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Bayesian networks are a class of models that are widely used for the diagnosis, prediction, and risk
assessment of complex operational systems. Multiple approaches, as well as implemented software,
now guide their construction via learning from data or expert elicitation. However, current software
only includes minimal functionalities to explore the assumptions, quality of fit, and sensitivity to
learned parameters of a constructed Bayesian network. Here, we illustrate the usage of the bnmonitor
R package: the first comprehensive software for model-checking of a Bayesian network. An applied
data analysis using bnmonitor is carried out over a medical dataset to illustrate the use of its wide

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Investigating the validity of the assumptions of a statistical
model and the quality of its predictions is a fundamental step
of any real-world applied analysis to ensure that the conclusions
drawn from the model are reliable and credible [1,2]. Depending
on the research community or the model used, this analysis
step may take different names, such as model validation, model-
checking, sensitivity, or robustness analysis. Henceforth, the term
model-checking refers to any activity that investigates the “ability
of a model to describe the system that it is intended to describe
both in the output and in the mechanism by which that output
is generated” [3].

The focus of this paper is on the model class of Bayesian net-
works (BNs) (first introduced by Pearl [4]), the most commonly
used probabilistic graphical model, which gives an intuitive vi-
sualization of the dependence structure between variables as
interest as well as an efficient platform to answer inferential
queries. The array of domains where BNs are used is constantly
increasing (e.g. [5-10]).

Although methods for model-checking in BNs have been de-
veloped ([3,11-14], among others), their use in practice has been
limited (see [15-18], for some exceptions). Conversely, for other
modeling approaches, model-checking is always carried out. For
instance, in linear regression modeling, one always checks the
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distribution of the residuals to assess if the model’s assumptions
are met. In Bayesian inference, posterior predictive checks com-
pare the original dataset to one simulated from the predictive
model distribution to assess the appropriateness of the model.

A possible reason behind the limited use of model-checking
techniques in BNs may be the lack of widely available imple-
mented methods in software. The bnmonitor R package has
been recently developed to fill this gap and provide practitioners
with a wide array of functions for BNs’ model-checking. The R
programming language was chosen for two reasons. First, because
there are now a large number of packages to both learn BNs from
data and to carry out inferential tasks, including bnlearn [19],
BayesNetBP [20] and gRain [21]. Second, to take advantage of
R’s advanced graphical capabilities, by using methods from the
ggplot2 [22] and ggraph [23] packages.

Here we provide an overview of the capabilities of bnmonitor
by carrying out an applied BN analysis over a medical dataset.
Although bnmonitor requires as input BNs as bnlearn objects,
the latter package has a wide array of conversion functions from
formats used in most other software. Therefore, bnmonitor can
be used with models developed in any other programming lan-
guage or commercial software. Before carrying out the analysis,
an introduction to both BNs and the model-checking techniques
implemented in bnmonitor is given. Although bnmonitor can
consider BNs with either discrete variables or continuous ones
under the assumption that the joint distribution is multivariate
Gaussian, for this paper, only the discrete case is considered since
this is the most common in practical applications (see [24], for
details on the continuous case).
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Fig. 1. A simple DAG of a BN over a random vector Y = (Y1, Y2, Y3, Ys, Ys5).

2. Bayesian networks and their use

Let [n] = {1,2,...,n}. Consider a random vector Y =
(Y1, ..., Yy) of interest, where Y; takes values in a discrete space
Y;, i € [n]. For a subset A C [n], we denote Y4 = (Y;)ica and
Ya = XjeaY;. For three random vectors Y4, Yp and Y., where
A,B,C C [n], Yy is said to be conditionally independent of Yp
given Y¢ and write Y, 1L Yp|Yc if

P(Ya=YalYp=Y5Yc=¥c)=P(Ya=YalYc =Yc): (1)

for all y4 € Yu, ¥ € Yp and yo € Y, where P denotes a
probability mass function. In the following, as a shorthand, we
write P(Ya = y,1Ys = ¥35) as P(y4lyg), for any sets A, B C [n].

2.1. Bayesian networks: definition

A BN gives a visual representation of conditional independence
by means of a directed acyclic graph (DAG). More formally, a BN
over a vector of discrete variables Y is a pair B = (G, #), where:
G is a DAG whose vertices are the variables in Y, and, roughly
speaking, edges represent direct probabilistic dependencies be-
tween the variables; @ is a vector of the (conditional) probabilities
P(yilyp,) for each y; € Y; given a, possibly empty, vector value
¥, € Y, of the parents of Y; in G. The BN 5 represents the joint
distribution over Y factorized according to the structure of G:

Py) =[] Pwilys,)

ie[n]
A BN B encodes n — 1 conditional independences of the form
Yi L Y4 lYn,

where Y 4, are the non-descendants of Y; in G.

Fig. 1 reports a DAG over five discrete variables (Y, ..., Ys).
A BN B with this DAG embeds the conditional independences
Y2 A Y], Y3 AL Y2|Y1, Y4 AL Y3|Y], Yz and Y5 AL Y], Y2|Y3, Y4. The
definition of the BN is completed by the specification of 6, i.e. the
probabilities P of each variable conditional on the possible values
of the parents. The mass function of B factorizes as

P(y) = P(y5|ya, y3)P(¥aly2, y1)P(y3|y1)P(y2)P(y1)

The DAG associated with a BN provides an intuitive overview
of the relationships existing between variables of interest, as
well as a framework to assess if any generic conditional inde-
pendence holds for three arbitrary sets of variables (see Eq. (1))
via the so-called d-separation criterion (see e.g. [4]). Since the
exact propagation of probabilities is am NP-complete problem,
algorithms for the computation of posterior probability queries
that take advantage of the underlying DAG have been devised and
implemented in software.

