatible with the joint distribution of X. In practice, this
means finding a graph such that the conditional independencies implied by the DAG
closely match those supported by the observed data.

Three broad classes of algorithms have been developed to tackle this problem: con-
straint-based, score-based, and hybrid methods.

Constraint-based methods rely on performing a series of conditional independence
tests among the observed variables. These methods use the principle that conditional
independencies in the distribution can be mapped to d-separation statements in a DAG
under appropriate modeling assumptions. A prototypical example is the PC algorithm
[27], which starts from a fully connected undirected graph and iteratively removes
edges between variables found to be conditionally independent given some subset of the
remaining variables. Once the skeleton is estimated, a set of orientation rules is applied
to identify colliders and propagate edge directions without introducing cycles or new
colliders. The output is typically a CPDAG representing the Markov equivalence class of
DAGs consistent with the observed conditional independencies.

Score-based methods, in contrast, treat the problem of structure learning as an opti-
mization task. A scoring function is defined over the space of DAGs, quantifying how
well each graph explains the data according to a chosen statistical criterion, such as
the Bayesian Information Criterion (BIC). The graph with the highest score is typically
sought using a greedy or heuristic search strategy (e.g. tabu search), where each step
considers local modifications to the current graph by adding, deleting, or reversing a

O~ OO0 OG-0 OO

Fig. 1 lllustration of skeletons, colliders, and Markov equivalence. DAGs (a), (b), and (c) share the same skeleton
1 — 3 — 2, butonly DAG (a) contains the collider 1 — 3 +— 2. DAGs (b) and (c) are Markov equivalent and belong
to the same equivalence class, represented by the CPDAG in panel (d), where undirected edges reflect ambiguous
orientations
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single edge while maintaining acyclicity [28]. These methods always return a single DAG
that maximizes the chosen score over the explored search space.

Hybrid approaches combine features from both constraint-based and score-based
methods. One widely used example is the Max-Min Hill-Climbing (MMHC) algorithm
[21]. In its first phase, a constraint-based procedure is used to estimate the skeleton of
the graph. In the second phase, a score-based search is performed, where edge additions,
deletions, or reversals are only allowed if they are consistent with the previously identi-
fied skeleton. This is typically enforced by defining a blacklist that prohibits edges not
present in the skeleton from being considered during the search.

No single approach consistently outperforms the others; their relative performance
depends on factors such as sample size, dimensionality, and distributional properties of
the data [29].

Structure learning in the Gaussian case

Gaussian BNs [8] provide a natural and analytically tractable setting for structure learn-
ing, forming the basis for methods applicable to more general or mixed data types.
Under this model, each variable is expressed as a linear function of its parents in the
DAG, plus an independent Gaussian noise term. That is, for each node j in the graph,

Xj: Z ﬁijk—F{:‘j, €j NN(O,O’?),

kepa(j)

(2)

where the residuals (e1,...,€p) are mutually independent. This formulation defines a
structural equation model (SEM), in which the regression coefficients [3;;, encode the
edge structure of the DAG.

Let L be a p x p lower triangular matrix with unit diagonal, such that L,, # 0 if and
only if u — v in G, and let D be a diagonal matrix with entries o7. The SEM system can
then be compactly written as L'X =&, & ~ N, (0, D). It follows that the joint distri-
bution of X is multivariate normal, with covariance matrix ¥ = L~ " DL~! and preci-
sion matrix Q = ©~! = LD~'LT [8]. This decomposition makes explicit how the DAG
structure encoded in L determines the joint distribution, and is particularly useful for
efficient score evaluation in structure learning.

In score-based learning of Gaussian BN, the structure is inferred by optimizing a like-
lihood-based criterion. To simplify notation, we assume without loss of generality that
the data are standardized, with E[X;] = 0 and Var(X;) = 1 for all j. Under this setup,
and adopting a SEM perspective, the log-likelihood can be decomposed into a sum of
nodewise contributions:

P
U9) = —5 > 1og(3?), 3)
j=1

where 3]2- is the residual variance from the regression of X; on its parents.

In constraint-based approaches, structure learning proceeds by testing conditional
independencies implied by the Gaussian distribution. Under multivariate normal-
ity, the conditional independence X; 1L X, | Xg is equivalent to p;;.g = 0, where
S C V\{4,j} denotes a conditioning set of variables and p;;.g is the partial correla-
tion between X; and X given Xs. This allows conditional independence testing to be
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performed using standard tools from Gaussian theory, based on estimates of partial cor-
relations and their sampling distribution [30]. This testing procedure forms the basis of
the Gaussian version of the PC algorithm and related constraint-based methods.

Mixed data and latent Gaussian copula models

In many real-world applications, datasets consist of a vector of observed variables
X = (X1,...,X,), which may include a combination of continuous, ordinal, binary, and
count components. While BNs are widely used to model such dependencies, structure
learning from mixed data remains comparatively underexplored. The most common
approach is the conditional linear Gaussian model [8], which assumes Gaussian linear
regressions for continuous variables and multinomial distributions for discrete ones.
However, it imposes restrictive constraints on the structure of the graph, notably dis-
allowing continuous parents of discrete nodes, and can struggle to represent complex
dependencies.

To address these limitations, recent approaches model mixed data using latent Gauss-
ian copulas [18-20, 31]. In this framework, each observed variable is linked to an under-
lying Gaussian latent variable, and the DAG is learned in the latent space. This choice
enables the use of Gaussian structure-learning methods, while avoiding ad hoc discreti-
zation of the continuous psychological measures. Specifically, for each observed variable
X, we assume the existence of a latent variable Z; ~ N(0, 1) such that

Z; = 71 (Fi(X;)),

where F; is the marginal cumulative distribution function of X, and &~ is the quantile
function of the standard normal. The vector Z = (Z1, ..., Z,) is then modeled as a mul-
tivariate Gaussian:

Z NNP(O7EZ>3

where ¥z is a correlation matrix that encodes the dependence structure among the
latent variables. This construction induces a Gaussian copula over the observed vari-
ables X, while allowing arbitrary marginal distributions for each component. Alternative
approaches not relying on a latent Gaussian layer, such as ordinal regression, conditional
likelihoods, or structured local models, have also been explored in the literature [32, 33].

The key idea in latent Gaussian copula models is that the dependence structure among
the observed variables X is governed by the latent correlation matrix ¥z defining the
joint distribution of the latent variables Z. When marginals are continuous, conditional
independencies in Z carry over to X [34]; with discrete margins, additional dependen-
cies may arise but are typically viewed as secondary [35].