2.2. Constructing Bayesian networks
The definition of a BN B consists of the selection of the under-

lying DAG G and, given that DAG, of the associated probabilities
0. In practice, these two steps are not independently carried
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out since, for instance, a very complex structure G leads to an
enormous number of probabilities @ to be defined, which may
be unfeasible to assess faithfully. Both steps can be carried out
using two approaches: (i) expert-elicitation: when experts and
stakeholders are guided to come up with their definition of G and
@; (ii) data-driven: when data and appropriate algorithms are used
to choose an optimal combination of G and . Often in practice,
these two approaches are used in conjunction: for instance, the
DAG G may have to respect some constraints determined by
experts, and data is used to find the best G respecting them,;
alternatively, data may be available only for some variables, and
therefore the associated probabilities are learned via data, while
the remaining ones are expert-elicited.

There is a vast literature on expert elicitation and aggregation
techniques (e.g. [25-27]). In particular, protocols have been de-
fined to guide the appropriate definition of a BN using expert
judgments [28-30]. Eliciting the dependence structure, namely
the DAG G, is particularly challenging, but there are now also
guidelines for this task [31,32]. Furthermore, efficient methods
to integrate expert opinions into commonly used data-driven
algorithms have been defined [33-35].

The literature on data-driven learning of BNs is now well-
established, although novel algorithms continue to appear to
account for more flexible structures and to improve speed and
accuracy (e.g. [36,37]). The selection of the DAG G using data is
usually called structural learning, and there are two main classes
of algorithms for this task: (i) constraint-based algorithms select
the DAG by checking if the associated conditional independences
hold (most notably, the PC algorithm of Spirtes et al. [38]); (ii)
score-based algorithms heuristically explore the space of all pos-
sible DAGs to find the one optimizing some chosen criterion. For
parameter estimation, i.e. the estimation of @ using data, either a
frequentist (e.g. maximum likelihood) or a Bayesian approach can
be used. If score-based structural learning is used, for the frequen-
tist approach, it is then common to guide the search minimizing
the BIC of the model, while, for the Bayesian approach, the search
is based on the marginal likelihood reviewed in Section 2.3 below.

BNs define an overall probability distribution for the vector Y
of interest and therefore are an instance of generative modeling,
in contrast to discriminative modeling used for classification pur-
poses. BNs can also be used for classification tasks, and such BNs
usually have a constrained structure of their DAG. These are called
BN classifiers [39,40]. The bnmonitor R package can be equally
used to investigate BN classifiers. However, the implemented
methods are not explicitly tailored for classification problems (as,
for instance, the methods of Bolt and van der Gaag [41]).

2.3. Learning Bayesian networks: the Bayesian approach

Some of the methods for BN model-checking we introduce in
the next section are based on the Bayesian approach for learning
the probabilities of a BN, although they do not require the BN
to be constructed in this way. For this reason, the approach is
reviewed next.

Consider a BN over a random vector Y = (Y1, ..., Y;,), whose
sample space is Y = x[.,Y; and Y; is the sample space of Y;. For
ease of notation, we denote a generic probability from the BN as
Oizk = P(Y; = k|Y 7, = z) where k € Y; and z € Y7, (hence the
use of @ to denote the vector of all probabilities). Thus, i indexes
the variable, z is the parent configuration and k is the value taken
by Y;.

Suppose a dataset D is observed and let N, be the number of
observations in D such that Y; = k and Y, = z. The likelihood
of the BN with DAG G is

P10, Gy o [T [T [T eme

ie[n] zeYni keY;
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Within the Bayesian approach, the model definition is com-
pleted by the choice of a prior distribution for 6. A Dirichlet prior
D(aizk Jkey;» Xizk > 0, is independently assigned to each 6;; =
(Bizk Jkev;,» the mass function of Y; conditional on a specific value
of its parents. The overall prior distribution for # can be written
as

w0 =1 [1

ie[n] zeYn

le)
(Zke% e‘xizk_l
izk ’

l_[kEY, Uigk) keY;

where I'(-) denotes the Gamma function. The values «j,, are
henceforth assumed equal to #Y;, i.e. the number of elements in
the sample space of Y; (see [42], for a justification of this).

Results first appeared in [43] guarantee that the posterior
distribution p(@|D, G) can be written as

r - Kz le
P(9|D,G)=cl_[ 1—[ (ZkeY,“kJr k)

ieln] zeYy, l_[keYi I'(ctizk + Nizt)

where ¢ is a normalizing constant. The above expression can be
seen as the product of independent Dirichlet distributions for 6;
D(izk + Nizk Jkey;-

The choice of the best DAG is based on the maximization of the
so-called marginal likelihood p(D|G) which can be derived from
the previous results (see [43]) as

P(DIC) = l—[ 1—[ I key, %izk)

ie[n] zeY (Zkevi("izk =+ Nizk

| | ®izk+Nizk—1
eizk ’

keY;

3 1_[ F(aﬁg‘?‘Nl‘zk). )
keY; Qizk)

The space of all possible DAGs is searched using heuristics driven
by the maximization of Eq. (2): for instance, hill-climbing or tabu
search, as implemented in the widely-used bnlearn R pack-
age [19]. These searches are often coupled with resampling or
cross-validation techniques to prevent overfitting [44].

Notice that the approach reviewed above can be distinct from
Bayesian structural learning, which also defines a prior distribu-
tion over the space of all possible DAGs. Using approximating
MCMC algorithms, each possible DAG structure is assigned a
posterior probability using data (e.g. [45]).

3. Model-checking in Bayesian networks

The term model-checking refers to the set of processes and
activities intended to check the representativity of the model and
the accuracy of the inference results. Although many techniques
could be used for BNs (see the discussion at the end of the paper),
the bnmonitor package implements two broad methodologies
that, following the terminology commonly used in BNs, we call
robustness to data and sensitivity analysis.

The term robustness to data refers to methods that test the
compatibility between data and an assumed model. For expert-
elicited BNs, it is sometimes the case that data becomes available
after the model definition. As strongly advocated by Box [46], it
is fundamental to critically examine the assumed model in light
of the data available and, if required, update it. For BNs derived
via structural learning, one must check data quality and whether
the data support the BN assumptions. For instance, the data may
suggest that the symmetric conditional independence assumption
of BNs is not tenable (see Section 4).

Sensitivity analysis refers to the quantification that minor
variations in the model inputs have on outputs of interest. For
expert-elicited BNs, this is fundamental: during the elicitation
process, it is often the case that some posterior probabilities
appear to be unreasonable to the experts, although they are a
coherent consequence of their beliefs. Sensitivity analysis allows
for the identification of critical probabilities, whose values may
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need to be reviewed and elicited with higher precision. For data-
driven BNs, it is often helpful to check that learned probabilities
are sound to stakeholders and relevant experts since the data
used may have needed to be of better quality or represent the
actual population of interest.

All these techniques are reviewed next and illustrated in a
practical application in Section 4.

3.1. Robustness to data

Suppose a dataset D = (y1,...,¥m) of m observations of the
random vector Y has been collected, where y; = (yj1, . . ., ¥j») and
yji denotes the jth observation for the ith variable. We further let
Yi-1u = W1, ¥i-0) and ¥t = s Yi-1s Yiti+ays - - Yin)-
The dataset D could be the one used for learning the BN, in which
case the focus would be on model fit. Conversely, D could be
a test dataset not used for estimation, and therefore the focus
would be on out-of-sample prediction. This second approach is
often used to avoid overfitting [47].

Most methods reviewed next follow the prequential framework
of Dawid [48], in basing criticism of a model on the quality of
the predictions it sequentially makes. In a Bayesian setup, the
probability of observing a new specific observation y, given a
dataset D is summarized by the predictive mass function

Py, D) = / Py, 0)p(6D)db. 3)

which is generally computationally expensive. However, Eq. (4)
below shows that it can be derived in closed form, similarly to
the marginal likelihood of Eq. (2).

Let P;(-) denote the predictive mass function given the first j—1
observations, i.e. P(-|yj;_y;). The observation y; follows y|;_;; in D
and the logarithmic score

- IOng(yj),

measures the level of surprise of observing it after yj_y;. To
understand this, suppose that the observation y; was predicted
with probability 0.1. Then S5; = —1log(0.1) = 2.3. Conversely,
an observation that was predicted to happen with probability 0.9
would carry a score of 0.1. Thus, the less likely an observation is
predicted to occur, the more “surprising” it is if it does occur.

By cumulating the logarithmic score over all observations, an
overall level of surprise is written as

ZSJ

Z log P(y;lyi_17) lOgl_[P(J’;LY[, )

j=1 j=1
— log P(D). (4)

Eq. (4) is simply the negative marginal log-likelihood which can
be computed in closed form using Eq. (2). Thus, the marginal
likelihood is retrieved by summing over the predictive densities
of Eq. (3). Notice that, although computed from predictive distri-
butions, Eq. (4) is invariant to the order of the observations in D
(a property entertained only by the logarithmic score and not by
other scoring rules, see e.g. [49]).

The statistics, or monitors (following the terminology of Cowell
et al. [50]), defined next use the logarithmic score to measure the
agreement between the model and the data.

3.1.1. Global monitor
The global monitor is simply the negative of the marginal
log-likelihood, i.e.

GM(D, B) = — log P(D) (5)

Such a monitor is useful when there are two or more hypoth-
esized network structures (for instance, defined by experts or
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output of two different search methods) and interest is in assess-
ing which DAG better represents the data. The computation of
the global monitor is immediate since it is based on the simple
formula in Eq. (2).

3.1.2. Node monitors

While the global monitor provides an overview of the whole
BN, the node monitor returns the contribution of each node to the
negative of the marginal log-likelihood, i.e. the global monitor.
This is defined as

Z log

NM/(D. 5) F(ZkeYi Qizk)

zevm, (3 yey,(cizk + Nizk))
_ Zl I (ozk + lek), (6)
kev; I'(aizk)

and it straightforwardly follows from Eq. (2) that

=Y NM{(D, B).

ie[n]

Thus, the computation of the node monitors is again immediate
since it is based on the simple algebraic formula in Eq. (6).
Vertices with a higher value of node monitor are vertices which, if
the BN were to be learned with a score-based structural learning
algorithm, would have a high impact on the learning process. As
already noticed, both node and global monitors are not actually
affected by the ordering of the observations.

3.1.3. Sequential node monitors

The next class of monitors assesses the quality of the predic-
tions made by sequentially considering each observation in D.
First, define
Sji = —log Pi(y;) (7)

which is the logarithmic score of the predictive mass function for
observing Y; = y; after y|;_y. Thus,

-y
ie[n] je[m]
Next, the logarithmic score Sj; is normalized. Define
— Y P(yi)log Pi(yi), Vi= Y Pi(y)logPi(yi) — E5.
yi€Yi Yi€Yi
(8)

where E; and Vj; are the expectation and the variance of the
logarithmic score in Eq. (7). The sequential marginal node monitor
for Y; after yjj_q; is defined as

Zk 15k — Z]I;:l Eii

v it Vi

Seillier-Moiseiwitsch and Dawid [51] demonstrated that SMNDj;
asymptotically, for j — oo, follows a standard Normal distribu-
tion under the null hypothesis:

SMND;(D, B) = 9)

Hp : D is generated by B.

Therefore, values of SMND;; over 1.96 in absolute value would,
in a standard frequentist test of hypothesis setting, lead to re-
jecting such a null hypothesis at the 0.05 significance level. Con-
sequently, values of SMNDj; over 1.96 in absolute value may
indicate poor model fit since it leads to rejecting the hypothesis
that the chosen BN generates the data.