One strategy to estimate X7 is based on Hoft’s extended rank likelihood [17], which
avoids explicit modeling of the marginal distributions by treating the observed ranks as
constraints on the latent variables. This approach underlies the copula PC method [18],
where the correlation matrix is estimated via Gibbs sampling. A fully Bayesian extension
has also been proposed [20], combining the rank likelihood with a DAG-Wishart prior.
A known challenge in this context is the effective loss of sample size when estimating
partial correlations involving sparse levels.

An alternative strategy, used in the latent PC method [19], estimates the latent correla-
tion matrix directly from the observed data using pairwise Kendall’s 7 coefficients. For
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each pair of variables (X, X}), the latent correlation o is estimated via the identity
ok = sin (77;x/2), where 7, denotes the empirical Kendall correlation between X; and
X. This provides a closed-form, rank-based estimator of ¥z that is simple to compute
and robust to marginal distributional assumptions.

Irrespective of the method used to estimate the latent correlation matrix ¥z, structure
learning proceeds by testing conditional independencies via partial correlations com-
puted from X . These tests form the basis of constraint-based algorithms such as the
PC algorithm, applied directly to the latent space. By leveraging the Gaussian properties
of the latent variables, standard methods for continuous data can be extended to mixed

settings without requiring parametric assumptions on the observed marginals.

Hybrid structure learning from latent Gaussian copulas

Most existing structure learning approaches based on latent Gaussian copulas rely on
constraint-based algorithms such as the PC algorithm [18, 19]. While these methods
can consistently recover the Markov equivalence class under standard assumptions,
they do not return a unique DAG. The only exception is the fully Bayesian approach of
[20], which samples from the posterior distribution over DAGs. However, this method
is computationally demanding and may become impractical as the number of variables
increases.

We introduce a new class of hybrid algorithms for structure learning from mixed data,
which we call latent MMHC. An intuitive and graphical overview of the procedure is
shown in Fig. 2. Our approach extends existing PC-based copula approaches by incorpo-
rating a score-based refinement phase, following the MMHC framework [21]. The graph
skeleton is first estimated via the latent PC algorithm, using Kendall’s 7 to estimate the
latent correlation matrix. A constrained score-based search is then used to orient edges

Mixed-type data D
(continuous, ordinal, binary)

Estimate latent correlation f};
via Kendall’s 7

Constraint-based phase: latent PC
= skeleton / CPDAG

Score-based refinement (tabu search)
SEM score; search restricted by skeleton

Stable
variant?

Single-run output For b =1, ..., B resamples:
DAG @\ repeat full latent MMHC

(selection frequencies + threshold)

Aggregate edges
Consensus DAG Getable

Fig. 2 Flowchart of latent MMHC using the SEM score. The stable variant repeats the full learning procedure on
bootstrap resamples and aggregates edge frequencies to obtain a consensus structure
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and return a DAG. To our knowledge, this is the first hybrid structure learning approach
for mixed data based on latent Gaussian copulas, addressing a key gap in the literature:
existing latent copula methods rely almost exclusively on constraint-based techniques,
which return only equivalence classes and may struggle to orient edges reliably.

In the refinement step, we define a blacklist that prohibits any edge not present in the
skeleton obtained during the constraint-based phase. We then apply a tabu search over
the space of DAGs, scoring candidate structures using the Gaussian likelihood implied
by the underlying structural equation model in Eq. (3), computed from the rank-based
latent variables. The resulting procedure refines the initial equivalence class returned by
the latent PC algorithm into a single oriented DAG.

We focus on latent MMHC because prior work has shown the latent PC method to
outperform copula PC in both accuracy and scalability [19], particularly when deal-
ing with high-dimensional or sparse data. However, the same hybrid strategy could be
applied using copula PC in the first phase, resulting in a copula MMHC variant.

Although both copula PC and latent PC are consistent under appropriate conditions,
our hybrid procedure does not inherit these guarantees. As discussed in [21], the score-
based refinement phase in MMHC lacks theoretical consistency guarantees, since it
relies on greedy local search which may converge to suboptimal DAGs even in the infi-
nite-sample limit. Our method shares this limitation. Nevertheless, hybrid algorithms
like MMHC have been shown to perform competitively in practice, often improving
edge orientation and reducing structural errors compared to purely constraint-based
methods. In this spirit, our approach seeks to combine the robustness of latent copula
estimators with the practical strengths of score-based refinement.

To further improve the stability of the learned structures, we implement a bootstrap-
based aggregation scheme that we refer to as stable latent MMHC. This procedure is
based on the widely used nonparametric bootstrap for BNs [22], in which the structure
learning algorithm is applied to multiple bootstrap replicates of the data. The resulting
DAGs are aggregated into a consensus structure using the bnlearn functions aver-
aged.network and inclusion.threshold, which compute edge selection
frequencies and produce a final graph containing only those edges that appear with suf-
ficient support across replicates. This extension enhances the robustness of our method
to small-sample variability and complements the underlying statistical strength of the
latent copula framework.

All proposed methods are implemented in R, using the pcalg package [36] for skel-
eton estimation via the PC algorithm and the bnlearn package [28] for the score-based
refinement. The implementation is freely available at https://github.com/manueleleon
elli/latent_mmbhc. Both libraries support flexible, high-dimensional structure learning,
and bnlearn allows custom scoring functions, enabling direct implementation of the
Gaussian likelihood induced by the structural equation model. Since the final output is a
bnlearn DAG object, it integrates seamlessly with the package’s tools for probabilistic
inference, model comparison, visualization, and bootstrapping, and is fully compatible
with the broader ecosystem of bnlearn-based packages for extended analysis [37].


https://github.com/manueleleonelli/latent_mmhc
https://github.com/manueleleonelli/latent_mmhc
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Simulation study

The aim of the simulation study is to benchmark structure learning methods across
regimes of increasing statistical and combinatorial difficulty, rather than to reproduce
a specific applied dataset. We therefore vary the number of variables p, the expected
neighborhood size s, and the sample size # to span settings ranging from relatively sparse
graphs with extensive data to denser graphs under more limited statistical power. These
regimes are known to strongly affect the size of the space of admissible DAGs and, con-

sequently, the difficulty of recovering the underlying structure.

Data-generating mechanism
We simulate data from a Gaussian copula model with an underlying DAG and mixed-
type marginals. The procedure follows [18, 20], and is designed to reflect realistic fea-
tures observed in applied problems, such as our volleyball dataset.

Given integers n (sample size), p (number of variables), and s (edge sparsity param-
eter), data are generated as follows:

1. DAG structure: We construct a weighted adjacency matrix A € RP*? corresponding
to a DAG where edges are only allowed from lower-indexed to higher-indexed nodes
(i.e., A;; # Oonlyif j < ). This guarantees acyclicity by design, as the resulting graph
respects a topological ordering. For each pair (i, j) with ¢ > j, an edge from j to i is
included independently with probability s/(p — 1), and the corresponding entry A;;
is assigned a random weight in [0.1, 1] with a random sign. This procedure yields
a sparse DAG in which the expected number of neighbors per node is s. Although
the DAGs are generated randomly, the imposed ordering and sparsity constraints
yield layered sparse dependence patterns (many predictors feeding into downstream
variables), which is a common abstraction in psychological and behavioral modeling
where covariates and constructs act jointly but not all-to-all.

2. Latent Gaussian data: Latent variables Z € R™*P are generated by sampling
e ~ N, (0, 1) and solving the structural equation model Z = (I — A)~7". This yields
samples from a multivariate Gaussian distribution faithful to the generated DAG.

3. Observed mixed data: The first p/2 variables are transformed into discrete

observations using monotonic transformations of the corresponding latent variables:

+ With probability 0.5, a variable is made binary by thresholding the standard
normal CDF ®(Z;) at 1 — 6 with  ~ Uniform(0.2,0.8).

+ Otherwise, it is made ordinal by applying the quantile function of a Binomial(4, )
distribution to ®(Z;), again with 6 ~ Uniform(0.2, 0.8).

This construction places discrete variables upstream of continuous ones, mirroring a
common setting in psychological research, where background variables and item-level
questionnaire responses are categorical or ordinal, while psychological constructs are
represented by continuous scores obtained by aggregating multiple items. These aggre-
gated scores are treated as latent traits and often modeled downstream of background
factors. The resulting discrete margins are unbalanced, as frequently observed in prac-
tice. Our volleyball dataset is an instance of this broader setting. The remaining p/2 vari-
ables are kept continuous and correspond directly to their respective columns in Z.
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Experimental setup and evaluation metrics

For each combination of number of variables p e {10,30}, sample size
n € {500, 1000, 2500, 5000}, and sparsity level s € {2,5}, we generated 50 random
DAGs. For each DAG, a dataset of size n was simulated independently. The chosen
parameter combinations are intended to explore how algorithmic performance varies
with graph density and effective sample size. For fixed p, increasing s increases graph
density and typically increases structural ambiguity (i.e., more competing graphs can
yield similar conditional independence patterns), making recovery more challenging.
Conversely, for fixed s, increasing p leads to relatively sparser graphs in proportional
terms, which can improve edge recovery despite higher dimensionality. The effect of
sample size n should be interpreted relative to graph complexity: smaller graphs with
low s are comparatively data-rich, whereas denser graphs require substantially larger
samples for reliable structure learning.

We considered a suite of structure learning methods, starting with the established cop-
ula PC and latent PC algorithms, with implementations given in [18] and [19], respec-
tively. Following suggestions from both papers, we fixed the critical level for conditional
independence testing to oo = 0.01. We then evaluated our proposed latent MMHC algo-
rithm, which combines a latent PC skeleton with a score-based refinement step using the
Gaussian likelihood implied by the structural equation model in Eq. (3). To assess the
impact of a more permissive constraint phase, we also considered a variant with a higher
significance level o« = 0.05 in the initial PC step.

Lastly, to isolate the contribution of combining a constraint-based skeleton with score-
based refinement, we included a single purely score-based baseline. This SEM score-
based method optimizes the Gaussian likelihood implied by the structural equation
model in Eq. (3) using tabu search, without imposing any skeleton constraints. Com-
paring this approach with latent MMHC allows us to directly assess the gain achieved
by integrating a constraint-based phase prior to score-based optimization. Additional
score-based and copula-based variants were also explored during preliminary experi-
mentation, but did not yield competitive performance relative to the methods reported
here and are therefore omitted for clarity.

We evaluated each method using four performance metrics. The Structural Hamming
Distance (SHD) counts the number of edge insertions, deletions, and reversals required
to transform the estimated DAG into the true DAG; lower SHD values indicate better
structural accuracy [21]. Following its original definition, SHD is computed on CPDAGs:
DAG-returning methods are first converted to their corresponding CPDAGs, ensuring
that methods which natively return equivalence classes (e.g., copula PC and latent PC)
are compared on the same footing. Sensitivity (SEN) measures the proportion of true
edges correctly identified (true positives), while Specificity (SPE) measures the propor-
tion of absent edges correctly excluded (true negatives). Finally, we report the runtime of
each method. All metrics are computed over 50 independent replications (each replica-
tion corresponds to one randomly generated DAG and one simulated dataset) for each
(p, n, s) configuration, and summarized by their median values.

Results
The Structural Hamming Distance (SHD) results in Table 3 show that the proposed latent
MMHC approach yields the lowest or near-lowest SHD across most configurations,
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Table 3 Median Structural Hamming Distance (SHD) across simulation settings varying sample size,
sparsity, and number of variables
Method s=2 s=5

Sample size n Sample size n

500 1000 2500 5000 500 1000 2500 5000

p=10

copula PC 7 7 6 5 22 22 20 21
latent PC 7 6 5 55 21 22 20 19
SEM score-based 7 5.5 23 22 23 23
latent MMHC (o = 0.01) 5 45 3 2 21 21 20 19.5
latent MMHC (o = 0.05) 5 4 3 25 21 21 20 19
p=30

copula PC 24 22 21 185 64.5 61 58 56.5
latent PC 30 30 27 25 60 53 48 44.5
SEM score-based 30 25 23 23 72 74.5 87 100
latent MMHC (o = 0.01) 17 12 8 8 55 49 44 41
latent MMHC (v = 0.05) 18 13 9 9 56 48 46 425

Bold values indicate the best-performing method for each configuration

Table 4 Median sensitivity across simulation settings varying sample size, sparsity, and number of

variables
Method s=2 s=5

Sample size n Sample size n

500 1000 2500 5000 500 1000 2500 5000
p=10
copula PC 0.00 0.13 0.29 038 0.09 0.14 0.23 0.28
latent PC 0.39 041 0.50 0.56 0.17 0.21 0.26 032
SEM score-based 0.50 0.58 0.67 0.75 0.35 0.41 0.48 0.50
latent MMHC (o = 0.01) 0.50 057 0.67 0.75 0.25 0.30 0.30 0.36
latent MMHC (v = 0.05) 0.50 0.58 0.67 0.75 0.25 0.30 0.32 0.36
p=30
copula PC 0.1 0.23 0.33 0.46 012 0.22 0.34 043
latent PC 041 048 0.58 0.62 0.27 0.39 044 0.50
SEM score-based 0.54 0.67 0.74 0.78 0.46 0.53 0.61 0.65
latent MMHC (o = 0.01) 0.53 0.65 0.74 0.77 0.34 043 0.50 0.53
latent MMHC (o« = 0.05) 0.54 0.65 0.74 0.77 0.36 0.44 0.49 0.54