While global and node monitors are independent of the or-
dering of D, SMND;; is not. Such a monitor has a much more
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natural interpretation when there is a natural ordering of the
observed data (for instance, a temporal one). When a temporal
component is not immediately obvious, ordering the data ac-
cording to some covariate of the observations may be helpful.
For instance, modeling healthcare outcomes might benefit from
ordering the data according to the time each observation spent in
the hospital. The sequential marginal node monitor is well suited
to detect when the model is no longer a good fit to the data for
values of that covariate. This is the strategy we follow in Section 4
below. However, even if no ordering can be found between the
observations, SMNDj; can help detect nodes that do not fit the
data well overall. A possible method to assess if the ordering
of D affects SMNDj; is to compute such monitor using different
permutations of the observations.

The sequential conditional node monitor is defined similarly to
SMNDj;, but starting from the logarithmic score

= —log Py;ilyy))-

where the predictive distribution is also conditional on y;, except
for the value it takes for the variable Y;, i.e. y;. The sequential
conditional node monitor, that we henceforth call SCNDj;, is then
defined by straightforwardly adapting Eqgs. (8) and (9) (see [50],
for details). Its interpretation is the same as the one of SMND;;.

Computationally, sequential node monitors require the com-
putation of a node monitor m times in datasets of increasing
size, where m is the number of observations in D. For each of
the m derivations of the node monitor, they further require the
computation of the expectation and variance as in Eq. (8). Notice
that the sequential conditional node monitor further requires an
extra marginalization operation over the BN at each of the m
derivations.

3.1.4. Parent-child monitors

The sequential monitors SMND;; and SCND;; inform about the
lack of fit of a particular node to data. Once a problematic node
is identified, it might be interesting to assess which conditional
mass functions associated with it are causing the lack of fit. This
may be due to the predictions from a specific configuration of
the parents only. The sequential parent-child monitor assesses
the quality of the predictions from the model when only data
associated with a specific configuration of the parents of a node
is retained. Let Dy, be the subset of the dataset including only the
observations of D such that Y, = m;, for m; € Y, and let Pj”" )
be the predictive mass function after the first j— 1 observations of
Dy, have been processed. Similarly to sequential node monitors,
define

Eff == Pli(y;)log P (yi), =Y Py log P (yi)* — (Eji' )
YieYi yieYi

The sequential parent-child monitor for the vertex Y; and parent

configuration m; € Yy, is defined as

_ ijzl log PIZ[I ykz Zk- El:'tll
Vit Ve

where yzi" is the kth observation for the variable Y; in D,.

The interpretation of sequential parent-child monitors is the
same as for sequential node monitors, where values above 1.96
in absolute value should be viewed with suspicion. Of course,
unless the original dataset is vast, the conclusions from such
monitors may be less reliable since they are based on a smaller set
of observations, and convergence to the standard Normal distri-
bution may be questionable. Suppose the parent-child monitors
indicate a poor fit for only one specific configuration of parent
values. In that case, one could still use the BN when computing
quantities specific to the other configurations of the parents.

SPCMj; (Dx;, B) = (10)
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Furthermore, as shown by Wilkerson and Smith [52], values
above 1.96 in absolute value may indicate that the assumption
of symmetric conditional independences made by BNs may be
too restrictive and that the data may, on the other hand, support
context-specific conditional independences. Then the modeler
could choose to use an alternative, more flexible model instead,
for instance, a context-specific BN [53] or a staged tree [54].

Notice that the complexity of parent-child monitors is less
than that of sequential node monitors since in general Dy, is a
subset of D.

3.1.5. Influential observations
The influence of the jth observation of D is defined as

I(y;) = [log P(D|G) — log P(D_|G)I, (11)

where D_; is the dataset without the jth observation. High influ-
ence values denote observations that strongly contribute to the
model’s marginal likelihood. This implies, for instance, that if the
BN were learned using a score-based structural search algorithm,
influential observations strongly drove the choice of the DAG G.

3.2, Sensitivity analysis in Bayesian networks

While the previous statistics are specifically designed for as-
sessing the agreement between data and the chosen model, the
next set of tools for model-checking investigates how pertur-
bations of the inputs of a model affect outputs of interest. In
the literature on BNs, such an investigation is usually called
sensitivity analysis [11,12]. For BNs, the inputs of the model are
the conditional probabilities P(Y; = k|Y 7, = z), where k € Y;
and z € Yp,. As in Section 2.3, these probabilities are sometimes
denoted as 0, for ease of notation.

Let O,E C [n] be the index of the output and evidence
variables, respectively. The output variable is one whose proba-
bility distribution is of interest, possibly conditional on a specific
value of y; that may be observed. The interest is in studying
how P(yo|yg) varies in terms of one input parameter 8;,;. More
specifically, the probability P(yoly;) seen as a function of 6; is
called a sensitivity function and can be computed as [12]:

a + bz
S(Oz) = ——,
( zk) C+d912k

where a,b,c,d € [0,1] and depend on the BN, the output
probability and the input parameter chosen. If E = ¢, then the
denominator of Eq. (12) is equal to one.

Sensitivity functions are used to assess which input probabil-
ities of the BN have a significant impact on output probabilities
of interest. For a data-driven learned BN, these functions could
indicate that the collection of more data for specific configura-
tions of some nodes is needed to ensure that output probabilities
are correctly learned. For expert-elicited networks, sensitivity
functions highlight inputs that may require extra effort or the
consultation of additional experts for their accurate elicitation.
Furthermore, these sensitivity functions are often shown during
the elicitation process of a BN to ensure that the experts realize
the implications of the inputs they are defining [29].

It is common to observe in practical expert-elicited BNs that
some probabilities implied by those defined by experts, although
formally computed using probability rules, need to be fine-tuned.
When that happens, some of the input parameters need to be
updated to ensure these probabilities take reasonable values to
the experts. Consider a probability of interest P(yo|y;) and sup-
pose it should equal some new value. We then want to identify
changes in the input probabilities 0;;, to ensure such a change is
met, i.e. we want to solve the equation

(12)

S(0;k) = new_value, (13)
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Table 1
List of statistics defined in Section 3 together with the name of the functions
in the bnmonitor package.