Bold values indicate the best-performing method for each configuration

particularly as graph complexity increases. For smaller graphs (p = 10), latent MMHC
consistently improves upon both copula PC and latent PC, with the o = 0.01 variant
performing best at smaller sample sizes and the a = 0.05 variant providing slight gains
at larger n. For larger graphs (p = 30), the advantage of latent MMHC becomes more
pronounced: the o = 0.01 variant attains the lowest SHD in all settings with s = 2 and
in three out of four settings with s = 5, while the av = 0.05 variant performs comparably
in denser regimes. Overall, these results indicate that combining a constraint-based skel-
eton with score-based refinement substantially improves structural recovery relative to
purely constraint-based or purely score-based alternatives.

The sensitivity results in Table 4 reveal a clear trade-off between aggressive edge
recovery and structural conservatism. As expected, sensitivity increases monotoni-
cally with the strength of the underlying edge in the data-generating model, with strong
dependencies being recovered with high probability even at moderate sample sizes (see
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). The purely score-based SEM approach consistently achieves the highest sensitivity

(p = 30). This behavior is expected, as the absence of a preliminary constraint-based
phase means that true edges are not discarded early and can be recovered during the
score-based search. The hybrid latent MMHC approach shows slightly lower sensitivity,
especially in dense regimes, reflecting the fact that the initial constraint-based skeleton
may remove some true edges before refinement. Nevertheless, latent MMHC consis-
tently outperforms both copula PC and latent PC across all settings, indicating that com-
bining constraint-based screening with score-based refinement substantially improves
edge recovery relative to purely constraint-based methods. Increasing the PC threshold
to a = 0.05 yields modest gains in sensitivity, particularly for larger p, by allowing a less
restrictive skeleton in the first phase.

To further examine whether sensitivity patterns could be influenced by discretiza-
tion rather than by the learning algorithm itself, we conducted an additional simulation
study comparing the proposed mixed-type method with discretization-based baselines
using different numbers of quantile bins for continuous variables. As shown in Appen-
dix "B.B.2 Effect of discretization on edge recovery Effect of discretization on edge
recovery"", discretization generally leads to a reduction in sensitivity for continuous—
continuous edges and, to a lesser extent, for discrete—continuous edges, while having
little effect on discrete—discrete relationships. These results suggest that discretization
primarily impacts the recovery of edges involving continuous variables, whereas rela-
tionships among discrete variables are largely unaffected.

Specificity results in Table 5 highlight the complementary strengths of the hybrid
approach. While the purely score-based SEM method attains high sensitivity, it exhib-
its noticeably lower specificity, particularly in dense settings, reflecting a tendency
to introduce spurious edges when no structural constraints are imposed. In contrast,
latent MMHC maintains very high specificity across all configurations, often matching
or exceeding the performance of purely constraint-based methods. This effect is espe-
cially pronounced for larger graphs (p = 30), where both latent MMHC variants achieve

Table 5 Median specificity across simulation settings varying sample size, sparsity, and number of

variables
Method s=2 s=5

Sample size n Sample size n

500 1000 2500 5000 500 1000 2500 5000
p=10
copula PC 0.93 091 091 0.92 0.85 0.83 0.82 0.82
latent PC 091 092 092 092 0.87 0.86 0.85 0.87
SEM score-based 0.95 0.94 0.94 0.94 0.83 0.80 0.76 0.74
latent MMHC (o = 0.01) 0.94 0.95 0.94 0.94 0.90 0.89 0.89 0.87
latent MMHC (o = 0.05) 0.96 0.96 0.96 0.97 0.91 0.90 0.88 0.88
p=30
copula PC 0.97 097 0.97 097 0.96 0.96 0.95 0.95
latent PC 0.97 097 0.97 0.97 0.96 0.97 097 0.97
SEM score-based 0.97 0.98 0.98 097 0.94 0.93 091 0.89

latent MMHC (o« = 0.01) 0.99 0.99 0.99 0.99 0.98 0.98 0.98 0.98
latent MMHC (o = 0.05) 0.99 0.99 0.99 0.99 0.98 0.98 0.98 0.98
Bold values indicate the best-performing method for each configuration
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near-perfect specificity across all sample sizes and sparsity levels. The constraint-based
skeleton plays a central role in controlling false positives, while the subsequent score-
based refinement improves orientation without substantially inflating the false discovery
rate. Although increasing the PC threshold to o = 0.05 slightly reduces specificity in a
few small-sample cases, the overall level remains high, illustrating that latent MMHC
achieves a favorable balance between edge recovery and false positive control.

Finally, Table 6 highlights the computational trade-offs among the considered meth-
ods. As expected, purely constraint-based approaches are the fastest, with copula PC
and latent PC exhibiting very low runtimes across all configurations. In contrast, the
purely score-based SEM method is the most computationally demanding, particularly as
the number of variables and the sample size increase. The proposed latent MMHC vari-
ants incur a moderate additional cost relative to constraint-based methods due to the
score-based refinement step, but remain substantially faster than the purely score-based
alternative. In particular, the o = 0.01 variant shows runtimes only marginally larger
than latent PC in most settings, while delivering markedly improved structural accuracy.
Overall, latent MMHC achieves a favorable balance between computational efficiency
and statistical performance, effectively combining the strengths of constraint-based and
score-based learning.

Across Tables 3, 4, 5 and 6, the expected effect of the design parameters is visible.
Increasing s yields denser graphs and typically increases the difficulty of distinguishing
candidate structures from finite samples, which leads to larger SHD and lower sensitiv-
ity unless # is sufficiently large; at the same time, specificity remains comparatively high
for most methods, indicating that false positive control is generally easier than com-
plete edge recovery in the dense regime. Increasing # improves recovery (lower SHD
and higher sensitivity) as conditional independence testing and score-based refinement
become more reliable when the effective sample size grows relative to structural com-
plexity. Differences between p = 10 and p = 30 reflect the trade-off between relative
density (for fixed s, the edge probability s/(p — 1) decreases with p) and the increased
dimensionality of conditioning, so performance need not vary monotonically with p.

Table 6 Median runtime (in seconds) across simulation settings varying sample size, sparsity, and
number of variables
Method s=2 s=5

Sample size n Sample size n

500 1000 2500 5000 500 1000 2500 5000

p=10

copula PC 0.01 0.01 0.01 0.02 0.03 0.05 0.09 0.12
latent PC 0.02 0.02 0.02 0.03 0.03 0.05 0.07 0.08
SEM score-based 0.11 0.13 0.22 038 0.14 0.19 033 0.62
latent MMHC (a = 0.01) 0.05 0.06 0.10 017 0.08 0.11 0.17 0.28
latent MMHC (o« = 0.05) 0.06 0.07 0.1 0.18 0.09 0.12 0.20 0.32
p=30

copula PC 0.05 0.07 0.12 0.20 0.26 0.61 1.73 371
latent PC 042 0.75 0.58 0.59 037 0.61 0.98 1.20
SEM score-based 0381 1.01 1.64 2.69 122 1.70 331 6.72
latent MMHC (o« = 0.01) 0.55 0.88 0.88 1.09 0.50 0.79 132 1.87
latent MMHC (o« = 0.05) 1.04 227 237 253 0.74 1.13 1.59 229

Bold values indicate the fastest method for each configuration. Runtimes refer only to the DAG learning step, excluding the
construction of the latent covariance matrix
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Overall, the simulation results indicate that latent MMHC provides a favorable bal-
ance between structural accuracy, edge recovery, and false positive control. Compared
to purely constraint-based methods, it achieves substantially lower structural error,
while avoiding the loss of specificity observed for purely score-based learning. This bal-
ance becomes increasingly important as graph complexity grows. At the same time, the
computational overhead of latent MMHC remains moderate and close to that of con-
straint-based approaches, particularly for the o = 0.01 variant. Together, these findings
support latent MMHC as an effective and practical approach for structure learning in
mixed-type data.

Assessing the stable latent MMHC variant

We conducted a focused simulation to evaluate the potential benefits of bootstrap
aggregation in our setting. As the bootstrap procedure is computationally intensive, we
restricted the analysis to the case p = 10, with sample sizes n € {500, 1000}. For the sta-
ble variant, we applied B = 200 bootstrap resamples within each replicate. We focused
on the latent MMHC model with oo = 0.01, as it showed the best overall performance
in the full simulation study. We compared this baseline against its bootstrap-aggregated
(stable) counterpart.

Figure 3 summarizes the SHD results. The bootstrap-aggregated stable latent MMHC
shows only modest gains over the baseline: improvements are visible either in slightly
lower medians or in reduced variability across replications, depending on the configura-
tion. The effect is not dramatic, but the stable variant generally delivers more consistent
performance, in line with the idea that aggregation can dampen spurious edges and rein-
force those that recur across resamples.

Modeling psychological traits of volleyball athletes

Building on the methodological framework and simulation results presented above, we
now apply the proposed approach to the volleyball dataset introduced in Sect. "Moti-
vating application and data". The goal is to infer an interpretable dependency structure
among psychological traits and to evaluate how different methodological choices affect
substantive conclusions in an applied context.

Model learning
Based on the simulation study in Sect. "Simulation study", we adopted the stable latent
MMHC algorithm with the SEM score and significance level o = 0.01, which provided

s=2 s=5
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Fig. 3 SHD for latent MMHC and its stable (bootstrap-aggregated) variant across sample sizes and sparsity levels,
for p = 10. Each panel corresponds to a different sparsity setting (s = 2 on the left and s = 5 on the right), and
boxplots compare the standard and stable versions at n = 500 and n = 1000
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the most favorable balance between structural accuracy, edge recovery, and false posi-
tive control across a wide range of settings. Given the relatively small sample size, we
increased the number of bootstrap replicates to B = 500 to enhance the stability of the
learned structure. In addition, edges from psychological traits to lifestyle and sport-
related background variables were forbidden, as the latter are more naturally interpreted
as exogenous covariates in this context.

The consensus structure obtained from the bootstrap aggregation step was used as the
backbone of the final network. At this stage, the continuous psychological trait scores
were discretized back to their original ordinal scales (e.g., 1-5 or 1-6) by rounding to
the nearest category. A fully discrete Bayesian network was then fitted using Bayesian
parameter estimation with a Dirichlet prior equal to one for all conditional probability
tables. This prior acts as a regularization device, which is particularly important given
the limited sample size: it avoids zero probabilities, improves the robustness of infer-
ence, and supports more reliable out-of-sample predictions. This two-step strategy
leverages the information contained in the continuous scores during structure learning,
while yielding a final model that remains interpretable in terms of the original psycho-
logical categories and compatible with standard discrete BN inference tools.

For comparison, we also learned a BN directly from the discretized data by applying
standard discrete structure learning without the latent Gaussian step. This additional
model serves as a baseline to assess how discretization at the structure-learning stage
affects the resulting network in terms of sparsity and stability.

Results

The dependency structure learned using the stable latent MMHC algorithm is shown
in Fig. 4 and is freely available within the bnRep R package [38]. None of the sport- or
lifestyle-related background variables exhibit directed connections to the psychological
traits in the learned network; for clarity, these variables are therefore omitted from the
visualization. The resulting structure focuses exclusively on the conditional relationships
among psychological constructs.

Several patterns stand out. Personality traits appear as upstream factors: neuroticism
influences both conscientiousness and worry, while conscientiousness further drives open-
ness and agreeableness. Extraversion is linked to agreeableness and to higher self-esteem.
Together these pathways suggest that the Big Five, and in particular neuroticism, play a
central role in shaping both other traits and anxiety-related outcomes.

Within the mental skills cluster, goal setting and self-confidence occupy a central posi-
tion. Goal setting predicts self-confidence, and propagates to mental practice and match
preparation, the latter of which leads to greater use of self-talk. Self-confidence also feeds
directly into self-esteem, highlighting its role as a pivotal node bridging performance-
related skills and global self-evaluations.

Finally, emotional arousal emerges as an important connector, connected to extraver-
sion, goal setting, self-confidence, and worry. Together with the influence of concentra-
tion disruption on worry, this underscores the role of emotion regulation and attentional
control in shaping anxiety responses.

Overall, the learned network points to a layered structure in which basic person-
ality traits shape coping-related constructs such as worry, while motivational and
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Fig. 4 Consensus BN of psychological traits for volleyball athletes, visualized using GeNle. Nodes are color-coded
by construct: green for Big Five traits, orange for IPPS-48 skills, and light blue for self-esteem. Each node includes a
bar plot reporting its marginal distribution as computed from the estimated model

preparatory skills form an interconnected subsystem organized around goal setting and
self-confidence.