Name Equation Equation Function name
name number

Global Monitor GM (4) global_monitor

Node Monitor NM; (5) node_monitor

Sequential Marginal SMNDj; (8) seq_marg_monitor

Node Monitor

Sequential Conditional SCNDj; NA seq_cond_monitor

Node Monitor

Sequential Parent-Child ~ SPCMj (9) seq_pa_ch_monitor

Monitor

Influential observations I (10) influential_obs

Sensitivity function S sensitivity

Changes to meet NA sensquery

constraint

CD distance cD (13) CD

his exercise is also commonly done during elicitation to ensure
the final BN fully reflects the experts’ opinions [11,29]. Fur-
thermore, the solution to this problem is often needed during a
scenario analysis (see e.g. [55]) based on a BN model, where some
probabilities are changed to represent a possible future scenario,
and the consequences of such a change are assessed.

Last, assume a specific change of a parameter 6, has been
identified, for instance, solving Eq. (13). Denote the probabil-
ity mass function of the BN with this new input probability
as P'. It is then helpful to assess the impact of such a local
change on the overall distribution of the BN. This can be as-
sessed by computing the distance between the original P and
the new P’. Standard measures to do this are the well-known
Kullback-Leibler divergence and the Jeffreys distance [56]. A dis-
tance designed explicitly for this task was introduced by Chan and
Darwiche [57] and henceforth called CD distance. The CD distance
between two probability mass functions P and P’ is defined
as

" PO\ (PO
CD(P’P)_IOgr;I:g?((P’(y)> logmm(Pl(y)>. (14)

All above mentioned distances/divergences are implemented in
bnmonitor to quantify the overall effect of changes in the condi-
tional probabilities of the BN. The computation of such distances
is also helpful to rank all parameters 6;,; for which there is a
solution to Eq. (13). Then the modeler could decide to change the
one having the smallest effect on the overall BN distribution.

3.3. Implementation in bnmonitor

The above statistics, as well as others not described here,
because beyond the scope of this paper, are implemented in
the bnmonitor R package, which can be directly installed from
CRAN. Currently, the package is at version 0.1.4 under a GPL-3
license. A website reporting the documentation, vignettes, news,
and other information can be found at https://manueleleonelli.
github.io/bnmonitor/. Some of the dependencies of bnmonitor,
although all on CRAN, require packages on Bioconductor both
directly and through the gRbase package, which depends on
RBGL. All these required packages can be installed using the
code:

install.packages("BiocManager")

BiocManager::install(c("graph", "Rgraphviz", "RBGL"))

Table 1 links the statistics introduced in this section to their
function name in bnmonitor.
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Fig. 2. Learned BN for the diabetes dataset using tabu with a BIC score (Tabu-BIC).

4. An applied analysis with bnmonitor

The capabilities of the bnmonitor R package and the required
syntax are now illustrated by an extensive model investigation
for a BN learned using the diabetes dataset bundled in the
package. The code to replicate the analysis is available at https:
//github.com/manueleleonelli/bnmonitor_paper.

4.1. Data description

The diabetes dataset is a discretized version of the famous
Pima Indian Diabetes dataset from the UCI machine learning
repository reporting medical reports of Pima-Indian women at
least 21 years of age.! Continuous variables were discretized into
binary ones using the equal quantile method [58]. The resulting
diabetes dataset has 768 observations and the following nine
variables.

PREG: number of times pregnant (low/high);
GLUC: plasma glucose concentration (low/high);
PRES: diastolic blood pressure (low/high);
TRIC: triceps skin fold thickness (low/high);
INS: 2-hour serum insulin (low/high);

MASS: body mass index (low/high);

PED: diabetes pedigree function (low/high);
AGE: age (low/high);

DIAB: test for diabetes (neg/pos).

The DIAB variable is an indicator (pos) for a positive test for
diabetes between one and five years from the examination deter-
mining the other variables, or (neg) a negative test for diabetes
five or more years later.

We select 400 observations at random for model estimation
(train data), while the remaining observations are used for
assessing the quality of the models (test data).

4.2. Learning a BN

To start the analysis, the bnmonitor and the diabetes dat-
aset are loaded. All other required packages are automatically
installed when bnmonitor is installed.

1 We chose this dataset because it best showcases the function of our
monitors. However, we acknowledge that this data is used here without the
consent of or compensation for the original Akimel O’odham participants.

library ("bnmonitor")
data(diabetes)

The DAG of a BN is learned for the diabetes train dataset
using one thousand bootstrap replications as implemented in
the boot.strength function of bnlearn in conjunction with
various search routines and scoring rules. All search routines are
used with their default inputs of bnlearn, and no restriction
on the number of parents is imposed. Edges that appear at least
seventy percent of the time in the bootstrap routine are retained
in the final model. The blacklist option forbids edges that do
not respect the causal order of the variables. The visualization of
the DAG is obtained via the qgraph function. The code used for
tabu search based on the maximization of the BIC is:

boot.tabu.bic <- boot.strength(train, R = 1500,

m = nrow(train), algorithm = "tabu",
algorithm.args = list(score = "bic", blacklist = bl),
cpdag = F, debug = FALSE)

arc.set <- boot.tabu.bic[(boot.tabu.bic$strength > 0.7)
& (boot.tabu.bic$direction >= 0.5), ]

dag.tabu.bic <- bnlearn::empty.graph(colnames(train))
bnlearn::arcs(dag.tabu.bic) <- arc.set[,1:2]

The output is reported in Fig. 2. The DAG suggests that, for
example, the outcome of the diabetes test (DIAB) is independent
of all other variables given the woman'’s age (AGE) and glucose
concentration (GLUC). Similarly, the result of the pedigree func-
tion (PED) is independent of all other variables given the serum
insulin (INS).