For comparison, we also learned a BN directly from the discretized data by apply-
ing standard discrete structure learning without the latent Gaussian step. In this case,
only three connections among psychological traits were identified, and, as in the latent
MMHC model, no directed edges from sport or lifestyle variables to psychological traits
were detected. Compared to the latent MMHC network, the discretized model yields a
substantially sparser structure, with many relationships failing to achieve stable boot-
strap support.

This behavior is consistent with the edge stability analysis in Fig. 5, which shows that
discretization leads to more aggressive edge elimination in this dataset. While the dis-
crete model does not contradict the main qualitative findings, it yields a less detailed
representation of the dependency structure among psychological traits, potentially
obscuring weaker yet consistently supported relationships.

Sensitivity analysis

To quantify the relative importance of predictors for key downstream variables, we com-
puted variance-based Sobol indices using the exact algorithm introduced in [39]. Indi-
ces represent the proportion of variance in the output explained by each input. Table 7
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Fig. 5 Number of edges with bootstrap selection frequency at least t for the discretized Bayesian network and the
latent MMHC approach

Table 7 Sobol indices (in %) for four selected outputs

Input Worry Self-confidence Match preparation Self-esteem
Neuroticism 6.95 0.00 0.00 0.00
Agreeableness 0.16 0.65 0.19 2.58
Conscientiousness 0.38 0.00 0.00 0.00
Extraversion 2.85 12.88 3.86 61.41
Openness 0.05 0.00 0.00 0.00
Self-talk 0.23 5.64 55.59 1.92
Goal setting 3.81 61.86 38.26 2297
Self-confidence 373 - 31.27 45.56
Emotional arousal 14.55 49,05 14.72 3849
Worry - 1.85 0.56 1.41
Concentration disruption 2447 0.00 0.00 0.00
Mental practice 1.34 37.35 35.75 12.99
Match preparation 0.83 20.28 - 7.01
Self-esteem 1.04 25.14 5.60 -

Entries correspond to the variance component attributed to each input variable; zeros indicate negligible contributions

reports the results for four outputs of particular interest: Worry, Self-confidence, Match
preparation, and Self-esteem. All demographic and background variables not reported
in Table 7 have Sobol indices equal to zero, as the learned Bayesian network contains no
directed paths from these variables to the outcomes considered.

The decomposition highlights distinct drivers for each construct. Worry is dominated
by concentration disruption, with further contributions from emotional arousal and
neuroticism. Self-confidence is primarily shaped by goal setting and emotional arousal,
with additional influence from mental practice. Match preparation receives balanced
contributions from goal setting and mental practice, while self-talk appears almost
entirely explained by preparation. Finally, Self-esteem reflects both personality (extraver-
sion) and skills (self-confidence, emotional arousal), suggesting that athletes’ global self-
worth arises from an interaction of dispositional and trainable factors. Overall, these
results confirm the layered structure identified in the network and quantify the extent to
which each factor accounts for variability in key outcomes.



lannario et al. Journal of Big Data (2026) 13:99 Page 21 of 29

Conditional probabilities and belief dynamics

While Sobol indices identify the most influential predictors of a target, they do not reveal
the shape or direction of these effects. In a BN framework, this information is captured
by conditional probabilities, which describe how beliefs about an outcome update when
evidence on a precursor is observed. To illustrate, we focus on Match preparation, one
of the key downstream skills identified in the network. The corresponding conditional
probabilities are reported in Table 8, while results for other outputs are deferred to the
Appendix.

The table shows the baseline distribution of Match preparation alongside the con-
ditional distributions when each of the five Sobol-relevant predictors (Self-talk, Goal
setting, Self-confidence, Emotional arousal, and Mental practice) is fixed to one of its
ordinal levels. Clear monotonic patterns emerge. For Self-talk and Self-confidence, very

Table 8 Conditional distributions of Match preparation (columns; categories One-Six) given key
precursors (rows), compared to the baseline distribution

One Two Three Four Five Six
Baseline (no evidence)
Baseline 003 0.21 0.27 0.36 0.06 0.07
Given self-talk
One 0.32 0.64 0.01 0.01 0.01 0.01
Two 0.06 047 037 0.09 0.00 0.00
Three 0.02 0.20 029 0.41 0.07 0.00
Four 0.02 0.12 0.25 047 0.07 0.07
Five 0.00 0.05 0.21 042 0.11 0.21
Six 0.00 0.00 0.00 042 0.14 042
Given goal setting
One 0.17 0.33 033 017 0.00 0.00
Two 0.10 032 032 0.23 0.00 0.03
Three 0.02 032 0.30 0.23 0.09 0.02
Four 0.00 0.13 0.24 0.56 0.04 0.04
Five 0.00 0.00 0.26 037 0.16 0.21
Six 0.00 0.10 0.10 0.40 0.10 0.30
Given self-confidence
One 0.20 0.36 0.29 0.13 0.01 0.01
Two 0.09 0.29 0.30 0.25 0.03 0.03
Three 0.04 033 0.27 0.28 0.04 0.03
Four 0.01 0.14 0.28 049 0.06 0.02
Five 0.01 0.19 0.31 033 0.08 0.09
Six 0.00 0.07 0.10 032 017 033
Given emotional arousal
One 0.1 0.38 0.31 0.15 0.03 0.02
Two 0.07 0.31 0.28 0.24 0.04 0.04
Three 0.04 0.23 029 035 0.05 0.04
Four 0.01 0.16 0.27 044 0.06 0.06
Five 0.01 0.13 0.22 039 0.10 0.16
Six 0.00 0.08 0.19 038 013 0.22
Given mental practice
One 011 0.22 0.55 0.11 0.00 0.00
Two 0.06 0.44 023 017 0.02 0.08
Three 0.02 0.13 031 044 0.09 0.02
Four 0.00 0.03 0.26 0.60 0.03 0.08
Five 0.00 0.14 0.00 0.28 0.28 0.28

Six 0.01 0.01 0.01 032 032 0.32
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Table 9 Definition of illustrative scenarios used for joint reasoning

Scenario

Definition (fixed evidence)

High motivation & arousal
Low motivation & arousal
Skills boost

Rehearsal focus

Resilient extrovert
Vulnerable attentional

GOAL SETTING = Six, EMOTIONAL AROUSAL = Six

GOAL SETTING = One, EMOTIONAL AROUSAL = One

SELF TALK = Five, MENTAL PRACTICE = Five

MENTAL PRACTICE = Six, GOAL SETTING = Four
EXTRAVERSION = Five, NEUROTICISM =Two

NEUROTICISM = Five, CONCENTRATION DISRUPTION = Five

Match Preparation

Self-confidence

Self-esteem
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Fig. 6 Scenario-conditional distributions of Match preparation, Self-confidence, and Self-esteem. Bars show the
baseline and six illustrative athlete profiles defined in Table 9

low levels (One-Two) concentrate mass on poor preparation, while higher levels (Four—
Six) shift probability toward strong preparation. Goal setting and Mental practice display
a similar gradient, with their higher levels producing the sharpest increases in the top
preparation states. Emotional arousal has a more gradual effect, but higher levels still
reduce the probability of poor preparation and increase the likelihood of mid-to-high
preparation.