Other scores used in conjunction with a tabu search or con-
straint-based algorithms return different DAG structures. This is
shown in Fig. 3, where the DAGs resulting from other learning
algorithms from the bnlearn package are shown. Although dif-
ferent, such DAGs share some common structures. For instance,
plasma glucose concentration (GLUC) has a direct influence on the
outcome of the diabetes test (DIAB). Similarly, the woman'’s age
(AGE) always directly affects the number of pregnancies (PREG).
The only variables that have a direct effect on the outcome of the
diabetes test (DIAB) are the plasma glucose concentration (GLUC),
as already noticed, the woman’s age (AGE), and the diabetes
pedigree function (PED). In general, DAGs resulting from score-
based algorithms (i.e. Figs. 2 and 3(a)-3(d)) have more edges than
DAGs resulting from constraint-based algorithms.
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Fig. 3. DAGs learned using other scores for score-based search or constraint-based algorithms.

Table 2

Global and node monitors for the DAGs learned over the diabetes dataset.
Vertex Tabu-BIC Tabu-AIC Tabu-FNML Tabu-K2 Tabu-BDLA GS PC
AGE 221.85 221.85 221.85 221.85 221.85 221.85 221.85
PREG 161.95 161.95 161.95 161.95 161.95 161.95 161.95
MASS 223.07 224.64 223.07 223.07 223.07 223.07 223.07
GLUC 221.92 213.93 216.96 222.60 221.92 222.98 222.98
PRES 208.10 207.03 208.10 203.74 208.10 222.17 208.10
TRIC 199.39 199.25 199.39 199.39 199.39 199.39 199.39
INS 202.36 194.10 191.09 191.09 202.36 202.36 202.29
PED 220.93 223.06 220.93 223.06 220.93 222.77 222.77
DIAB 180.85 177.75 177.75 177.75 180.85 180.49 177.75
GM 1840.42 1823.55 1821.09 1824.49 1840.42 1857.04 1840.15

4.3. Using robustness monitors

We start the robustness analysis by computing the contribu-
tions of each individual node to the marginal log-likelihood of the
model via the function node_monitor over the test dataset.

node_monitor (dag = dag.tabu.bic, df = test)

The output is shown in the first two columns of Table 2.
Furthermore, the last row shows the output of global_monitor

(dag.tabu.bic, test), coinciding with the sum of the pre-
vious rows. Although the nodes MASS and AGE have a high
contribution to the likelihood, they are roots of the DAG in Fig. 2,
which are often irrelevant for checking robustness (see e.g. [13]).
The glucose concentration (GLUC) also contributes greatly to the
likelihood. For this reason, this node will be investigated further,
together with the outcome of the diabetes test (DIAB)

The node and global monitors of all other learned networks
are also reported in Table 2. The global monitor suggests that the
model learned with the GS constraint-based algorithm better fits
the test data. The node monitors highlight the differences and
similarities between the learned DAGs. For instance, the node
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Fig. 4. Sequential node monitors for the GLUC variable. The red dashed line indicates |Z;] = 1.96.

monitors of TRIC are almost all the same, and it is only slightly
lower for DAG learned optimizing the AIC. In this DAG, TRIC has
two additional parents (GLUC and PREG), which therefore have
minimal impact on the quality of the model. Most importantly,
we notice that the main difference between the GS DAG and the
others comes from the PRES node. In the GS DAG, the glucose
concentration (GLUC) has no parents and is independent of all
other variables, while in the other DAGs, it has at least one parent.

Although not penalizing for complexity, the global monitor
favors the simplest model (the GS DAG has only four edges,
while all others have larger edge sets). In our experience, this is
only sometimes the case, and it is a characteristic of the dataset
considered in this analysis. This DAG would result in the best-
scoring one even if the global monitor were computed over the
train dataset. Given all these observations, and without reason to
prefer any other models, the modeler would tend to choose the
GS DAG.

Next, we continue to investigate the similarities and the dif-
ferences of the learned DAGs taking advantage of the capabilities
of bnmonitor. The marginal and conditional node monitors for
GLUC are computed over the BIC and GS DAGs using the functions
seq_marg_monitor and seq_cond_monitor. The test data is
increasingly ordered by level of insulin.

plot(seq_marg_monitor (dag.tabu.bic, test, "GLUC"))
plot(seq_marg_monitor(dag.gs, test, "GLUC"))
plot(seq_cond_monitor (dag.tabu.bic, test, "GLUC"))
plot(seq_cond_monitor (dag.gs, test, "GLUC"))

The output in Fig. 4 shows that the estimated probabilities for
GLUC are robust and a good fit for the data, since the monitors are
almost always within the 1.96 confidence bands. There is a suspi-
cious decrease of fit for observations numbered between 75 and
125 (when increasingly ordered for level of insuline), but overall
this does not seem too concerning. This implies that adding or
deleting the MASS vertex as parent of GLUC (as shown in Figs. 2
and 3), does not affect the fit of the model to the test data.

Fig. 5 shows the sequential monitors for the DIAB node when
observations are increasingly ordered skin thickness. The condi-
tional monitors show a poor fit to the whole test dataset for both
the Tabu-BIC and GS DAGs. To investigate further the fit to data
for the GS DAG, we construct parent—child monitors, that exam-
ine the forecasts from the subset of the data which has a specific

value of the parents of a node. The parent of DIAB is GLUC. For
instance, the following code constructs the parent-child monitor
when the parents take the low value:

plot (seq_pa_ch_monitor(dag.gs, test, "PRES",
pa.names = c("GLUC"), pa.val = c("low")))

Fig. 6 shows the monitors for the two parent configurations
of the node DIAB. The model struggles to forecast the outcome
of the diabetes test for participants who have a high glucose
level since Fig. 6(b) shows a large number of points beyond 1.96.
Conversely, the forecasts given low levels of glucose configura-
tions are accurate. This may be an indication that the assumption
of symmetric conditional independence is not tenable and that
a model accounting for context-specific independence is more
appropriate (see e.g. [59]).

As a last check, the influence of the observations in the test
data is computed via the influential_obs function. The most
influential observations can be thought of as the most unusual
ones or as those that would have the biggest impact if the model
were learned via a score-based structural learning algorithm over
the test data. They can be computed for the Tabu-BIC DAG using
the code:

influence <- influential_obs(dag.tabu.bic, diabetes)
plot (influence)

Fig. 7 shows that a few observations highly contribute to the
likelihood of the test data (influence over eight). Since identical
observations have the same influence, the measure is plotted
only once for each combination of the variables’ levels (this is
why only around 200 points are plotted in Fig. 7). The actual
observations with high influence can be derived as follows.

subset (influence,score > 8)

The output is shown in Table 3. It can be seen that the obser-
vations with the highest influence are all for high levels of blood
pressure (PRES), low serum insulin (INS), and a positive diabetes
test (DIAB). Similar results have been observed over the GS DAG,
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Fig. 7. Influence score of the observations in the diabetes dataset.

4.4. Checking the learned probabilities

Table 3

Most influential observations in the diabetes dataset. The implications of the posterior probabilities are next inves-
AGE PREG MASS GLUC PRES TRIC INS PED DIAB Score tigated. First, a bn.fit object, henceforth called bn, is created.
low high high low  high low low low pos 9272 The conditional probability tables are learned using the maximum
low high low high  high high low low pos 9265 likelihood approach over the whole dataset.
low  low low low high high low low pos 8.334

low high  high high high low low high pos 8.330
high low high low high high low high pos 8.234
high low low low low high low high neg 8.080
high low high high low low high low neg 8.027

bn <- bnlearn::bn.fit(dag.tabu.bic, diabetes)

The vertex of most interest is DIAB reporting the result of

a diabetes test (either positive or negative). As an illustration,

thus highlighting once more the slight difference between the  consider first how the probability of a positive test depends on
two DAG structures. the probability of GLUC = high conditional on MASS = high. This
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Fig. 8. Plots of the sensitivity functions for the diabetes dataset.

can be done via the function sensitivity, whose output can be
plotted using the plot method.

sens_g <- sensitivity(bn, interest_node = "DIAB",
interest_node_value = "pos", node = "GLUC",
value_node = "high", value_parents = "high",
new_value ="all")

plot (sens_g)

The output is reported in Fig. 8(a). The plot shows that as the
conditional probability of having a high glucose level increases,
then the one of a positive test does.

In the previous example, the probability of interest was the
marginal probability of a positive test, but more general condi-
tional probabilities can also be studied. As an illustration, consider
the conditional probability of a high number of pregnancies given
a positive diabetes test as a function of the probability of a high
body mass index. This can be done similarly to the previous code,
but now the evidence_nodes and evidence_states inputs
must be fixed.

sens_m <- sensitivity(bn, interest_node = "PREG",
interest_node_value = "high",
evidence_nodes = "DIAB", evidence_states = '"pos",
node = "MASS", value_node = "high",

value_parents = NULL, new_value ="all")
plot (sens_m)

The output is reported in Fig. 8(b). The posterior (conditional)
probability of a high number of pregnancies decreases when
the probability of a high level of body mass index increases.
Notice that: (i) the decrease is non-linear, as expected from the
results of Coupé and Van der Gaag [12]; (ii) since MASS is a root
vertex, the value_parents input is set to NULL; (iii) the range of
variation of the probability of interest is very narrow, indicating
that the varied probability has a minimal effect on the output
probability.

The CD distance computes the overall difference in the BN
when a specific parameter is changed. This is computed using the
CD function for the parameters considered in Fig. 8.

cd_g <- CD(bn, node = "GLUC", value_node = "high",
value_parents = "high", new_value ="all")

plot(cd_g)

cd_m <- CD(bn, node = "MASS", value_node ="high",
value_parents = NULL, new_value="all")

plot(cd_m)
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Table 4
Possible probability changes output of sensquery.
Node Node Value Original Suggested CD distance
value parents value change
AGE low 0.5156250 0.4120818 0.4178864
GLUC low low 0.5958549 0.4784748 0.4743775
PRES low low 0.6717172 0.7838409 0.5722294
DIAB pos low,low 0.0785124 0.1810470 0.9534626
MASS low 0.5026042 0.1643043 1.6369608

The output is given in Fig. 9. The CD distance is zero at the
original value of the parameter. It can be seen that although the
sensitivity function associated with variations in the probabil-
ity of a low body mass index was almost constant (Fig. 8(b)),
variations of this parameter are associated with more extensive
changes to the overall BN probability distribution.

As a final illustration of the capabilities of bnmonitor, sup-
pose a change on a probability implied by the learned BN is
imposed, for instance, to carry out a scenario analysis. As an ex-
ample, the conditional probability of a positive diabetes test given
a high-pressure level is calculated using the cpquery function
from the bnlearn package as 0.37.

bnlearn::cpquery(bn, event = (DIAB == "pos"),

evidence = (PRES == "high"))

Suppose this probability is believed to be at least 0.4. The
function sensquery outputs the probability changes that would
meet this constraint.

sensquery(bn, interest_node = "DIAB",
interest_node_value = "pos", new_value = 0.4,
evidence_nodes = "PRES", evidence_states = "high")

The output is reported in Table 4. Five possible changes in
the conditional probabilities of the model meet this constraint.
The function further reports the CD distance associated with the
changes, which ranges from 0.42 up to 1.64. According to the
CD distance, the best parameter to update would be from AGE’s
(marginal) distribution.

5. Computational experiments

Next, the computational cost of calculating the various moni-
tors and statistics using the bnmonitor package is explored. First,
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Fig. 9. Plots of the CD distances for the diabetes dataset.

Table 5

Details about 8 datasets from the probabilistic graphical models literature and
about their associated DAG learned with an hill-climbing algorithm based on
the optimization of the BIC score.