Taken together, these conditional distributions complement the variance-based anal-
ysis by clarifying not only which skills matter most, but also how their improvement
reshapes the distribution of preparation outcomes. More generally, the additional results
reported in the Appendix confirm that this pattern holds across other psychological tar-
gets, underscoring the value of conditional probability analysis as a complement to vari-

ance decomposition.

Joint scenario reasoning

While one-at-a-time conditioning clarifies the marginal impact of individual traits, prac-
titioners are often interested in the combined effect of multiple skills or dispositions.
BN allow for such joint scenario reasoning, where evidence is set on several predictors
simultaneously and the resulting outcome distributions are compared to the baseline.
This approach provides a decision-oriented complement to variance-based sensitivity
analysis.

Table 9 summarizes six illustrative profiles of volleyball athletes considered in our
analysis. These scenarios were constructed by fixing combinations of psychological traits
suggested by the network structure and sensitivity analysis, and represent distinct moti-
vational and cognitive styles.

Figure 6 displays the scenario-conditional distributions for three downstream out-
comes of particular interest: Match preparation, Self-confidence, and Self-esteem. Each
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bar summarizes the probability distribution over ordinal categories, with the baseline
shown alongside the six scenarios.

Clear contrasts emerge across profiles. Athletes in the High motivation & arousal
scenario are strongly shifted toward the top categories of both self-confidence and self-
esteem, with match preparation also redistributed toward higher readiness. Conversely,
the Low motivation & arousal scenario concentrates mass in the lowest states of self-
confidence and preparation, underscoring the joint importance of goal orientation and
arousal regulation. The Skills boost and Rehearsal focus profiles also increase the like-
lihood of stronger preparation, albeit through different combinations of mental skills.
Finally, the Resilient extrovert profile improves both preparation and confidence, while
the Vulnerable attentional scenario closely resembles the baseline, reflecting limited
incremental impact when neuroticism and concentration disruption are both high.

Conclusions

This paper introduced latent MMHC, a new hybrid algorithm for learning BNs with
mixed-type variables. By combining a latent Gaussian copula representation with a con-
straint-based skeleton and a constrained score-based refinement, the method extends
existing copula-based learners to return a single oriented DAG. A bootstrap-aggregated
variant further enhances stability. Together, these advances provide a general framework
for extracting interpretable graphical structures from heterogeneous data, bridging a gap
between purely discrete and Gaussian approaches.

Through a comprehensive simulation study, we showed that latent MMHC outper-
forms established competitors across a range of conditions. In particular, the SEM-
based scoring variants reduced structural Hamming distance and improved edge recall,
while maintaining high specificity and acceptable runtimes. These results confirm that a
hybrid approach offers tangible benefits over constraint-only procedures, especially in
orienting edges reliably under finite samples.

We then applied the method to a dataset of 164 female volleyball athletes, combining
demographic information with standardized psychological measures. Treating question-
naire responses as continuous in the learning phase and then discretizing back to ordinal
scales for interpretation proved effective: the procedure captured nuanced dependencies
during structure estimation while yielding a final model that was interpretable in terms
of the original psychometric categories. This approach illustrates a principled workflow
for sports psychology datasets, where constructs are inherently latent continuous traits
but are commonly measured on ordinal scales.

The learned network of psychological attributes revealed a layered organization: Big
Five traits, and in particular neuroticism and extraversion, appeared upstream of coping-
related constructs; goal setting and self-confidence formed a tightly linked motivational
core; and emotional arousal connected motivation to anxiety-related outcomes. Sobol
indices and conditional probability analyses quantified how shifts in key skills, such as
improving goal setting or mental practice, propagate through the system to enhance
match preparation, self-confidence, and ultimately self-esteem.

From an applied perspective, these findings underscore the potential of BNs as prac-
tical tools for coaches, sport psychologists, and athlete support staff. By modeling
conditional relations explicitly, BNs allow practitioners to move beyond single-skill
assessments and to reason about how improvements in one area may ripple through
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Fig. 7 Empirical distributions of the continuous psychometric scores (averaged questionnaire responses) used in
the volleyball application. Each panel shows a histogram with a smoothed density overlay

others. Scenario analyses further provide an intuitive interface for exploring “what-if”
questions, making BNs a promising complement to traditional profiling methods.

More broadly, the study illustrates how routinely collected psychological data can be
transformed into decision support tools. Coaches can use such models to identify lever-
age points in mental skills training, to tailor interventions to individual profiles, and to
anticipate indirect effects that may otherwise be overlooked. Incorporating probabilistic
reasoning into athlete development thus has the potential to enhance both the personal-
ization and effectiveness of training programs.

Future work may extend this line of research by integrating longitudinal data, link-
ing psychological profiles with performance outcomes, and exploring causal inference
under additional assumptions. Nonetheless, the present results demonstrate that BN,
learned via hybrid copula-based methods, offer a transparent and actionable framework

for modeling the complex interplay of psychological traits in competitive sport.

A Raw distributions of continuous psychometric scores

This appendix reports the empirical distributions of the continuous psychological vari-
ables used in the volleyball application. As described in Sect. "Modeling psychological
traits of volleyball athletes", these variables are obtained by averaging responses to multi-
item Likert-type questionnaires (Big Five, IPPS-48, and self-esteem), a standard practice
in psychometrics to summarize latent traits.

Although treated as continuous during the structure-learning phase, the resulting
scores retain clear signatures of their ordinal measurement origin. In particular, the dis-
tributions exhibit bounded support, asymmetry, and visible heaping at round values,
reflecting both scale limits and response patterns common in questionnaire data. These
features are typical of psychological constructs measured on finite ordinal scales and
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Fig. 8 Sensitivity of latent MMHC (o = 0.01) stratified by edge-strength band for dense graphs (p = 30, s = 5).
Each curve corresponds to a different sample size, averaged over 50 replications

motivate modeling approaches that accommodate heterogeneous data types while pre-
serving interpretability (Fig. 7).

B Additional simulation results

B.1 Edge-strength-stratified sensitivity

To further interpret the sensitivity results, we examine how edge recovery depends on the
strength of the underlying dependencies in the data-generating model. We focus on the
most complex simulation setting (p = 30, s = 5), which yields denser graphs with a larger
number of true edges and therefore allows for a more reliable assessment of sensitivity
patterns.