Dataset # Obser- # Max #  # Edges Average # Param-
vations  Variables Levels Degree  eters
Asia 5000 8 2 7 1.75 17
Cachexia 77 7 3 6 1.71 35
Chds 500 4 3 3 1.50 10
Coronary 1841 6 2 8 2.67 19
Ksl 1083 9 2 12 2.67 26
Mathmarks 88 5 3 4 1.60 26
PhD 915 6 3 4 133 16
Titanic 2201 4 4 5 2.50 23

we consider eight datasets from the literature on probabilistic
graphical models. If required, variables are discretized using the
equal-frequency method. Table 5 gives information about the
datasets and the associated learned DAG of the BN model.

For each dataset, we compute our monitors and record the re-
quired computational time. The global monitor and the influence
are computed once for each BN (node monitors are not reported
since the required computational time is equal to global moni-
tors). Sequential monitors are computed for each node, and each
dataset’s average computing time is reported (parent—child mon-
itors are not reported since they are as SMNM but over a smaller
dataset). For sensitivity functions, the sensequery function, and
the CD distance, we repeat 100 times the following procedure.
The parameter to be varied is chosen by selecting at random a
variable and one of its levels; if the variable has parents in the
underlying DAG, the levels of the parent variables are also chosen
at random. The probability of interest is chosen by selecting two
variables at random with replacement; if the variables are the
same, then the probability of interest is marginal, and one level
of the variable is chosen at random; if the variables are different,
the probability of interest is conditional, and the levels of the
two variables are selected at random. The reported computational
time is then the average of the 100 repetitions.

The results are reported in Table 6. In general, the most ex-
pensive monitors to compute are the sequential ones, since they
require the computation of the predictive distribution a number
of times equal to the sample size. The computational times are
higher for BNs estimated from bigger datasets. The computation
of SCNM s slightly longer than SMNM since it further requires
a marginalization step over the network. The computation of the
influence can also be expensive and there is some indication that
it is affected by the number of nodes of the network. The other
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Table 6

Computational times (in seconds) of the monitors for the 8 datasets from the
probabilistic graphical models literature. Computations carried out with an intel
CORE i7 vPro 8th Gen.

Dataset GM SMNM SCNM 1 S sensquery CD

Asia 0.08 67.69 71.44 459 035 0.03 0.03
Cachexia 0.08 1.00 1.08 424 036 0.03 0.03
Chds 0.05 5.26 5.48 094 032 0.03 0.01
Coronary 0.07  23.07 25.47 400 032 0.02 0.03
Ksl 0.11 1525 1580 5172 035 0.02 0.05
Mathmarks  0.07 1.04 1.01 292 030 0.02 0.02
PhD 0.06 10.56 11.18 6.25 030 0.02 0.02
Titanic 0.05 2476 25.19 1.03 030 0.02 0.03

statistics are computed extremely quickly by bnmonitor, with
sensitivity requiring a bit more time than the others.

Table 6 reports the results. In general, the most expensive
monitors to compute are the sequential ones since they require
the computation of the predictive distribution a number of times
equal to the sample size. The computational times are higher for
BNs estimated from more extensive datasets. The computation of
SCNM is slightly longer than SMNM since it further requires a
marginalization step over the network. The computation of the
influence can also be expensive, and there is some indication that
it is affected by the number of nodes in the network. The other
statistics are computed extremely quickly by bnmonitor, with
sensitivity requiring more time than the others.

To further investigate the effect of various network and data
features, we perform a simulation study to assess the computa-
tional time of the SCNM and the sensitivity function. For SCNM,
we simulate networks with an increasing number of vertices us-
ing the algorithm of Melancon and Philippe [60] and a maximum
in-degree of three to mimic the form of real-world networks.
The associated conditional probability tables are filled with uni-
form random numbers between zero and one, and datasets of
increasing size are simulated from such a BN. The SCNMs are then
computed for each network node, and the average computing
time is reported. The results are shown in Fig. 10(a). For BNs with
up to 25 nodes, the computational time increases linearly with
the sample size. For the case of 50 nodes, the computational time
increases abruptly due to the extra marginalization step required
by the SCNM.

The computational times of the sensitivity function are
also investigated via simulation. Networks of varying number
of nodes and max in- degree are simulated, and the sensitivity
function to compute is chosen using the same routine as above.
The results are reported in Fig. 10(b). The computation of sen-
sitivity requires less than a second for all cases except for a
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Fig. 10. Computing times for the simulation study.

BN with 50 nodes and max in-degree of 3. In such a case, the
computational times increase abruptly due to the complexity of
the marginalization step to compute the required probabilities.

6. Discussion

We demonstrated the usage of the bnmonitor R package
with a real-world dataset and the insights modelers can get
by conducting thorough model-checking. Methods to assess the
fit to data and the effect of parameter changes on outputs of
interest were showcased, as well as the plotting capabilities of
bnmonitor, which take advantage of the R environment and the
seamless integration with the famous bnlearn package.

As mentioned, bnmonitor can also deal with continuous ran-
dom variables and provides various functions to investigate Gaus-
sian BNs. Furthermore, since all variables were binary in our
application when we varied a probability by default, the other
was set as one minus the new value. However, in the generic
categorical case, various methods to adjust probabilities [61] are
available and implemented in bnmonitor.

Currently, bnmonitor implements sensitivity methods where
only one parameter at a time can be varied, although it can sup-
port more general analyses (see e.g. [62]). The implementation of
the so-called multi-way methods is currently under investigation,
but it is known that these have become computationally very
expensive [63]. However, recent algorithmic advances have made
such analyses possible [64,65], and we plan to include these novel
algorithms in future releases of bnmonitor.

Furthermore, sensitivity analysis in BNs is an active field of
research (see e.g. the recent contributions of Ballester-Ripoll and
Leonelli [66] and Wright and Smith [67], in the field of sensitiv-
ity to evidence and propagation errors, respectively). The newly
proposed methods will be implemented in bnmonitor to provide
users with an even more comprehensive array of functions for
model-checking.
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