For each sample size n € {500, 1000, 2500, 5000}, we generated 50 random DAGs as
described in Sect. "Simulation study”. Each true edge was assigned a random weight with
absolute value in [0.1, 1]. Edges were grouped into bands according to their absolute gen-
erating strength, and sensitivity was computed within each band as the proportion of
edges correctly recovered by latent MMHC (a = 0.01), averaged over replications.

Figure 8 shows that sensitivity increases monotonically with edge strength: strong
dependencies are recovered with high probability even at moderate sample sizes,
while missed edges are concentrated among weaker relationships. Increasing » mainly
improves recovery in the intermediate-strength bands. These results confirm that lower
overall sensitivity in dense regimes is driven primarily by weak edges, rather than failures
to recover strong relationships.

B.2 Effect of discretization on edge recovery

To assess whether limited recovery of mixed-type edges could be attributed to discretiza-
tion rather than to the learning algorithm itself, we conducted an additional simulation
comparing the proposed mixed-type method with discretization-based baselines. Con-
tinuous variables were discretized using quantile binning into K € {2,...,6} categories,
and structure learning was performed on the resulting fully discrete data. Figure 9 reports
the difference in sensitivity between the two approaches by edge type and sample size.
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C Additional conditional probability inferences

See Tables 10, 11 and 12.

Table 10 Conditional distributions of Worry (columns; categories One-Six) given its main precursors
(rows), compared to the baseline distribution
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One Two Three Four Five Six
Baseline (no evidence)
Baseline 0.07 0.16 0.29 0.34 0.10 0.04
Given neuroticism
One 0.12 0.30 0.23 0.12 0.12 0.12
Two 0.07 0.28 0.25 034 0.03 0.03
Three 0.07 0.12 037 036 0.07 0.02
Four 0.07 0.12 0.23 0.35 0.18 0.05
Five 0.13 0.13 0.19 0.18 0.25 0.13
Given concentration disruption
One 0.23 0.14 0.35 0.15 0.07 0.07
Two 0.09 0.29 0.25 0.29 0.06 0.02
Three 0.02 0.07 0.26 0.52 0.10 0.02
Four 0.04 0.07 045 0.20 0.18 0.06
Five 0.15 0.15 0.15 0.15 0.25 0.15
Six 017 017 0.17 0.17 017 0.17
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Table 11 Conditional distributions of Self-confidence (columns; categories One-Six) given its main
precursors (rows), compared to the baseline distribution

One Two Three Four Five Six
Baseline (no evidence)
Baseline 0.02 0.13 0.22 038 0.14 0.10
Given extraversion
One 0.08 0.34 0.30 0.23 0.01 0.05
Two 0.05 0.22 0.29 034 0.07 0.04
Three 0.01 0.14 0.23 040 0.13 0.08
Four 0.01 0.08 018 043 0.19 0.10
Five 0.00 0.07 0.15 034 0.19 0.24
Given self-talk
One 0.06 0.26 033 0.22 0.10 0.03
Two 0.03 0.18 0.28 033 0.14 0.04
Three 0.02 0.14 0.22 041 0.14 0.08
Four 0.02 0.12 0.20 041 0.14 0.11
Five 0.01 0.10 017 0.38 0.15 0.19
Six 0.00 0.08 0.14 033 0.16 0.30
Given goal setting
One 0.33 0.65 0.00 0.00 0.00 0.00
Two 0.03 0.32 045 0.16 0.03 0.00
Three 0.00 0.12 0.30 044 0.14 0.00
Four 0.00 0.05 0.11 0.63 013 0.07
Five 0.00 0.00 0.16 0.1 042 0.31
Six 0.00 0.00 0.00 0.20 0.10 0.69
Given emotional arousal
One 032 032 032 0.01 0.01 0.01
Two 0.08 0.35 0.31 0.23 0.00 0.04
Three 0.00 0.18 032 0.39 0.09 0.04
Four 0.00 0.04 0.13 0.58 0.19 0.06
Five 0.00 0.00 013 0.19 037 0.31
Six 0.00 0.00 0.00 0.11 0.22 0.66
Given mental practice
One 0.00 0.33 0.22 011 033 0.00
Two 0.04 0.25 0.38 017 0.13 0.02
Three 0.02 0.07 022 0.53 0.11 0.05
Four 0.00 0.05 0.05 0.63 0.13 0.13
Five 0.00 0.00 0.00 0.00 0.28 0.70
Six 0.01 0.01 0.01 0.01 0.01 0.96
Given match preparation
One 0.12 0.40 0.30 0.13 0.04 0.01
Two 0.03 0.19 035 0.26 013 0.03
Three 0.02 0.15 0.22 040 0.16 0.04
Four 0.01 0.09 0.17 0.51 013 0.09
Five 0.00 0.06 0.13 0.35 0.17 0.29
Six 0.00 0.06 0.1 0.14 0.18 0.51
Given self-esteem
One 0.09 0.02 0.21 0.16 031 0.20
Two 0.01 0.22 0.30 041 0.02 0.04
Three 0.03 0.16 0.23 041 012 0.05

Four 0.00 0.00 0.12 0.30 0.28 0.30
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Table 12 Conditional distributions of Self-esteem (columns; categories One—Four) given its main
precursors (rows), compared to the baseline distribution

One Two Three Four
Baseline (no evidence)
Baseline 0.01 0.19 0.57 0.22
Given extraversion
One 0.15 0.55 0.15 0.15
Two 0.03 036 0.59 0.03
Three 0.00 0.24 0.65 0.12
Four 0.00 0.06 0.54 0.40
Five 0.00 0.06 048 046
Given goal setting
One 0.02 0.27 0.68 0.03
Two 0.01 0.28 0.63 0.08
Three 0.01 0.23 0.60 0.16
Four 0.01 0.17 0.58 0.24
Five 0.02 0.09 0.45 044
Six 0.02 0.09 0.36 0.53
Given self-confidence
One 0.05 0.15 0.75 0.05
Two 0.00 032 0.68 0.00
Three 0.01 027 0.60 0.12
Four 0.00 0.21 0.61 0.17
Five 0.02 0.02 0.51 045
Six 0.02 0.07 0.27 0.64
Given emotional arousal
One 0.03 0.24 0.65 0.07
Two 0.03 033 0.58 0.06
Three 0.01 0.23 0.63 0.13
Four 0.01 0.15 0.58 027
Five 0.00 0.07 044 0.49
Six 0.00 0.03 0.39 0.58
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